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12 L] VECTORS AND THE GEOMETRY OF SPACE 


12.1 Three-Dimensional Coordinate Systems 


1. We start at the origin, which has coordinates (0, 0, 0). First we 2. oh (73.0, 2) 
move 4 units along the positive x-axis, affecting only the i 
x-coordinate, bringing us to the point (4, 0,0). We then move 
3 units straight downward, in the negative z-direction. Thus 


only the z-coordinate is affected, and we arrive at (4, 0, —3). 


è (0,2, -3) 


3. The distance from a point to the yz-plane is the absolute value of the x-coordinate of the point. C(2, 4, 6) has the x-coordinate 
with the smallest absolute value, so C is the point closest to the yz-plane. A(—4, 0, —1) must lie in the xz-plane since the 


distance from A to the zz-plane, given by the y-coordinate of A, is 0. 


4. The projection of (2,3, 5) onto the xy-plane is (2, 3, 0); 


onto the yz-plane, (0, 3, 5); onto the xz-plane, (2, 0, 5). 


The length of the diagonal of the box is the distance between 


the origin and (2, 3, 5), given by 


5—0)? = V38 = 6.16 


5. In R?, the equation x = 4 represents a line parallel to " 
the y-axis and 4 units to the right of it. In R?, the 
equation x = 4 represents the set ((x, y, z) | x = 4}, 
0 


the set of all points whose x-coordinate is 4. This is the 


vertical plane that is parallel to the yz-plane and 4 units 


in front of it. 


6. In R?, the equation y = 3 represents a vertical plane that is parallel to the xz-plane and 3 units to the right of it. The equation 
z = 5 represents a horizontal plane parallel to the zy-plane and 5 units above it. The pair of equations y = 3, z = 5 represents 
the set of points that are simultaneously on both planes, or in other words, the line of intersection of the planes y — 3, z — 5. 


[continued] 
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This line can also be described as the set ((7,3,5) | x € R}, 
which is the set of all points in IR? whose x-coordinate may 
vary but whose y- and z-coordinates are fixed at 3 and 5, 
respectively. Thus the line is parallel to the x-axis and 


intersects the yz-plane in the point (0, 3, 5). 


7. The equation x + y = 2 represents the set of all points in E» 
1 ENE—Yy— 2—x 


IR? whose z- and y-coordinates have a sum of 2, or 
equivalently where y = 2 — x. This is the set y=2-x,z=0 


{(x,2 — «a, z) | x € R, z € R} which is a vertical plane 


that intersects the xy-plane in the line y = 2 — x, z = 0. 


8. The equation z? + 7? = 9 has no restrictions on y, and the x- and ZA 
z-coordinates satisfy the equation for a circle of radius 3 with center the 
origin. Thus the surface x? + z? = 9 in R? consists of all possible vertical 
circles (parallel to the xz-plane) z? + 2? = 9, y = k, and is therefore a 


circular cylinder with radius 3 whose axis is the y-axis. 


9. The distance between the points P; (3, 5, —2) and P2(—1, 1, —4) is 


|P, P2| = ./(-1— 3? + (1 — 5)? + [-4 - (2)? 2/16 + 16 + 4 = 6 


10. The distance between the points Pı (—6, —3, 0) and P2(2, 4, 5) is 


|P, P3| = 4/2 — (-6)P? + [4 — (-3)]? + (5 — 0)? =v64 F 49 + 25 = V138 


11. We can find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 


|PQ| = /(7— 3)? + [0 — (C27? + 1 - (-3)? = V16 +4 + 16 = V36 = 6 
IQR| = J/(1- T8 + @— 0)? + (1 — 1? = V36+4 40 = Vi = 24/10 
|RP| = yB- 1)? + (2-2)? + (23 - 1? = V4 F 16+ 16 = v36 = 6 


The longest side is QR, but the Pythagorean Theorem is not satisfied: |PQ|? + |RP|? Z |QR|?. Thus PQR is not a right 


triangle. PQR is isosceles, as two sides have the same length. 
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Compute the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 
PQI = VA- € TI- COP FOO - /FETET = vO=3 
IQR| = J/(4 — 4? + (C5 — 1? + (4-1)? = V0 F364 9 = V45 = 3/5 
|RP| = /G- 49 X 1-52 + 0-4)? = VIF 16 F 16 = /36 = 6 


Since the Pythagorean Theorem is satisfied by |PQ|? + |RP|? = |QR|?, PQR is a right triangle. PQR is not isosceles, as 


no two sides have the same length. 


(a) First we find the distances between points: 


|AB| = VBG- 2)? + (7-4)? + (-2- 29 = 26 
|BC| = /(1— 3)? + (8- 7? + [8 - (-2)P = v45 
|AC| = /1- 2? + (3-4)? + (3- 2? = V3 


In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to the longest distance. 
Since /26 + V3 z V/45, the three points do not lie on a straight line. 
(b) First we find the distances between points: 
IDE| = V0 -0 X [-2- CBE + 4-8. = vii 
|EF| = /G-1? X BH- CZE € G-4y = V - 2 Vii 
|DF| = /(3-0? + [4— (CB)? + (2-5? = v99 = 3 VIT 


Since V11 + 2V11 = 3 v 11, the three points lie on a straight line. 


(a) The distance from a point to the xy-plane is the absolute value of the z-coordinate of the point. Thus, the distance from 


(4, —2, 6) to the xy-plane is |6| = 6. 

(b) Similarly, the distance to the yz-plane is the absolute value of the x-coordinate of the point: |4| = 4. 

(c) The distance to the zz-plane is the absolute value of the y-coordinate of the point: |—2| = 2. 

(d) The point on the x-axis closest to (4, —2, 6) is the point (4, 0, 0). (Approach the x-axis perpendicularly.) 
The distance from (4, —2, 6) to the x-axis is the distance between these two points: 


(4-4) + (-2-0Y + (6 - 0)? = /40 = 2/10 ~ 6.32. 


(e) The point on the y-axis closest to (4, —2, 6) is (0, —2, 0). The distance between these points is 
= y 52 = 2v 13 x 7.21. 
(f) The point on the z-axis closest to (4, —2, 6) is (0,0, 6). The distance between these points is 


6 — 6)? = V20 = 2/5 x 4.47. 


An equation of the sphere with center (—3, 2, 5) and radius 4 is [a — (—3)]? + (y — 2)? + (z — 5)? = 4?, or 


(a + 3)? + (y — 2)? + (z — 5)? = 16. The intersection of this sphere with the yz-plane is the set of points on the sphere 


whose x-coordinate is 0. Putting a = 0 into the equation, we have 9 + (y — 2)? + (z — 5)? = 16, x = 0 or 


(y — 2)? + (z — 5)? = 7, x = 0, which represents a circle in the yz-plane with center (0, 2, 5) and radius v7. 


(c) 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1194 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


An equation of the sphere with center (2, —6, 4) and radius 5 is (x — 2)? + [y — (—6)]? + (z — 4)” = 52, or 

(a — 2)? + (y 4- 6)? + (z — 4)? = 25. The intersection of this sphere with the zy-plane is the set of points on the sphere 
whose z-coordinate is 0. Putting z = 0 into the equation, we have (a — 2)? + (y + 6)? = 9, z = 0 which represents a circle 
in the zy-plane with center (2, —6, 0) and radius 3. To find the intersection with the zz-plane, we set y = 0: 


(x — 2)? +(z- 4)? = —]1. Since no points satisfy this equation, the sphere does not intersect the xz-plane. (Also note that 


the distance from the center of the sphere to the zz-plane is greater than the radius of the sphere.) To find the intersection with 


the yz-plane, we set x = 0: (y + 6)? + (z — 4)? = 21, x = 0, a circle in the yz-plane with center (0, —6, 4) and radius v21. 


The radius of the sphere is the distance between (4,3, —1) and (3,8, 1): r = \/(3 — 4)? + (8 — 3)? + [1 — (-1)]? = v30. 


Thus, an equation of the sphere is (x — 3)? + (y 8)? H(z 1)? = 30. 


If the sphere passes through the origin, the radius of the sphere must be the distance from the origin to the point (1, 2, 3): 


3 — 0)? = V14. Then an equation of the sphere is (x — 1)? + (y — 2)? + (z — 3)? = 14. 


Completing squares in the equation x” + y? + z? + 8x — 2z = 8 gives 


(x? + 84 +16) + y? + (22 — 2241) 2 8-161 => (+4)? +y? + (z — 1)? = 25, which we recognize as an 


equation of a sphere with center (—4, 0, 1) and radius v25 = 5. 


Completing squares in the equation z? — 6a + y? + 4y + z? + 10z = 0 gives 


(x? — 6x +9) + (y? + 4y + 4) + (2? +102 + 25) =9 44425 (a — 3)? + (y+ 2)? + (z +5)? = 38, which we 


recognize as an equation of a sphere with center (3, —2, —5) and radius v38. 


Completing squares in the equation 2z? — 2x + 2y? + 4y + 22? = —1 gives 


2(2? —w@ +2) 42(y? +2y4+1) 4222 — 1-142 2(s- iY +2(y +1} 422-28 = 


(a — D +(y+1?4+2 = 2, which we recognize as an equation of a sphere with center (4, =1, 0) and radius "E = a 


Completing the squares in the equation 4z? — 16x + 4y? + 6y + 42? = —12 gives 
A(x? — 4z + 4) + 4(y? + 8y + 2%) +42? =-1241642 > 42-2)? +4(yt iy 447-28 = 


(2 — 2)? + (y + 25 p= 2, which we recognize as the equation of a sphere with center (2, — 3 0) and radius z = 2. 


If the midpoint of the line segment from Pi(z1,y1, z1) to P2(x2, Y2, 22) is Q = (3 tgz gn tyz 24 22 J: 


2? Dra v. 732 
then the distances |P, Q| and |@P2| are equal, and each is half of | P; P2|. We verify that this is the case: 


|P1P2| = y (x2 — 21)? + (yo - y1)? + (22 — 21)? 


[continued] 
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|QP2| = [za — 3(a1  22)] + [y2 — 3 (ys  92)]^ + [22 — ii + 22)]^ 
=) (G22 — 421) + (30 — 3n) + (322 — 33)! = V (G) [G2 — 21)" + (ye — 1)? + Go - 2] 


= iy (za — 31)? + (ya — y1)? + (22 — 21)? = $ | P1 Pal 


So Q is indeed the midpoint of P; P2. 


By Exercise 23(a), the midpoint of the diameter that has endpoints (5, 4, 3) and (1, 6, —9) (and thus the center of the 


sphere) is ( + 1 ; E j 6 3 +) = (3,5, —3). The radius is half the diameter, so 


r= 4/(—5)? + (6 — 4)? + (-9 — 3)? = 1/164 = v41. Therefore, an equation of the sphere is 


aae" 


(x — 3? + (y — 5)? + (z +3)? = 41. 

(a) Since the sphere touches the xy-plane, its radius is the distance from its center, (—1, 4, 5), to the zy-plane, which is 5. 
Therefore, an equation is (x + 1)? + (y- 4)? +(z- 5)? = 25. 

(b) Since the sphere touches the yz-plane, its radius is the distance from its center, (—1, 4, 5), to the yz-plane, which is 1. 
Therefore, an equation is (x + 1)? +(y- 4)? +(z- 5)? =i 


(c) Since the sphere touches the xz-plane, its radius is the distance from its center, (—1, 4, 5), to the zz-plane, which is 4. 


Therefore, an equation is (x + 1)? + (y — 4)? + (z — 5)? = 16. 


The shortest distance from the center, (7, 3, 8), to any of the three coordinate planes is 3, which is the distance to the zz-plane. 


Therefore, an equation of the sphere is (x — 7)? + (y — 3)? + (z — 8? = 9. 

The equation z — —2 represents a plane, parallel to the zy-plane and 2 units below it. 

The equation z — 3 represents a plane, parallel to the yz-plane and 3 units in front of it. 

The inequality y > 1 represents a half-space consisting of all the points on or to the right of the plane y = 1. 
The inequality z « 4 represents a half-space consisting of all the points behind the plane z — 4. 

The inequality —1 < x < 2 represents all points on or between the vertical planes x = —1 and x = 2. 


The equation z — y represents a plane, perpendicular to the yz-plane, and intersecting the yz-plane in the line z — y, x — 0. 


Because z = — 1, all points in the region must lie in the horizontal plane z = —1. In addition, x? + y? = 4, so the region 


consists of all points that lie on a circle with radius 2 and center on the z-axis that is contained in the plane z = —1. 
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Here x? + y? = 4 with no restrictions on z, so a point in the region must lie on a circle of radius 2, center on the z-axis, but it 
y p g 


could be in any horizontal plane z = k (parallel to the xy-plane). Thus the region consists of all possible circles x? + y? = 4, 


z = k and is therefore a circular cylinder with radius 2 whose axis is the z-axis. 


The inequality y? + z? < 25 is equivalent to \/y? + z2 < 5, which describes the set of all points in R? whose distance from 
the x-axis is at most 5. Thus, the inequality represents the region consisting of all points on or inside a circular cylinder of 


radius 5 with axis the x-axis. 


The inequality £? + z? < 25 is equivalent to x? + z2 < 5, which describes the set of all points in R? whose distance from 
the y-axis is at most 5. Further, 0 < y < 2 consists of the points on or between the planes y = 0 and y = 2. Thus, the 
inequalities represent the region consisting of all points on or inside a circular cylinder of radius 5 with axis the y-axis from 


y=Otoy=2. 


The equation z? + y? + z? = 4 is equivalent to \/x? + y? + z? = 2, so the region consists of those points whose distance 


from the origin is 2. This is the set of all points on a sphere with radius 2 and center (0, 0, 0). 


. The inequality z? + y? + 2? < 4 is equivalent to ,/x? + y? + z? < 2, so the region consists of those points whose distance 
q y y q y g P 


from the origin is at most 2. This is the set of all points on or inside a sphere with radius 2 and center (0, 0, 0). 


The inequalities 1 < x? + y? + 2° < 5 are equivalent to 1 < \/x? + y? + 22 < V5, so the region consists of those points 
whose distance from the origin is at least 1 and at most v5. This is the set of all points on or between spheres with radii 1 and 


v5 and centers (0, 0, 0). 


. The inequalities 1 < x? + y? < 5 are equivalent to 1 < \/x? + y? < /5, which represents the set of all points in R? whose 
q y q 


distance is at least 1 and at most /5 from the z-axis. Thus, the region consists of all points on or between a circular cylinder of 


radius 1 and a circular cylinder of radius V5 with axis the z-axis. 


The inequalities 0 < z < 3,0 < y < 3,0 < z < 3 represent the set of all points in IR? that lie on or between the planes x = 3, 


y = 3, z = 3 in the first octant. Thus, the region is a cube with dimensions 3 x 3 x 3. 


The inequality z? +y? +27 » 22 = 2? +y?+(z—1)? > Lis equivalent to \/x? + y? + (z — 1)? > 1, so the region 
consists of those points whose distance from the point (0, 0, 1) is greater than 1. This is the set of all points outside the sphere 


with radius 1 and center (0, 0, 1). 


. This describes all points whose x-coordinate is between 0 and 5, that is, 0 < x < 5. 


. For any point on or above the disk in the xy-plane with center the origin and radius 2 we have x? + y? < 4. Also each point 


lies on or between the planes z = 0 and z = 8, so the region is described by x? + y? < 4, 0< z < 8. 


. This describes a region all of whose points have a distance to the origin which is greater than r, but smaller than R. So 


inequalities describing the region are r < \/a? + y? + 2? < R, orr? <a? +y? +2? < R?. 
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46. The solid sphere itself is represented by far + y? + 2? < 2. Since we want only the upper hemisphere, we restrict the 
z-coordinate to nonnegative values. Then inequalities describing the region are Jar +y + 22 < 2, z > 0, or 
a? y +2? X4 z20. 

47. (a) To find the x- and y-coordinates of the point P, we project it onto L2 
and project the resulting point Q onto the z- and y-axes. To find the 
z-coordinate, we project P onto either the zz-plane or the yz-plane 
(using our knowledge of its x- or y-coordinate) and then project the 
resulting point onto the z-axis. (Or, we could draw a line parallel to 
QO from P to the z-axis.) The coordinates of P are (2, 1, 4). 

(b) A is the intersection of Lı and L2, B is directly below the 


y-intercept of L2, and C is directly above the x-intercept of L2. 


48. Let P = (x,y,z). Then 2|PB| =|PA| © 4|PB|? =|PA)? s 


4[(z — 6 + (y-2) + (2 +2)"] = (@ 41)? *(y-5* +(@-3) e 


A(a? — 122 + 36) — x? — 2x + A(y? — 4y + 4) — y? + 10y + 4 (27 + 4z + 4) — 2? + 6z = 35 


3a? — 50x + 3y? — 6y + 32? + 222 = 35 — 144 — 16 — 16 i? — yp y? —2y +2? + 2z HE, 


2 "D 
25) (y 1)? | (2+ 2) = 423 + 625 +9 +121 _ 3 


By completing the square three times we get (a 3 


11) and radius yx 


25 11 
1: 


equation of a sphere with center (2, 


49. We need to find a set of points { P(x, y, z) | |AP| =|BP|}. 


(a + 1)? + (y — 5)? + (z — 3)? = y (x — 6)? + (y— 2)? + (2 +2)? = 


(x +1)? + (y—5)? + (z-3)? = (x—6) + (y—2)? + (z - 2? 


1197 


2 , which is an 


z?-E2x -1-4-y? — 10y 4-25 - z?2 — 62 4-9 — a? — 12x - 36 - y? — Ay - A z? +4z+4 142 — 6y — 10z = 9. 


Thus, the set of points is a plane perpendicular to the line segment joining A and B (since this plane must contain the 


perpendicular bisector of the line segment AB). 


50. Completing the square three times in the first equation gives (x + 2)? + (y — 1)? + (z + 2)? = 2?, a sphere with center 


(—2, 1, —2) and radius 2. The second equation is that of a sphere with center (0, 0, 0) and radius 2. The distance between the 


centers of the spheres is J/(—2 — 0)? + (1 — 0)? + (2 — 0)? = /4-- 14- 4 = 3. Since the spheres have the same radius, 


the volume inside both spheres is symmetrical about the plane containing the circle of intersection of the spheres. The 
distance from this plane to the center of the circles is 3. So the region inside both 
spheres consists of two caps of spheres of height h = 2 — 3 = 4. From 


Exercise 6.2.61, the volume of a cap of a sphere is 


V = ah? (r ih) ES x(iy (2 — i . i) = Hr, So the total volume is 2 - un = Uz 
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51. The sphere x” + y? + z? = 4 has center (0,0, 0) and radius 2. Completing squares in x? — 4x + y? — 4y + 2? — 4z = —11 
gives (x? — 4r + 4) + (y? — 4y +4) + (2? — 4z + 4) = 1041-444 => (x—2)?+(y—2)?4 (2-2)? =1, 
so this is the sphere with center (2, 2, 2) and radius 1. The (shortest) distance between the spheres is measured along 
the line segment connecting their centers. The distance between (0, 0, 0) and (2, 2, 2) is 

— 0)? + (2 — 0)? = v12 = 2 V3, and subtracting the radius of each circle, the distance between the 
spheres is 2 V3 — 2 — 1 = 2 V3 — 3. 

52. There are many different solids that fit the given description. However, any possible solid must have a circular horizontal 

cross-section at its top or at its base. Here we illustrate a solid with a circular base in the xy-plane. (A circular cross-section at 


the top results in an inverted version of the solid described below.) The vertical 


cross-section through the center of the base that is parallel to the xz-plane must be a 
square, and the vertical cross-section parallel to the yz-plane (perpendicular to the 
square) through the center of the base must be a triangle with two vertices on the circle 


and the third vertex at the center of the top side of the square. (See the figure.) 


The solid can include any additional points that do not extend beyond these 
three "silhouettes" when viewed from directions parallel to the coordinate 
axes. One possibility shown here is to draw the circular base and the vertical 
square first. Then draw a surface formed by line segments parallel to the 


yz-plane that connect the top of the square to the circle. 


Problem 8 in the Problems Plus section at the end of the chapter illustrates another possible solid. 


12.2 Vectors 


1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 


(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and direction at any given 


location. 


(c) If we assume that the initial path is linear, the initial flight path from Houston to Dallas is a vector, because it has both 


magnitude (distance) and direction. 


(d) The population of the world is a scalar, because it has only magnitude. 
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2. If the initial point of the vector (4, 7) is placed at the origin, then (4, 7) 


(4, T) is the position vector of the point (4, 7). 


(4,7) 


3. Vectors are equal when they share the same length and direction (but not necessarily location). Using the symmetry of the 


» > > > » > > > 
parallelogram as a guide, we see that AB = DC, DA = CB, DE = EB, and EA = CE. 


— — ——À — 
4. (a) The initial point of BC is positioned at the terminal point of AB, so by the Triangle Law the sum AB + BC is the vector 


— 
with initial point A and terminal point C, namely AC. 


— —> —> 
(b) By the Triangle Law, CD + DB is the vector with initial point C and terminal point B, namely C B. 


> > > > —À EE 
(c) First we consider DB — AB as DB 4- (-4B). Then since — AB has the same length as AB but points in the opposite 


» > > > > > > 
direction, we have -AB = BA and so DB — AB = DB + BA = DA. 


> > > > > > * > > 
(d) We use the Triangle Law twice: DC + C'A + AB = (Dc 4 CA) + AB = DA + AB = DB. 


5. (a) b (b) c di bte (c) c 
a NI b ate 
a 
(d) 4 (e) c (f) m 
a =E 
b+a+c a 
a—c a a—b-c 
b 
6 (a) u i Y (b) (c) 
ut+v u e 
(d) E c (e) t (f) Y 
jc 3u 
—3v v — ZU 
3u ct v —2u 


—— 
7. Because the tail of d is the midpoint of QR we have QR = 2d, and by the Triangle Law, a + 2d =b => 


2d — b—a d = 4(b—a) = jb — ja. Again by the Triangle Law, we have c + d = b so 


c—b-d-b-(ib-ia)- a+ ib 


(c) 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1200 


8. We are 


CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


given u + v + w = 0, so w = (—u) + (—v). (See the figure.) 


Vectors —u, —v, and w form a right triangle, so from the Pythagorean Theorem 


we have |- uj? + |—v|? = |w|?. But |-u| = |u| = 1 and |—v| = |v| = 1, so |w] = 4/|—ul? + |-v|? = v2. 


11.a— (2 


10. a = (—3 — (25), 3 — (20) = (2,4) 
y 
B(-3, 3) 
x 0 x 
A(-5, -1) 
3,3 ( 1)) =( 1,4) 12.a = (1 3,0 2% 2, 2) 


(6, -2) 


c1 4) 
(5.2) 


(-1, 5) 


BY 


(3, -1) 
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direction is 1 (6 -2) = ( 2 ad 4 
2/10 "^ vio  V10/. 
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(3,0,1) + (0,8,0) = (3+0,0+8,1+0) 18. (1,3, —2) + (0,0,6) = (1 +0,3 + 0, —2 + 6) 
= (3,8,1) = (1,3,4) 
ZA 
. a+b = (—3,4) + (9, —1) = (3 + 9,4 + (-1)) = (6,3) 
4a +2b = 4(—3,4) +2 (9, —1) = (—12, 16) + (18, —2) = (6,14) 
la| = J/(-32 4 4 = V235 =5 
ja — b| = |(—3 — 9, 4 — (—1))| = |(-12, 5)| = /(—12)? + 5? = V169 = 13 
.a+b= (5i+3j) + (-i- 2j) =4i+j 
4a+2b=4(5i+3j) +2(-i—2j) 220i4-12j -2i— 4j = 1814- 8j 
la| = /52 +32 = v34 
la- b| = |(5i+3j) — (-i—2j)| = |6i + 5j| = V@ +5 = Vol 
.a-cb-(4i-3j4 2k) (2i — 4k) 2 61— 3j — 2k 
4a-4-2b —4(4i—3j--2k) -2(2i 4k) = 161— 12j -- 8k - 4i - 8k — 20i— 12j 
lal = \/4? + (—3)? + 2? = v29 
ja- b| = |(4i-3j + 2k) — (2i —4K)| =|2i-3j + 6k| = (2+ (-3? +0 = viJ — 7 
. a+b —(8,1, —4) + (5, 2,1) = (8 +5, 1 + (-2), 4 + 1) = (13, —1, —3) 
4a+2b=4(8,1,—4) + 2 (5, —2, 1) = (32,4, —16) + (10, —4, 2) = (42,0, —14) 
la| = \/82 + 12 + (-4)?? = V81=9 
ja — b| = |(8 — 5, 1 — (—2), —4 — 1)| = |(3, 3, —5)| = /32 + 32 + (5)? = V4 
. The vector (6, —2) has length |(6, —2)| = 4/6? + = V 40 = 2v 10, so by Equation 4 the unit vector with the same 


The vector —5 i + 3j — k has length |-5i-- 3j — k| = 4/(—5)? + 3? + (—1)? = V35, so by Equation 4 the unit vector 


with the same direction is (—5i+3j—k) i+ j 


v35 


the same direction is (8i — j + 4k) = $i — 1j $k. 
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26. |(6, 2, —3)| = \/6? + 2? + (—3)? = v49 = 7, so a unit vector in the direction of (6, 2, —3) is u = = (6, 2, —3). 


A vector in the same direction but with length 4 is 4u = 4 - i (6,2, 3) = (3 z, -22), 


7? 7 
27. From the figure, we see that tan 0 s v3 0 = 60°. 

x 
28. From the figure, we see that tan 0 = e I 2, so @ = tan^! (3) = 36.9°. 


29. From the figure, we see that the z-component of v is 


vı = |v| cos(51/6) = 4( £) = —2,/3 and the y-component is 


v2 = |v| sin(57/6) = 4(4) = 2. Thus, v = (—2v3, 2). 


30. From the figure, we see that the horizontal component of the 
force F is |F| cos 38° = 50 cos 38° ~ 39.4 N, and the E | 
vertical component is |F| sin 38° = 50 sin 38? ~ 30.8 N. 38? d 


31. The velocity vector v makes an angle of 40? with the horizontal and 
has magnitude equal to the speed at which the football was thrown. 


From the figure, we see that the horizontal component of v is 


|v| cos 40° = 60 cos 40? ~ 45.96 ft/s and the vertical component 


is |v| sin 40? = 60sin 40° z 38.57 ft/s. 


32. The given force vectors can be expressed in terms of their horizontal and vertical components as 
20 cos 45? i+ 20 sin 45? j = 10 V2i+ 10 V2j and 16 cos 30? i — 16 sin 30? j = 8 V3i— 8 j. The resultant force F 
is the sum of these two vectors: F = (10/2 + 8/3) i+ (10 V2 — 8) j © 28.001 + 6.14j. Then we have 
|F| ~ 4/(28.00)? + (6.14)? ~ 28.7 Ib and, letting 0 be the angle F makes with the positive x-axis, 


10 v2 -8 _1f 10/2—8 o 
0 — tan ————2|z124. 
10 2 -- 83 10/2 + 8 v3 


tan? = 
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The given force vectors can be expressed in terms of their horizontal and vertical components as —300 i and 

200 cos 60° i + 200 sin 60^ j = 200(3) i + 200 (X3) j = 1001 + 100 V3j. The resultant force F is the sum of 
these two vectors: F = (—300 + 100) i+ (0 + 100 V3) j = —200i + 1004/3 j. Then we have 

IF| ~ 4/ (—200)2 + (100 /3)* = 10,000 = 100 4/7 = 264.6 N. Let 0 be the angle F makes with the 


100/3 — v3 
—200 2 


positive x-axis. Then tan 0 = and the terminal point of F lies in the second quadrant, so 


0 = tan! (3) + 180? ~ —40.9? + 180° = 139.1°. 


Let Tı and T2 be the tension vectors corresponding to the support cables as 


shown in the figure. In terms of vertical and horizontal components, 


1 
T; = |Ti|cos60° + |Ti|sin60°j = 2 [Ti | i+ 2 ITi| j T T, 
60° 60° 
1 
T; = —|Ta| cos60*i + |T;| sin 60°j = — 5 [Ta] i 4 Y mj 
The resultant of these tensions, Tı + T2, counterbalances the weight 
w = —500j. So T; + T2 = —w = 500j => y 
1 V3 1 V3 
liTdio Y gm -i [T4 i+ Y? || j ] = 500j. 
(Sita ie rea)  (- lal ce Ë eai) = 500; 
Equating z-components gives 4 |T1| i— 4 |T2| i = 0, so |T;| = |T2| (as we would expect from the symmetry of the 
500 
problem). Equating y-components, we have ue |Ti| jJ 3 |T2| j = V3 |T| j = 500j Ti] F Thus the 
: ate 500 : 
magnitude of each tension is |T;| = |T2| = Vi = 288.68 Ib. The tension vectors are 
1 V3 250 250 
Tı = -|T| i Tı|j= i+ 250j ~ 144.34i + 250j Te = ———i4 250j ~ —144.34i + 250). 
1 7 ilic 2 |T| j B 50j 34i + 250j and T2 ars j i+ j 


Call the two tension vectors T2 and T3, corresponding to the ropes of length 2 m and 3 m. In terms of vertical and horizontal 
components, 

T2 = — |T2| cos 50°i + |T2|sin50°j (1) and Ts = |T3| cos 38°i + |Ts|sin38?j (2) 
The resultant of these forces, T2 + T3, counterbalances the weight of the hoist (which is —350j), so T2 + T3 = 350j — 
(— |T2| cos 50° + |T3| cos 38?) i+ (|T2| sin 50° + |'T3| sin 38°) j = 350j. Equating components, we have 


cos 38° 
cos 50° 


—|T2| cos 50° + |T3|cos38° 20 = |T2| =|T3| and |'T2| sin 50° + |T3| sin 38? = 350. Substituting the first 


equation into the second gives |T| m: sin 50° + |T3|sin38° = 350 =  |Ts|(cos38? tan 50? + sin 38°) = 350, so 


50 


350 x 225.11 N and |T2| = [Ts| 9938 ~ 275.97 N. 


the magnitudes of the tensions are |T3| = Zos 38° tan 50° F Ge TT 


Finally, from (1) and (2), the tension vectors are T'? ~ —177.39i + 211.41 j and T3 ~ 177.39i + 138.59j. 
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36. We can consider the weight of the chain to be concentrated at its midpoint. The 
forces acting on the chain then are the tension vectors T1, T2 in each end of the 
chain and the weight w, as shown in the figure. We know |Ti| = |T2| = 25 N 


so, in terms of vertical and horizontal components, we have 


Tı = —25cos37°i + 25 sin 37°j T2 = 25cos37°i + 25sin 37°j 


The resultant vector Tı + T? of the tensions counterbalances the weight w, giving Tı + T2 = —w. Since w = — |w|j, 
we have (—25 cos 37°i + 25 sin 37°j) + (25 cos 37°i + 25sin 37°j) =|w|j = 50sin37°9j=|w|j = 
30.1 


|w| = 50sin 37? ~ 30.1. So the weight is 30.1 N, and since w = mg, the mass is >> 2 3.07 kg. 


37. Let vi, v2, and va be the force vectors where |vi| = 25, |v2| = 12, and |v3| = 4. Set up coordinate axes so that the object is 
at the origin and vi, v2 lie in the xy-plane. We can position the vectors so that vı = 25i, vo = 12 cos 100? i+ 12sin 100° J, 
and v3 = 4k. The magnitude of a force that counterbalances the three given forces must match the magnitude of the resultant 


force. We have v1 + v2 + v3 = (25 + 12 cos 100°) i + 12sin 100? j + 4k, so the counterbalancing force must have 


magnitude |v, + v2 + vs| = \/(25 + 12cos 100°)? + (12sin 100°)? + 4? ~ 26.1 N. 


38. (a) Set up coordinate axes so that the rower is at the origin, the channel is » 
current 
bordered by the y-axis and the line x — 1400, and the current flows in the ne 
irection 
i ; i : of steering (1400, 800) 
negative y direction. The rower wants to reach the point (1400, 800). Let 0 | 
| 
be the angle between the positive y-axis in the direction she should steer. a | 
Ut 
| 
(See the figure.) Soupe | 
l > 
0} rower 1400 x 


In still water, the rower has velocity v. = (7 sin 0, 7 cos 0) and the velocity of the current is ve = (0, —3), so the true 
course of the rower is determined by the velocity vector v = v; + ve = (7 sin 0, 7 cos0 — 3). Let t be the time in seconds 
after the rower departs. Then the position of the rower is given by tv and the rower crosses the channel when 
tv —t(Tsin0,7cos0 —3) = (1400,800) =  7tsin0 — 1400 — and (7 cos @ — 3)t = 800 

1400 X 200 


Then t = — = —— and substituting gives 
7sind | sin@ 
200 : 
(7cos@ — 3) | — = 800 7 cos0 — 3 = 4sin 0 (1) 
sind 


Squaring both sides, we have 
49 cos? 0 — 42cos0 + 9 = 16 sin? 0 = 16(1 — cos? 0) 
65 cos? 0 — 42cos0 — 7 = 0 


The quadratic formula gives 


+ ,/(—42)? — 4(65)(— + /3584 
2(65) 130 


[continued] 
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The acute value for @ is approximately cos” t (0.78359) = 38.4°. Thus, the rower should steer in the direction that is 
38.4? from the bank, toward upstream. 
Alternate solution: We could solve (1) graphically by plotting yı = 7 cos0 — 3 and y2 = 4sin 0 on a graphing device and 


finding the approximate intersection point (0.6704, 4.9702). Thus, 0 ~ 0.6704 radians, or equivalently, 38.4°. 


200 


(b) From part (a) we know the trip is completed when t = sné As 0 ~ 38.4°, the time required is approximately 
200 ; 
sm 7 321.9 seconds or 5.4 minutes. 
sin(38.4°) 
Set up the coordinate axes so that north is the positive y direction and west a 
Vwin 
is the negative x direction. With respect to the still air, the velocity of the ph 


Vplane 


plane can be written as Vplane = (—180 sin 45°, 180 cos 45°) and the 


velocity of the wind is given by vwina = (35sin 30°, —35 cos 30°). 


(See the figure.) 0 x 
Then the velocity vector of the plane relative to the ground is 
V = Vplane + Vwind = (—180 sin 45°, 180 cos 45°) + (35 sin 30°, —35 cos 30°) 


= (—90/2 + 35/2, 90V2 — 35/3/2) ~ (—109.8, 97.0) 


The ground speed is |v| ~ \/(—109.8)? + (97.0)? ~ 146.5 mi/h. The angle the velocity vector makes with the z-axis is 


97.0 
—109.8 


about tan! ( ) = —41.5? and —41.5? + 180° = 138.5°. Therefore, the course of the plane is about 


N (138.5 — 90)? W or N 48.5? W. 


With respect to the water's surface, the dog's velocity is the sum of the velocity of the ship with respect to the water and the 


velocity of the dog with respect to the ship. If we let north be the positive y direction and west be the negative x direction, we 


have v = (—32,0) + (0, 4) = (—32, 4). Then, the speed of the dog is |v| = 4/(—32)? + 4? ~ 32.2 km/h. The vector v 
makes an angle of tan! (5) & —7.1° and —7.1° + 180° = 172.9°. Therefore, the dog's direction is 
N (172.9 — 90)° W or N 82.9° W. 


The slope of the tangent line to the graph of y = x? at the point (2, 4) is 


dy 


= 2 
dx X 


=4 


z—2 r1—2 


Thus, a parallel vector is i+ 4 j, which has length |i + 4j| = 4/1? + 4? = 4/17, and so unit vectors parallel to the tangent line 


are tz (i+ 4j). 
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42. (a) The slope of the tangent line to the graph of y = 2sinz at the point (7/6, 1) is 


Thus, a parallel vector is i + /3j, which has length [i + v 3j| — 4/124 (V3) = V4 = 2, and so unit vectors parallel 


to the tangent line are ti ( LA3 j). 


(b) The slope of the tangent line is V/3, so the slope of a line (c) 


perpendicular to the tangent line is — A and a vector in this direction 


is V3i— j. Since |V3i — j| = (V3) + (—1)? = 2, unit vectors 


perpendicular to the tangent line are +4 (v3i = j). 


> + > > > > > » » > > > 
43. By the Triangle Law, AB + BC = AC. Then AB + BC + CA = AC + CA, but AC + CA = AC 4 ( AC) =0. 


— — — 
So AB + BC - CA — 0. 


> > > > > > —3À =: > > > > 
4. AC = AB and BC = ẸBA. c = OA + AC =a+3AB AB —3c-3a c - OB + BC - OB- $BA => 
— — — 
BA=3c—3b. BA--AB,so$c 2b=3a 3c c+2c=2a+b Ss c—-$ja-cib 
45. (a), (b) (c) From the sketch, we estimate that s ~ 1.3 and t ~ 1.6. 


(d c— sa tb 7 = 3s + 2t and 1 = 2s — t. 


; ; ; _ 9 EE 
Solving these equations gives s = 7 and t = =. 


«Y 


46. Draw a, b, and c emanating from the origin. Extend a and b to form lines A 
and B, and draw lines A’ and B’ parallel to these two lines through the terminal 


point of c. Since a and b are not parallel, A and B' must meet (at P), and A' 


— —> 
and B must also meet (at Q). Now we see that OP + OQ = c, so if 


ON NN 


(or its negative, if a points in the direction opposite OP) andt = 


then c = sa + tb, as required. 


Argument using components: Since a, b, and c all lie in the same plane, we can consider them to be vectors in two 
dimensions. Let a = (a1, a2), b = (bı, b2), and c = (c1, c2). We need sa, + tb4 = cı and saz + the = c2. Multiplying 


; : — ar beci1 — b 
the first equation by a» and the second by a; and subtracting, we get t = MeL MM NN Similarly s — PICLo MM 


b5a1 — b1a2 bai — b1a3* 


Since a Æ 0 and b Æ O and a is not a scalar multiple of b, the denominator is not zero. 
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50. 


51. 
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|r — ro| is the distance between the points (x, y, z) and (xo, yo, zo), so the set of points is a sphere with radius 1 and 


center (xo, yo, zo). 


Alternate method: |r — ro| = 1 (x — zo)? + (y — yo)? +(z-z)? =1 $ 
(x — xo)? + (y — yo)? + (z — zo)? = 1, which is the equation of a sphere with radius 1 and center (£o, yo, zo). 
Let P, and P be the points with position vectors rı and r» respectively. Then |r — rı| + |r — ra| is the sum of the distances 


from (x,y) to P; and P». Since this sum is constant, the set of points (x, y) represents an ellipse with foci Pj and P2. The 


condition k > |r1 — r»| assures us that the ellipse is not degenerate. 


a+ (b +c) = (a1, a2) + ((b1, b2) + (c1, €2)) = (a1, a2) + (b1 + c1, b2 + c2) 
= (a1 + b 4- c1, a2 + b2 + c2) = ((a1 + b1) + e1, (a2 + b2) + c2) 
= (a1 + b1, a2 + 02) + (e1,€2) = ((a1, a2) + (b1, b2)) + (c1, c2) 
=(a+b)+c 

Algebraically: c(a + b) = c((a1,a2, a3) + (b1, b2, b3)) = c(a1 + b1, a2 + b2, a3 + b3) 


= (c(a1 + b1) , c (a2 + b2) ,c (a3 + b3)) = (car + cb1, ca2 + cb2, caa + cba) 


= (ca1, caz, cag) + (cb1, cbe,cb3) = ca + cb 
Geometrically: 
—> — 
According to the Triangle Law, if a = PQ and b = QR, then 
—— — 
a + b = PR. Construct triangle PST as shown so that PS = ca and 


— 
ST = cb. (We have drawn the case where c > 1.) By the Triangle Law, 


—— 
PT = ca + cb. But triangle PQR and triangle PST are similar triangles 


— — A 
because c b is parallel to b. Therefore, PR and PT are parallel and, in fact, ca 


— — 
PT = cPR. Thus, ca + cb = c(a + b). 


— — —35 ——À 
Consider triangle ABC, where D and E are the midpoints of AB and BC. We know that AB + BC = AC (1) and 


— —À — > > > > aA EA 
DB+BE=DE (2). However, DB = 3 AB, and BE = BC. Substituting these expressions for DB and BE into 
—À —À —À — — — —À 
(2) gives AB + iBC — DE. Comparing this with (1) gives DE — iAC. Therefore AC and DE are parallel and 
— — 
Ipg| = 4 [a6]. 
The question states that the light ray strikes all three mirrors, so it is not parallel to any of them and a1 Z 0, a2 zz 0 and 


a3 # 0. Let b = (bı, ba, b3), as in the diagram. We can let |b| = |al, since only its direction is important. Then 


[b2] 
[b] 


sin as] |b2| = [aa]. 
la| 


[continued] 
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From the diagram 5» j and a» j point in opposite directions, 

so b2 = —a». |AB| = |BC|, so 

[b3| = sind |BC| = sing |AB| = Jas|, and 

|b1| = cos ¢ |BC| = cos |AB| = |a]. 

bs k and a3 k have the same direction, as do bı i and aj i, so 

b = (a1, —a@2, a3). When the ray hits the other mirrors, similar 
arguments show that these reflections will reverse the signs of 


the other two coordinates, so the final reflected ray will be 


(—a1, —a2, —a3) = —a, which is parallel to a. 


COVERY PROJECT The Shape of a Hanging Chain 


As s(x) is the length of the chain with uniform density p, the mass of the chain is given by ps(x). Then the downward 
gravitational force is given by w = (0, —gps(x)). Also, To = (|To| cos 180°, |'To| sin 180°) = (—|To|, 0). As the system is 


in equilibrium, we have 
To+T+w=0 


T=-To-w 
= — (—|To, 0) — (0, —gps(x)) 
= (Tol, gps(a)) 


. Note that the vector T is parallel to the tangent line to the curve at the point (x, y). Thus, the slope of the tangent line can be 


written as 


dy ges) .— sm) sE) uus Il 


dx — [To Tolg a gp 


x 2 
. By Equation 8.1.6, s'(z) = f 1+ (3) , So differentiating both sides of the equation from Problem 2 gives 
0 


d'y 1 dyV ou "e d dz 1 d d 
$=: 14+ ($2) . Making the substitution 2 — 22. we have $= = 1 1+2 > wer 


From Table 3.11.6 we know that an antiderivative of 1/4/1 + z? is sinh" ! z, so integrating both sides of the preceding 


equation gives sinh! z = = + C. We are given that y'(0) = 0 z(0) = 0 C —0,sosinh ! z = = => 
z — sinh =. 
a 


[continued] 
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Asz dy dy 


= 89. sinh? = dy = sinh = dz > J dy = f sinh = dz > y = acosh ~ + C. From the initial 
dx dz a a a a 


condition y(0) = 0, we have 0 = acosh0 +C => O=a+C = -—a- C. Therefore, the equation of the curve is 


x 
y = acosh — — a. 
a 


: x : = 
4. As the value of a increases, the graph of y = acosh — — ais stretched 20 -4a=1/2 
a 


horizontally. 


—10 10 


12.3 The Dot Product 


1. (a) a- b is a scalar, and the dot product is defined only for vectors, so (a - b) - c has no meaning. 
(b) (a- b) c is a scalar multiple of a vector, so it does have meaning. 
(c) Both |a| and b - c are scalars, so |a| (b - c) is an ordinary product of real numbers, and has meaning. 
(d) Both a and b + c are vectors, so the dot product a - (b + c) has meaning. 
(e) a- b is a scalar, but c is a vector, and so the two quantities cannot be added and a - b + c has no meaning. 


(f) |a| is a scalar, and the dot product is defined only for vectors, so |a| - (b + c) has no meaning. 


2.a-b = (5,—2) - (3,4) = (5)(3) + (-2)4) = 15- 8 =7 


3. a- b = (1.5, 0.4) - (—4,6) = (1.5)(—4) + (0.4)(6) = —6 + 2.4 = —3.6 


4. a- b = (6, —2,3) - (2,5, 1) = (6)(2) + (—2) (5) + (3(-1) = 12 — 10 — 3 = —1 


5. a- b = (4,1, +) - (6, —3, —8) = (4)(6) + (1)(—3) + (4) (-8) = 19 


AIK 


6. a- b = (p, —p, 2p) - (24,4, —4) = (»)(2a) + (—p)(@) + (2p)(—4) = 2pq — pq — 2pq = — pq 
7. a-b = (2949) (i—j+k) = O00) + (1)(-1) + (0)(1) = 1 


8. a- b= (3i+2j—k)- (4i+5k) = (3)(4) + (2)(0) + (-1)(5) =7 


9. By Theorem 3, a - b = |a| |b| cos 0 = (7) (4) cos 30° = 28(2) = 143. 


10. By Theorem 3, a - b = |a| |b| cos@ = (80)(50) cos 32 = 4000 ( x») = —2000V2. 


11. u, v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u and v is 60° and 


u- v = [u||v| cos60* = (1)(1)(3) = 4. If w is moved so it has the same initial point as u, we can see that the angle 


between them is 120° and we have u - w = |u| |w] cos 120° = (1)(1)(—4) = - à. 
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u is a unit vector, so w is also a unit vector, and |v| can be determined by examining the right triangle formed by u and v. 


Since the angle between u and v is 45°, we have |v| = |u| cos 45° = ae Then u- v = |u| |v| cos 45° = "eJ X21 


Since u and w are orthogonal, u- w = 0. 


(a) i- j = (1,0,0) - (0, 1,0) = (1)(0) + (0)(1) + (0)(0) = 0. Similarly, j  k = (0)(0) + (1)(0) + (0)(1) = 0 and 
k- i = (0)(1) + (0)(0) + (1)(0) = 0. 
Another method: Because i, j, and k are mutually perpendicular, the cosine factor in each dot product (see Theorem 3) 


is cos 7 = 0. 


(b) By Property 1 of the dot product, i- i = |i]? = 1? = 1 since i is a unit vector. Similarly, j - j = |j|? = 1 and 
k-k = |k|? — 1. 
The dot product A - P is 
(a, b,c) - (4, 2.5, 1) = a(4) + 6(2.5) + c(1) 
= (number of hamburgers sold) (price per hamburger) 


+ (number of hot dogs sold) (price per hot dog) 


+ (number of bottles sold) (price per bottle) 
so it is equal to the vendor’s total revenue for that day. 


u = (5, 1), v = (3,2) jul = v52? + 1? = v26, |v| = V3? + 2? = v13, and u - v = 5(3) + 1(2) = 17. From 
u-v 17 17 


Corollary 6, we have cos 0 = and the angle between u and v is 0 = cos! (5) zx 22°. 


lulv| v236vi3 13/2 13/2 
a—i-3jb--3i-4j > fal = y 4 (-3) = v10, |b| = /(—3)? + 4? = 5, and 
a- b = 1(-3) + (-C3)(4) 15. From Corollary 6, we have cos 0 BUM TE 2i and the angle between 
| m alib] ^ 5V10 ~ Vio : 

a and b isÜ = cos! (=) & 162° 

v10 l 
a = (1, —4, 1), b = (0,2, —2) la| = 4/12 + (—4)? + 2? = V18 = 3v2, |b| = /0? +22 + (—2)? = V8 = 2V2, 

a-b —10 10 5 


and a - b = (1)(0) + (—4)(2) + (1)(—2) = —10. From Corollary 6, we have cos 0 = la|Tbi E 35.273 P cS 


and the angle between a and b is 0 = cos! (- 2) x 146°. 


a=(-1,3,4),b = (5,2,1) => |Ja| = /(-1)? 4 32 - £ = 26, |b| = V5? +2? + I? = v30, and 


ab _ 5 | 5 5 
lalb| v26- v30  V/780 2/195 


a- b = (—1)(5) + (3)(2) + (4)(1) = 5. From Corollary 6, we have cos 0 = and 


the angle between a and b is 0 = cos! ( 


5 
z 80°. 
2V x) 
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u=i-4j+kv=-3i+j+5k > juj 2 /1? 4-(-4? +1? = VI8 = 3V2, |v| = /(-32 4-12 +52 = 


u-v —2 


zd 
[ulv| 3/2/35 3/70 


and u- v = 1(—3) + (—4)(1) + 1(5) = —2. From Corollary 6, we have cos 0 = and the angle 


—2 
between u and v is 0 = cos"! (zm) zx 95°. 
3/70 


a=8i-j+4kb=4j+2k => |a|=./8?+(-1?4+# = v81=9, |b| = VO 4-42 +2 = v20 = 2V5, and 


a-b p 4 M 2 
lallb| 9.2/5 9v5 


a- b = (8)(0) + (—1)(4) + (4)(2) = 4. From Corollary 6, we have cos0 = 


and the angle 


between a and b is 0 = cos"! (<5) x 84°. 


9v5 
Let p, q, and r be the angles at vertices P, Q, and R respectively. Q 
— — 
Then p is the angle between vectors PQ and PR, q is the angle OP OR 
—À — 

between vectors QP and QR, and r is the angle between vectors 
— — P , 
RP and RQ. P R 

PQ.PR (72,3) - (1,4) 

PQ- PR —2,3)- (1,4 —2 +12 10 xt 10 ) mE 
Thus cos p — = = = and p = cos ——— | & 48°. Similarly, 

B Ippe] vVC33-3.174c42 ViBVI7 v21 p /221 > 


QP-QR (2-38 _ 6-3. 
keja VVF vivi  vmo 


cosq = 


r œ 180? — (48°+ 75°) = 57°. 


Alternate solution: Apply the Law of Cosines three times as follows: 


2 


R 


cosp = cos q = oS cosr = 


rea [Po] |n ?|Ps| [an 


Let a, b, and c be the angles at vertices A, B, and C. Then a is the angle 


ES £9» 


— —— — 
between vectors AB and AC, b is the angle between vectors BA and BC, BÀ BC 
CA and CB 
and c is the angle between vectors and C B. 
WA fe 
— —À 
Thus cosa = ABAC = zo ee a Ep LE and a = cos ! (- &) zz 98? 
|AB| |Ac| 2? + (-2)? + 1? VO +3 +2 3.5 15 
BÀ.BC | ): (—2,5,3) 
zy. BA-B —2,2, —1)- (-2,5,3 4+10-3 11 a 11 ) " 
Similarly, cos b — = = = so b = cos x 54° and 
» |B4]| rz VAT AT IJ/AT 2549 3. v38 3/38 3/38 
c œ 180? — (98°+ 54?) = 28°. 
[continued] 
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Alternate solution: Apply the Law of Cosines three times as follows: 


2 2 2 


> 
AB 


cos c = 


»2 >)2 > 
AC| — |AB| —|BC 


qua Tall fa 


>)2 »12 > 2 »12 > 
|Bc| - [AB -AC - [46 - [pc 


cosa = 


a 


(a) a - b = (9)(—2) + (3)(6) = 0, so a and b are orthogonal (and not parallel). 


(b) a- b = (4)(3) + (5)(—1) + (—2)(5) = —3 Z 0, so a and b are not orthogonal. Also, since a is not a scalar multiple 


of b, a and b are not parallel. 


(c) a- b = (—8)(6) + (12)(—9) + (4)(—3) = —168 + 0, so a and b are not orthogonal. Because a = —$ b, a and b are 


parallel. 


(d) a- b = (3)(5) + (C 1)(9) + (3)(—2) = 0, so a and b are orthogonal (and not parallel). 


(a) u- v = (—5)(3) + (4)(4) + (—2)(—1) = 3 Z 0, so u and v are not orthogonal. Also, u is not a scalar multiple of v, 
so u and v are not parallel. 
(b) u- v =(9)(—6) + (—6)(4) + (3)(—2) = —84 4 0, so u and v are not orthogonal. Because u = —3 v, u and v are 


parallel. 


(c) u- v =(c)(c) + (c)(0) + (c)(—c) = &? + 0 — c? = 0, so u and v are orthogonal (and not parallel). (Note that if c = 0 
then u = v = O, and the zero vector is considered orthogonal to all vectors. Although in this case u and v are identical, 


they are not considered parallel, as only nonzero vectors can be parallel.) 
—À —— — —À —À — 
QP = (-1,-3, 2), QR = (4, -2, —1), and QP - QR = —4 + 6 — 2 = 0. Thus QP and QR are orthogonal, so the angle of 
the triangle at vertex Q is a right angle. 


By Theorem 3, vectors (2, 1, — 1) and (1, x, 0) meet at an angle of 45° when 


(2,1, 21) - (1,2,0) = VAF 1311/14 2? +0 cos45? or2--2 -0— V6 V1 a2. £ 2x = V3V14 z. 


Squaring both sides gives 4 + 4 + z? = 3 + 32? 2a? — 4x — 1 = 0. By the quadratic formula, 
—(—4) + —4)? — 4(2)(—1 Ac v 4+2 
y (74) = Oe) = LC v6 Sit VB. (You can verify that both values are valid.) 
2(2) 4 4 2 
Let a = a1 i+ a2 j + as k be a vector orthogonal to both i + j and i + k. Thena-(i+j)=0 <=  ai--a2 — 0 and 
a-(i--k) 20 © a +a —0,so a1 = —a» = —aa. Furthermore a is to be a unit vector, so 1 = a? + a3 + a2 = 3a? 
implies a4 = Lee Thus a A i—~3j—<gkanda mit dj 5 k are two such unit vectors. 


Let u = (a, b) be a unit vector. By Theorem 3 we need u: v = |u| |v|cos60° & 3a+4+4b=(1)(5)4 e 


i ; , 2 
b = 2 — ła. Since u is a unit vector, |u| = Va? FR 21 & a@+P=1 & a^-($-$a) -1 e 
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2 2 _ ; 
a ia | 25 1 100a^ — 60a — 39 = 0. By the quadratic formula, 
NS —(—60) + \/(—60)? — 4(100)(—39) 6042/19200 3-43 Ifa- 3t AV3 dad 

E 2(100) = 200 emer) | eae (0) 

5 3/34+4V3\_ 4-3V3 4 3-A4V3 5 3/3-4V3\  44+3¥V3 

b 3 au 10 ) 10 ,andifa 10 then b E UA 10 10 . Thus the two 

: 4 4— —4 4 
unit vectors are dedu SLA (0.9928, —0.1196) and BEAN BBB 3 (—0.3928, 0.9196). 

10 10 10 10 

The line y = 4 — 3x y = —3x + 4 has slope —3, so a vector parallel to the line is a = (1, —3). The line y = 3r + 2 


has slope 3, so a vector parallel to the line is b = (1,3). The angle between the lines is the same as the angle 0 between the 


vectors. Here we have a - b = 1(1) + 3(-3) = —8, |a| = \/12 + (23)? = v10, and |b| = v12? + 3? = v10. Then 


asp = s and @ = cos! ( 3 = 143.1°. Therefore, the acute angle between the two lines is 


lalb| 10/10 5 
approximately 180? — 143.1? = 36.9°. 


cosÜ = 


The line 5a — y = 8 y = 5x — 8 has slope 5, so a vector parallel to the line is a = (1,5). The line 


e+3y=15 © y= -ir + 5 has slope -4, so a vector parallel to the line is b = (3, — 1). The angle between the lines 


is the same as the angle 0 between the vectors. Here we have a - b = 1(3) + 5(—1) = —2, |a| = 1? + 5? = v26, and 


|b] = 4/3? + (-1)? = v10. Then cos0 = a-b = EU and 0 = cos ! (=) ~ 97.1°. Therefore, 


lallb| 26/10 v65 V65 


the acute angle between the two lines is approximately 180° — 97.1° = 82.9°. 


3 


The curves y = x” and y = z? meet when 2? = 2? x? — 2? =0 z?(y —1)-0 x = 0, x = 1. We have 


d d 
zt = 2x and — zx? = 32”, so the tangent lines of both curves have slope 0 at x = 0. Thus the angle between the curves is 
o ; d 3 d 3 ; ; 
0? at the point (0,0). For z = 1, T x = 2 and ds x = 3 so the tangent lines at the point (1, 1) have slopes 2 
sl z-—1 


and 3. Vectors parallel to the tangent lines are (1, 2) and (1, 3), and the angle 0 between them is given by 


sean (1,2)-(1,38) _ 1-6 7 
KLD I3)  v5V10 5v2 
Thus 0 = cos! (5) & 8.1? 
52 m 
The curves y = sin x and y = cos x meet when sin x = cos x tanz=1 x= 7/4 [0 € x € 7/2]. Thus the 
point of intersection is (1/4, v2/2). We have £ sing = cosc = 39 and 
da: ESR fA rz—m-/4 2 
E cos x = —sing =— Z so the tangent lines at that point have slopes ab and — = Vectors parallel to 
rz—m-/4 z=7/4 
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. |a| = V1? + 4? = v17. The scalar projection of b onto a is comp, b = 


CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


the tangent lines are (i 2y and (i — 2y, and the angle 0 between them is given by 


(1, V2/2) - (1, -V2/2) 1-4 1/2 1 


cos 0 = = 


LVI GA Jays 3m 3 


Thus 0 = cos! (3) e 70.5°. 


| (4,1,8) | = V4? + 1? + 8? = V81 = 9. Using Equations 8 and 9, we have cosa = $, cos = 3, and cosy = $. 


The direction angles are given by a = cos (4 ) © 63.6°, 8 = cos ' (4) ~ 83.6°, and y = cos | (È) ;j 27.35. 


| (—6, 2,9) | = \/(—6)? + 22 + 9? = V/121 = 11. Using Equations 8 and 9, we have cosa = — Ê, cos8 = 4, and 


cosy = i. The direction angles are given by a = cos ! (- &) = 123.12, 8 = cos ! (3) & 79.5°, and 


3 1 
3i — j — 2k| = 4/3? + (C1)? + (C2)? = v14. Using Equations 8 and 9, we have cos a = , cos 3 = — , and 
jai — j —2k| = STE CIF C3? = VT. Using Eq Ape-- 
cosy = ML The direction angles are given by a = cos! (=) £z 36.7°, 8 = cos! (z) z~ 105.5°, and 
Y AA g g y svi ws svi jS, 


2 

—1 o 
y = cos (-m z 122.3°. 
A) 


| — 0.7i + 1.2j — 0.8k| = ,/(—0.7)? + (1.2)? + (—0.8)? = v2.57. Using Equations 8 and 9, we have cosa = E 

1.2 0.8 0.7 
cos B = f ng cosy = — ———. The direction angles are given by a = cos! (-mm) zx 115.9, 

a V2.5 m v2.57 : 5 4 v2.57 
0.8 
= cos” x 41.5°, and y = cos”? (5) zx 119.9°. 
Coa 
1 
|(c6,0) | = V FE x 8 = V3c? = cV3. Using Equations 8 and 9, we have cos œ = cos 3 = cosy De, 
evs. Va 
The direction angles are given by a = 8 = y = cos! (=) x 54.7°. 
V3 
; x a 2 2 

Since cos? a + cos? B + cos? y = 1, cos? y = 1 — cos? a — cos? 8 = 1 cos? (F) cos? (=) 1 (33) (i) E 

—X c = 25 
Thus cosy = +5 andy = $ ory = +. 
ja] = ,/(—5)? + 12? = V169 = 13. The scalar projection of b onto a is comp, b = ^ Meus it Eo 4 and the 
vector projection of b onto a is proj, b = BUB mue 4. E(—5,12) = ( a y, 

a la| / Jal 13 13° 13 


and the vector 


; 14 
al WAT ~ Viz 


Xs . : a-b\ a 
projection of b onto a is proj, b = £3 al — A. (1,4) = (4 38. 
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. |a] = V1 + 4+9 = v14 so the scalar projection of b onto a is comp, b = 
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[a| = \/4? + 7? + (—4)? = V81 = 9 so the scalar projection of b onto a is 


b (4 -1)-(-40) 1 iv 
compab — Ta = CX (DC D CNY) m The vector projection of b onto a is 
; a-b\ a 
mik (59). - 447-0 (1-0 = (dA) 
ja] = 4/1 + 16 + 64 = v81 = 9 so the scalar projection of b onto a is comp, b = T = i(-12 +4+416) = Š, while 


se das : ; -b 
the vector projection of b onto a is proj, b = (5) lal = $ . i (-1,4,8) Š (—1, 4,8) = ( ep a. e). 


ab 6—-12-1  À7 while the vector 
[al V 19 v19 


7 a z s . 3 ; s 
V/19 lal m z Gi 3j+k) — -15(3i- 3j -- K) ipic iJ i; k. 


jal = /9+9+1 = v19 so the scalar projection of b onto a is comp, b = 


projection of b onto a is proj, b 


a-b 540-3 2 
lal V4 14 


2 a : : : : : : 
= Ja ^ VE vee F429 43k) = A+ 2) 43k) = zie Fit pe 


while the vector 


projection of b onto a is proj, b 


-b -b 
(ortha b) -a = (b— projab):a =b :a — (proj, b) :a= b-a- "og acacbia- t P la? =b-a—a-b=0. 
a 


la| 


So they are orthogonal by (7). 
Using the formula in Exercise 45 and the result of Exercise 40, we have 


ortha b = b — proj, b = (2,3) — (12, 385) = (22, - 5). 


comp, b anb 2 a-b = 2|a| = 2 v10. If b = (b1, ba, bs), then we need 351 + 06 — 1b3 = 24/10. 


ja 


One possible solution is obtained by taking b = 0, b2 = 0, 3 = —2 V/10. In general, b = (s, t, 3s — 2 V10), s, t € R. 


1 
^ T DUET E a 


(a) comp, b = comp, a 


That is, if a and b are orthogonal or if they have the same length. 


a-b b-a a b 
b) proj, b = proja &  —-a-—-——-b & a-b=0 or — = —. 
RER aP ^7 P a T [bf 
b b M Me : . : 
But aE be M: Tes |a| = |b|. Substituting this into the previous equation gives a = b. 


So proj, b = proj,a + aand bare orthogonal, or they are equal. 
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49. The displacement vector is D = (6 — 0) i+ (12 — 10)j + (20 — 8) k = 6i + 2j + 12k so, by Equation 12, the work done is 


W =F-D=(8i—6j+9k)-(6i+2j+12k) = 48 — 12 + 108 = 144 joules. 
50. Here |D| = 1000 m, |F| = 1500 N, and 0 = 30°. Thus 


W —F- D = |F|[D|cos0 = (1500) (1000) ( £) = 750,000 V3 joules. 


51. Here |D| = 80 ft, |F| = 30 Ib, and 0 = 40°. Thus 


W = F; D =|F||D|cos@ = (30)(80) cos 40° = 2400 cos 40? ~ 1839 ft-lb. 


52. W =F - D = |F| |D| cos @ = (400)(120) cos 36? ~ 38,833 ft-lb N 


36° 


53. First note that n = (a, b) is perpendicular to the line, because if Qi = (a1, b1) and Q2 = (a2, b2) lie on the line, then 


———À 
n: Q1Q» = aas — aa; + bb — bb; = 0, since aa» + bb = —c = aa; + bb; from the equation of the line. 


Let P; = (x2, y2) lie on the line. Then the distance from P; to the line is the absolute value of the scalar projection 


—_ at % — = m — 
of P, Po onton. comp, (PPa) ee AE E ee ee 


in| Vere NE 
since ax2 + by» = —c. The required distance is EAE EOE = B 
3? + (—4)? 5 


54. (r — a) - (r — b) = 0 implies that the vectors r — a and r — b are orthogonal. 
From the diagram (in which A, B and R are the terminal points of the vectors), 
we see that this implies that R lies on a sphere whose diameter is the line from 
A to B. The center of this circle is the midpoint of AB, that is, B 
$(at+b) = ($(ai-- bi) , $(a2 + b2), $(a3 + b3)), and its radius is kar / 
3 |a— b| = į (a1 — b1)? + (a2 — b2)? + (aa — b3)?. 


Or: Expand the given equation, substitute r - r = x? + y? + z? and complete the squares. 


55. For convenience, consider the unit cube positioned so that its back left corner is at the origin, and its edges lie along the 
coordinate axes. The diagonal of the cube that begins at the origin and ends at (1, 1, 1) has vector representation (1, 1, 1). 


The angle 0 between this vector and the vector of the edge which also begins at the origin and runs along the x-axis [that is, 


o de (1,1) - (1,0,0) 1 EVA E 
1 0 = 2L u 0 = ss) © 54.7°. 
(1,0, 0)] is given by cos /L1DHLo9 ^7 E cos (=) 54.7 
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Consider a cube with sides of unit length, wholly within the first octant and with edges along each of the three coordinate axes. 


i +j + k andi + j are vector representations of a diagonal of the cube and a diagonal of one of its faces. If 0 is the angle 


G4+j+k)-G+)) 2 1+1 2 6 = cos? /2 ~ 35.3°. 


between these diagonals, then cos 0 = ~—~ a = 
E f+it+kiti ^vsyi V3 


Consider the H — C —H combination consisting of the sole carbon atom and the two hydrogen atoms that are at (1, 0, 0) and 


(0, 1,0) (or any H— C —H combination, for that matter). Vector representations of the line segments emanating from the 


carbon atom and extending to these two hydrogen atoms are (1 i 0 i 0 i) = (i, i i) and 

(0 i. 1 i. 0 i) = (-i, i -i). The bond angle, 0, is therefore given by 

EU Ru 

Hn aug 3 
yT 


Let a be the angle between a and c and £ be the angle between c and b. We need to show that a = 8. Now 


0 cos” * ( i) æ 109.5°. 


tI 
Side 
ger e, 


i 
2 
T 
2 


NIK} ple 


arc _ a-|ajb+a-|bla = jaja- b + [a|? |b] te. a-b +lallbl Similarly. 


COS Q = 
lal [e| lal e| lal [el le| 


b.c  ja||b|--b.a 
|b] [e| le| 


. Thus cosa = cos B. However 0? < a < 180? and 0? < 8 < 180°, so a = 8 and 
€ bisects the angle between a and b. 


Let a = (a1,a2, a3) and b = (b1, ba, ba). 
Property 2: a: b = (aj, G2, a3) - (b1, b2, 53) = a1b1 + az2b2 + a3b3 


= bai + b2a2 + b3a3 = (b1, be, b3) - (a1, a2,a3) =b-a 


Property 4: (ca)-b = (ca1,ca2, caa) - (b1, b2, 3) = (ca1)bi + (caz)b2 + (caz)b3 
= c(a1b1 + a2b2 + a3b3) = c (a - b) = ai(cbi) + a2(cb2) + a3(cb3) 


= (a1, 42, a3) : (cb1, cb2, cb3) = a- (cb) 


Property 5: 0-a = (0,0,0) - (a1, a2,a3) = (0)(a1) + (0)(a2) + (0)(a3) = 0 


» * a > > 
Let the figure be called quadrilateral ABC D. The diagonals can be represented by AC and BD. AC = AB + BC and 


> > > > > > > 
BD = BC + CD = BC — DC = BC — AB (Since opposite sides of the object are of the same length and parallel, 


— — 
AB — DC.) Thus 


AC-BD- (4B + BC) ; (BC - AB) = AB. (BC - AB) 4 BC- (BC - AB) 


2 


> > »2 »12 > > >) 2 > 
= AB- BC - |AB| +|BC| - AB- BC - |BC| - |AB 


—À42 — 2 he 
But |AB = |BC because all sides of the quadrilateral are equal in length. Therefore AC - BD = 0, and since both of 


these vectors are nonzero this tells us that the diagonals of the quadrilateral are perpendicular. 
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61. |a- b| = | |a| [b| cos | = |a] |b] |cos 6]. Since |cos 6| < 1, |a- b| = |a] [b] |cos 6| < [al |b]. 


Note: We have equality in the case of cos 0 = +1, so 0 = 0 or 0 = s, thus equality when a and b are parallel. 


62. (a) The Triangle Inequality states that the length of the longest side of 
a triangle is less than or equal to the sum of the lengths of the two 


shortest sides. 


(b) |a - bj? = (a+ b) - (a+b) = (a: a) + 2(a- b) + (b: b) = Jal? + 2(a- b) + |b]? 


< Jal? + 2Ja| |b| + |b]? [by the Cauchy-Schwartz Inequality] 


= (lal + [b]? 


Thus, taking the square root of both sides, |a + b| < |a| + |b]. 
63. (a) The Parallelogram Law states that the sum of the squares of the 
-b b lengths of the diagonals of a parallelogram equals the sum of the 
ln squares of its (four) sides. 


a 


(b) |a + b|? = (a+b) - (a+b) = Jal? + 2(a- b) + |b|? and |a — b|? = (a — b) - (a — b) = Jal? — 2(a- b) + |b)”. 
Adding these two equations gives |a + b|? + |a — b|? = 2Ja|? + 2|b|?. 
64. If the vectors u + v and u — v are orthogonal, then (u + v) - (u — v) = 0. But 
(uo v): (u—- vy) Z(u- v). u- (u- v):v by Property 3 of the dot product 


=u-u+v-u-—-u:v-v-v by Property 3 


= jul? ru:v—u-v Iv]? by Properties 1 and 2 


= |ul? - |v]? 


Thus jul? Ivi? 0 lu? Ivi? |u| = |v| [since |u], |v| > 0]. 


.b b- -b b- 
65. proj, b: proj, a= ar? Ee = at . IM (a-b) by Property 4 of the dot product 
a 


_ (a:b) a-b)= a:p PON roper 
ree a) e eme 


= (cos 0)? (a - b) = (a - b) cos? 0 by Corollary 6 
66. (a) Suppose that u and v are nonzero orthogonal vectors. Then 
ju +v? = (u +v): (u+ v) 
=u-u+u:v+v-u+v:-v 
= [u +0 +0+ |v]? = [u]? + |v)? 
(b) Suppose that |u + v|? = Jul? + |v|?. From part (a), we know that |u + v|? = |u|? + 2(u - v) + |v|?. Thus, 


2(u - v) = 0, which implies that u and v are orthogonal. 
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12.4 The Cross Product 


ij k 
3 0 2 0 2 3 
1.axb=/2 3 0|- — j k 
0 5 15 10 
105 


= (15—0)i— (10 — 0)j + (0 — 3)k = 15i — 10j — 3k 


Now (a x b): a = (15, —10, —3) - (2,3,0) = 30 — 30 + 0 = 0 and 


(a x b) -b = (15, —10, —3) - (1,0, 5} = 15 + 0 — 15 = 0, so a x b is orthogonal to both a and b. 


i j k 
3 -2 4 -2 4 3 
2 axb=|4 3 -2|— — j k 
—1 1 2 1 2 —1 
2-1 1 


—-(3-2)i— [1— (-4)]]j + (-4— 6)k 2i— 8j — 10k 


Now (a x b): a = (1, —8, —10) - (4,3, —2) = 4 — 24+ 20 = 0 and 


(a x b) -b = (1, —8, —10) - (2, 21,1) = 2 + 8 — 10 = 0, soa x b is orthogonal to both a and b. 


ij k 
2 —4 0 —4 0 2 
3 axb=| 02 -4/= i — j + k 
3 1 -1 1 -1 3 
-1 3 1 


= [2—(-12)]i— (0 — 4)j + [0 — (—2)]k = 14i - 4j - 2k 


Since (a x b): a = (14i + 4j + 2k) - (2j — 4k) = 0 + 8 — 8 = 0, a x bis orthogonal to a. 


Since (a x b) - b = (14i + 4j + 2k) - (—i + 3j + k) = —14 + 12 + 2 = 0, a x b is orthogonal to b. 


i j k 
3 —3 3 —3 3 3 
4 axb-|3 3 -3/= i— j + k 
-3 3 3 3 3 —3 
3-3 3 


= (9—9)i-[9— (-9)]j + (-9 9) k = —18j — 18k 


Since (ax b)- a = (—18j — 18k) - (3i + 3j — 3k) = 0 — 54 + 54 = 0, a x bis orthogonal to a. 


Since (a x b) - b = (—18j — 18k) - (3i — 3j + 3k) = 0 + 54 — 54 = 0, ax bis orthogonal to b. 


ij k 
i 1 i 1 iol 
5 axba-—l/i t ds esol fd pe vm ese e ae 
d MA we 2 -3 1 -3 1 2 
1 2 -3 
1 3_1 lik 7 2 
=(-1-3)i-(-3-3)j+(1-3)k=-3i+3j+3k 
Since (a x b) -a = (—3i1+4j+2k)- ($i Fijo ik)- 8454 + = 0,a x bis orthogonal to a. 


Since (a x b) -b = (—3i+ 4j+2k)- (i+ 2j—3k) 3-2 — 2 = 0, a x bis orthogonal to b. 
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ij k 


t sint t cost 


6B. axb=(|t cost sint| = i— 


1 cost 1 —sint 


cost sint 
— sint cost 


1 —sint cost 


= [cos? t — (— sin? t)] i — (t cost — sint) j + (—tsint — cost) k = i + (sint — tcost) j + (—tsint — cost) k 


Since (a x b): a= [i+ (sint — tcost) j + (—tsint — cost) k] - (ti + costj 4- sint k) 


=t-+sintcost — tcos? t — tsin? t — sin t cost 


= t — t (cos? t + sin? t) =0 
a X bis orthogonal to a. 


Since (a x b)- b= [i+ (sint — tcost) j + (—tsint — cost) k] - (1) — sin tj + cost k) 


= 1 — sin? t + tsin t cost — tsin t cos t — cos? t 


—1 (sin? t I cos? t) =0 


a X bis orthogonal to b. 


i j 
12 UE t 4 EE 
7Taxb-|? P t|— = j k 
2t 3t t 3t t 2t 
t 2t 3t 
= (389 — 21?i — (3t* — (9j + (2t* — (9)k 
Since (ax b) -a= (3t? — 247, t? — 3t*, 2¢4 — 05 - (0,0, t) 


= 3t8 — 205 + tt — 306 + 22° — tt =0 


a X bis orthogonal to a. 


Since (a x b): b= (3? — 20,0? — 3t*, 2¢* — t?) - (t, 2t, 3t) 


= 3t* — 2¢° + 23 — 605 + 6t° — 3t4 20 


a X bis orthogonal to b. 


8 axb=]1 0 —2 


9. According to the discussion following Example 4, i x j = k, so (ix j)x k=kxk=0 [by Example 2]. 
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SECTION 124 THE CROSS PRODUCT 1221 


kx(i-2j =kxi+k x (—2j) by Property 3 of the cross product 


=k x i+ (—2) (k x j) by Property 2 


=j+(—2)(-i) =2i+j by the discussion following Example 4 


. (j-—k) x (k — i) = (j— k) x k + (j — k) x (-i) by Property 3 of the cross product 


=j x k+ (—k) x k +j x (—i) + (-k) x (-i) by Property 4 


= (j x k) + (—1)(k x k) + (-1)(j x i) + (—1)°(k xi) by Property 2 


=i+(—1)0+4 (-1)(-—k) +j=i+j+k by Example 2 and 
the discussion following Example 4 
(i+j) x G@-Jj) = (i+ j) x i+ G@4+J5) x (-35) by Property 3 of the cross product 
=ixi+jxi+ix (-j)+jx (-j) by Property 4 
= (ix i) + Gx) +(-NEX H+ (YG XI) dy Property 2 


= 0 + (-k) + (-1)k+ (-1)0 = —2k by Example 2 and 
the discussion following Example 4 


(a) Since b x c is a vector, the dot product a - (b x c) is meaningful and is a scalar. 

(b) b - c is a scalar, so a x (b - c) is meaningless, as the cross product is defined only for two vectors. 

(c) Since b x c is a vector, the cross product a x (b x c) is meaningful and results in another vector. 

(d) b - c is a scalar, so the dot product a - (b - c) is meaningless, as the dot product is defined only for two vectors. 

(e) Since (a - b) and (c - d) are both scalars, the cross product (a - b) x (c- d) is meaningless. 

(f) a x b and c x d are both vectors, so the dot product (a x b) - (c x d) is meaningful and is a scalar. 

Using Theorem 9, we have |u x v| = |u||v| sin 0 = (10)(8) sin 60? = 80 - 4s = 40V3. By the right-hand rule, u x v is 
directed into the page. 


lu|=4 jul =4 
30° 


If we sketch u and v starting from the same initial 


; . 150? 
point, we see that the angle between them is 30°. 


Iv 73 
Using Theorem 9, we have |u x v| = |u||v| sin 0 = (4)(3)sin 30° = 12 - 4 = 6. By the right-hand rule, u x v is directed 
into the page. 
(a) |a x b| = |a| |b|sinó = 3 - 2 - sin $ = 6 
(b) a x bis orthogonal to k, so it lies in the zy-plane, and its z-coordinate is 0. 
By the right-hand rule, its y-component is negative and its x-component 


is positive. 
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ijk 
17 b 2 = iuis Aca 2 E (-1—6)i— (2—12)j4-[A— (-4)] k 7i+10j+8k 
.axb- E = r= T = (-1-6)1-(2- + |4—(— =—71+ + 
21 4 1 J 4 2 1 d 
4 21 
i jk 
b 4 21 298 ML t y-[6- (-D]i- (12-2) j + (C4- 4)k = Ti -10j 8k 
xa- = 1— + = 1 I = (1 
-1 3 2. 3 4 2 -1 i : 
2-13 
Notice a x b — —b x a here, as we know is always true by Property 1 of the cross product. 
ij 
à 1 —1 2 —1 23 
18. bxc=]|2 1 —-1/— i — j + k= 4i — 6j + 2k so 
1 3 0 3 0 
01 3 
i k 
; 0 1 11 1 
ax(bxc)2!|1 0 = — j + k=6i+2j-— 6k. 
—6 2 4 2 4 — 
4 —6 2 
ij k 
0 1 1 1 1 0 
axb=/10 1|= — j k=—i+3j+kso 
1 -1 2 —1 2 1 
21 -1 
i k 
3 1 —1 1 —1 
(axb)xc=]|-1 3 = x j + k=8i+3j-k. 
1 3 0 3 0 
01 3 
Thus a x (b x c) Z (a x b) x c. 
19. By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 
ij k 
(3,2,1) x (—1,1,0) 3 2 1 e e E 5k 
»45 x (—L1, E = = j + =-i-jt+ 2 
1 0 —1 o -1 J 
-1 1 0 
; : (-1, -1,5) (-1,-1,5) : 1 1 5 
So two unit vectors orthogonal to both given vectors are - ———————— = 4 , that NE ES 
i : JI+14+25 3/3 3/3' 3V3' 3/8 
1 1 5 
and (sg, sis, — 58). 
20. By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 
ij 
(j -k 0 jl vae owe k 
j x (i+j)= i- j + =i-—-j— 
j- k) x (ij) i # LU j 
11 0 
Thus two unit vectors orthogonal to both given vectors are t2&ü- j — k), that is, 3i- 5 j- vq k and 
Diet oD? ip Ad 
alte | toe kK 
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21. Let a = (a1, a2, a3). Then 


ij k 
0 0 0 0 0 0 
Oxa=/0 0 0|-— i — j + k= 0, 
a2 G3 Q1 G3 ai a2 
Qj a2 a3 
ij k 
a2 G3 a, a3 a, a2 
ax0O= Q1 a2 Q3, = — j k= 
0 0 0 0 0 0 
0.0 0 
22. Let a = (01,02, a3) and b = (by, b2, b3). 
a2 a3 a1 a3 ai a2 a2 a3 ai Q3 Q1 a2 
(ax b)- b= 2 ; » (b1, b2, b3) = = 3 
b2 b3| |b1 b3| | b1 be b2 b3 1 b3 bı b2 


= (a2b3b1 = agzb2b1) = (aib3b2 — à30102) + (aib2b3 a a2b1b3) — 0 


23. a x b = (a203 — a3b2, a3bı = a b3, 0105 = à3b1) 
= ((—1)(b2a3 — bsa2) , (—1)(b3a1 — b1a3) , (-1)(b1a2 — b2a1)) 


— (b2a3 = b3a2, b3aı = biaz, b1a2 = b2a1) ——bxa 


24. ca = (cai, caa, caa), so 
(ca) x b = (ca2b3 — casb2, casb1 — ca103, ca1b2 — cazb1) 
= c(a2b3 — a3b2,a3b1 — aib3, a1b2 — a301) = c(a x b) 
= (caabs — caab3, ca3b1 — caib3, caib2 — caabi) 
= (a2(cb3) — as(cb2) , as(cb1) — ai(cb3) , a1(cb2) — a2(cbi)) 
=a x (cb) 


25.ax (b+c) =ax (bi + c1, b2 + C2, b3 + es) 


à2(b3 + c3) — a3(be + c2) , a3(b1 + c1) — aı (b3 + c3), a1 (b2 + c2) — a2(b1 + c1)) 


a2b3 + a2c3 — a3b2 — a3c2, a3bı + a3cı — a1b3 — a1c3, a1b2 + a1€2 — a2bı — aac1) 


a2b3 — a3b2,a3b1 — a1b3, aı1b2 — a2b1) + (a2c3 — a3c2,a3C1 — 4103, a1C2 — a2C1) 


ax b)+ (ax c) 


26. (a+b) x e = —c x (a+b) by Property 1 of the cross product 
—(cxa-d cx b) by Property 3 
= —(-a x c+(—bxc)) by Property 1 
=axc+bxe by Property 2 
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= 
=( 
= ((aabs — a3b2) + (a2cs — a3c2), (asbı — a1bs) + (ascı — arcs), (a1b2 — abi) + (a1c2 — a2c1)) 
= 
= 
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27. By plotting the vertices, we can see that the parallelogram is determined 


— — 
by the vectors AB = (2,3) and AD = (6, —1). We know that the area 
of the parallelogram determined by two vectors is equal to the length of 


the cross product of these vectors. In order to compute the cross product, 


— 
we consider the vector AB as the three-dimensional vector (2, 3, 0) 


—À 
(and similarly for AD), and then the area of parallelogram ABC D is 


ABxAD|—-|2 3 O0||-|(0—0)i— (0—0)j - (-2 — 18) kK| = |-20k| = 20 


6 —1 
28. By plotting the vertices, we can see that the parallelogram is determined by e 
m os R58 — $5,2.7) 
the vectors PQ = (2,3, 1) and PS = (4,2,5). Thus the area of MN 
parallelogram PQ RS is bs 
m i j k re LC 33 75 0.2) 
|PQ x PS -|2 3 1||=|(15—2)i—(10—4)j + (4— 12)k| A 
4 2 5 
= |13i—6j — 8k| = v 169 + 36 + 64 = v 269 ~ 16.40 y 


29. (a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to these vectors (such as 
— —3À 
their cross product) is also orthogonal to the plane. PQ — (2,1,3) and PR — (5,4,2), so 
— — 
PQ x PR = ((1)(2) — (3)(4), (3)(5) — (2)(2), (2)(4) — (1)(5)) = (710, 11,3) 
Therefore, (—10, 11, 3) (or any nonzero scalar multiple) is orthogonal to the plane through P, Q, and R. 


(b) The area of the triangle determined by P, Q, and R is equal to half the area of the parallelogram determined by the three 


points. Using part (a), the area of the parallelogram is 


|PQ x PR| = |(-10, 11,3)| = (10)? + 11 + 3? = V230 


So the area of triangle PQR is iv 230. 


30. (a) Because the plane through P, Q, and R contains the vectors PQ and PH, a vector orthogonal to these vectors (such as 


—> = 
their cross product) is also orthogonal to the plane. PQ = (3,3, —6) and PR = (2,3,1), so 


PQ x PR = ((3)(1) — (-6)(3). (-6)(2) — (3)(1), (3)(3) — (3)(2)) = (21, -15, 3) 


Therefore, (21, —15, 3) (or any nonzero scalar multiple) is orthogonal to the plane through P, Q, and R. 
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35. 


SECTION 124 THE CROSS PRODUCT 1225 


(b) The area of the triangle determined by P, Q, and R is equal to half the area of the parallelogram determined by the three 


points. Using part (a), the area of the parallelogram is 


IPQ x PR| = |(21, —15,3)| = \/212 + (—15 + 37 = V/675 = 15/3 


So the area of triangle PQR is m 3. 


(a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to these vectors (such as 


4 : cages wate 
their cross product) is also orthogonal to the plane. PQ = (—4, 3,3) and PR = (—3, —2, 2), so 


— — 
PQ x PR = ((3)(2) — (3-2), (3)(73) — (-4)2); (-4)(72) — (3-3) = 02, 71,17) 
Therefore, (12, —1, 17) (or any nonzero scalar multiple) is orthogonal to the plane through P, Q, and R. 


(b) The area of the triangle determined by P, Q, and R is equal to half the area of the parallelogram determined by the three 


points. Using part (a), the area of the parallelogram is 


IPQ x PR| = |02, 1,17 = V12 + (C1? + 17? = 434 
So the area of triangle PQR is iv 434. 


— — 
(a) PQ = (—3,1, —2) and PR = (1,4, —7), so a vector orthogonal to the plane through P, Q, and R is 


PQ x PR = ((1)( 7) — (—2)(4), (—2)(1) — (—3)(—7), (—3)(4) — (1)(1)) = (1, —23, —13) (or any nonzero scalar 


multiple). 


— —— 
(b) The area of the parallelogram determined by PQ and PR is 


—  —À 
|PQ x PR| = |(1, —23, —13)| = /1 +529 + 169 = V699, so the area of triangle PQR is 4 V699. 


By Equation 14, the volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product, 


123 
2 Sa -1 1 
whichisa-(bxe)=/—-1 1 2|-1|, || - 24|*3| 4 41714-3-2(74- 4 3(71-2) - 9. 
214 


Thus the volume of the parallelepiped is 9 cubic units. 


110 
1 0 1 1 
a-(bxc)=/0 1 1|=1 ae ia =0+1+0=1. 
a a Sat 


So the volume of the parallelepiped determined by a, b, and c is 1 cubic unit. 


— — — 
a = PQ = (4,2,2), b = PR = (3,3, 1), and c = PS = (5,5,1). 


42 2 
3S doi 3 3 

a-(bxc)=/3 3 -1|—4 S +2 — 32 — 16 4- 0 — 16, 
E 5 1 5 1 55 


so the volume of the parallelepiped is 16 cubic units. 
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— — — 
36. a = PQ = (-4,2,4), b = PR = (2,1,—-2) and c = PS = (-3,4,1). 


—4 2 4 
1-2 2—2 21 
a (bes | d em md > 4 = —36 + 8 + 44 = 16, 
1 -3 1 —3 4 
—3 4 1 
so the volume of the parallelepiped is 16 cubic units. 
1 5-2 
-1 0 3 0 3 —1 l 
37. u- (vx w)=|3 -1 0|-1 +(- = 4 + 60 — 64 = 0, which says that the volume 
"E 9 —4 5 —4 5 


of the parallelepiped determined by u, v and w is 0, and thus these three vectors are coplanar. 


— — — 
38. u = AB = (2, —4, 4), v = AC = (4, -1, —2) and w = AD = (2,3, —6). 


2-4 4 
—1 -2 4 —2 4 —1 
u-(vxw)=|4 -1 -2|-2 "P —4) -- 4 ; = 24 — 80 + 56 = 0, so the volume of the 
2 3 -6 


parallelepiped determined by u, v and w is 0, which says these vectors lie in the same plane. Therefore, their initial and 


terminal points A, B, C and D also lie in the same plane. 


39. Using the notation of the text, |r| = 0.18 m, |F| = 60 N, and the angle between r and F is 0 = 70° + 10° = 80°. 
(Move F so that both vectors start from the same point.) Then the magnitude of the torque is 


|r| = |r x F| = |r| |F| sin @ = (0.18)(60) sin 80° = 10.8sin 80? ~ 10.6 N-m. 


40. (a) The position vector from the point P to the handle is r = (1, 2) and has magnitude |r| = V12 + 2? = V5 ft. Since the 
force vector F is parallel to the x-axis, the angle between r and F is 0 = tan! (3) = 63.43? and the magnitude of the 
torque is |r| = |r x F| = |r| |F| sin0 ~ 2^ 5 ) (20) sin 63.43? ~ 40.0 ft-lb. (Alternatively, we can observe that 


sind = 77, so |r| |F| sind = v5. 20- += = 40.) 


— 
(b) In this case r = PQ = (0.6,0.6), so |r| = 4/ (0.6)? + (0.6)? = v0.72 and 0 = 45°. The magnitude of the torque is 
|r| = |r| [F| sin6 = (v0.72) (20) sin 45? = (v0.72) (20) - ¥2 = 101.44 = 12 ft-lb. 


41. Using the notation of the text, r = (0, 0.3, 0) (measuring in meters) and F has direction (0, 3, —4). The angle 0 between them 


l (0, 0.3, 0) - (0,3, —4) 0.9 
can be determined by cos 0 = ————————————— > cosl = cos = 0.6 
Ø = cos-1(0.6) = 53.1°. Then |r| =|r||Flsind > 100~0.3|F|sin53.1° > |F| e — L _ a AIT N. 
0.3 sin 53.1° 
42. Since |u x v| = |u| |v|sin 8, 0 < 0 < 7, |u x v| achieves its maximum value forsind =1 = 0 = $, in which case 
ju x v| = |u||v| = 3|5j| = 15. The minimum value is zero, which occurs when sin 0 = 0 0 = Oor7, so when u, v 


are parallel. Thus, when u points in the same direction as v, so u = 3j, |u x v| = 0. As u rotates counterclockwise, 
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u x v is directed in the negative z-direction (by the right-hand rule) and the length increases until 0 = 5, in which case 


u = —3iand |u x v| = |u| |v| = |-3i||5j| = 15. As u rotates to the negative y-axis, u x v remains pointed in the negative 
z-direction and the length of u x v decreases to 0, after which the direction of u x v reverses to point in the positive 
z-direction and |u x v| increases. When u = 3i (so 0 = 5), |u x v| again reaches its maximum of 15, after which |u x v| 


decreases to 0 as u rotates to the positive y-axis. 


43. From Theorem 9 we have |a x b| = |a| |b| sin 0, where 6 is the angle between a and b, and from Theorem 12.3.3 we have 


a:-b-ja||b|cosó =  Ja||b| = BD. Substituting the second equation into the first gives |a x b| — aD sin 0, so 
cos Ü cos Ü 
i X Pl _ tang. Here |a x b| = |(1, 2, 2)| = VI +444 = 3, so tan 0 = a <l = V3 0 = 60°. 
. a: 


44. (a) Let v = (v1, v2,03). Then 


ij k 
1 1 1 1 
(1,2,1)xv=/1 2 1J= i j + k = (2v3 — v2) i — (vs — v1) j + (v2 — 2v1) k. 
U2 V3 Ui U3 U1 v2 

Vi U2 U3 
If (1,2, 1) x v = (3, 1, —5) then (2v3 — vo, v1 — v3, V2 — 2u1) = (3,1, —5) 2v3 — v2 = 3 (1), vı — v3 = 1 (2), 
and v2 — 2v, = —5 (3). From (3) we have v2 = 2v; — 5 and from (2) we have v3 = v, — 1; substitution into (1) gives 
2(v, —1) — (2010 — 5) 23 3 = 3, so this is a dependent system. If we let v; = a then v2 = 2a — 5 and 


v3 = a — 1, so v is any vector of the form (a, 2a — 5,a — 1). 


(b) If (1,2, 1) x v = (3,1,5) then 2v3 — ve = 3 (1, vı — v3 = 1 (2), and v2 — 2vı = 5 (3). From (3) we have 
ve = 2v1 + 5 and from (2) we have v3 = v1 — 1; substitution into (1) gives 2 (vı — 1) (200-5) 23. > -7=3, 
so this is an inconsistent system and has no solution. 
Alternatively, if we use matrices to solve the system we could show that the determinant is 0 (and hence the system has no 
solution). 

45. (a) 'P The distance between a point and a line is the length of the perpendicular 


— 
from the point to the line, here Ps | = d. But referring to triangle PQS, 


— — — 
d= |Ps| E IQP| sin @ = |b| sin 0. But 8 is the angle between QP = b 


QR : [a x b| 
a and QR = a. Thus by Theorem 9, sin 0 = rab 
a 
ndodog = PUS. Ph eB), 
alb] ia 


(b) a = QR = (—-1,—2, —1) and b = QP = (1, —5, —7). Then 


ax b-((-2)(77) - (-1( 78), (-1) (1) - (-1)(-7); (71)(75) — (72)(1)) = (9, -8, 7). 


laxb| 


Thus the distance is d = ——— = vs V81 + 64 + 49 = y = a 


lal 
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46. (a) The distance between a point and a plane is the length of the perpendicular from bXa 


— — 
the point to the plane, here IrP — d. But T'P is parallel to b x a (because 6 c 


— 
b x ais perpendicular to b and a) and d = IrP | — the absolute value ofthe 
scalar projection of c along b x a, which is |c| |cos 0|. (Notice that this is the same 


setup as the development of the volume of a parallelepiped with h = |c| |cos 0|). Thus d = |c| |cos6| = h = V/A 


V _ fa: (bx c)| 
A jax bl ` 


where A = |a x bj, the area of the base. So finally d = 


(b) a = OR = (—1, 2,0), b = QS = (—1,0,3) and ¢ = QP = (1, 1, 4}. Then 


-1 2 0 
0 3 -1 3 
a-(bxc)=|]-1 0 3) =(-1) — +0=17 
14 14 
114 
ijk 
2 0 —1 0 —1 2 
and Aes ae 0|= z j+ k=6i+3j+2k 
0 3 —1 3 —1 0 
-1 0 3 
Thus d= a- (bxo)| _ 17 ig bt 
|a x b| 36 +9+4 7 
47. From Theorem 9 we have |a x b| = jal |b| sin @ so 


la x b|? = Jal? |b|? sin? 0 = Jal? |b]? (1 — cos? 8) 
= |al? [b]? — (lal [b| cos 0)? = a? |b]? — (a b)? 


by Theorem 12.3.3. 


48. Ifa +b + c= 0 then b = — (a + c), so 


axb =a x [—(a+c)] = -[a x (a+c)] by Property 2 of the cross product (with c = —1) 
— — [(a x a) + (a x c)] by Property 3 
=-(0+(axc)]=-axc by Example 2 
—cxa by Property 1 


Similarly, a — — (b 4- c) so 


cxa=cx [—(b+c)] =—[c x (b+ c)] 
= — [(e x b) + (ex e)] = — (e x b) +0] 


=-cxb=bxc 


Thusax¥ b=bxc=cxa. 
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49. (a—b) x (a+ b) = (a—b) xa+(a—b)xb by Property 3 of the cross product 
=axa+(—-b)xa+axb+(-b)xb by Property 4 


= (a x a) — (b x a) + (a x b) - (b x b) by Property 2 (with c — —1) 


—0-(bxa)-(axb)-0 by Example 2 
= (a x b) + (a x b) by Property 1 
= 2(a x b) 


50. Let a = (a1,a2, a3), b = (b1, 02,03) and c = (c1, c2,¢3), so b x € = (b2c3 — b3c2, b3c1 — b1c3, bice — 0201) and 


a x (b x c) = (a2(bice — b2c1) — a3(b3c1 — b1c3), a3(b2c3 — b3c2) — ai(bice — b2c1), 
a1(bsci — b1c3) — a2(b2ca — 03c2)) 
= (agbic2 — a302c1 — a3b3c1 + a3b1c3, a3b2c3 — a3b3c2 — a1bico + aibeci, 
à103c1 — aibic3 — a2bec3 + a2b3c2) 
= ((a2€2 + a3c3)01 — (a2b2 + a3b3)c1, (aici + a3c3)02 — (a1b1 + a3b3)c2, 


(a1€1 + a2c2)b3 — (a101 + a2b2)cs) 


(X) = ((a2c2 + asca)b1 — (a2b2 + a3b3)c1 + aıbıcı — aibici, 


(aici + asca)02 — (a101 + a3b3)c2 + agbece — agbece, 
(aici + a2c2)b3 — (a101 + a2b2)cs + asbacs — aabaca) 
= ((a1c1 + a2€2 + aaca)b1 — (a1b1 + a2b2 + a3b3)cı, 
(a1c1 + a2ce + a3c3)b2 — (a1b1 + a2b2 + a3b3)c2, 
(a1€1 + à2€2 + agc3)b3 — (a1b1 + a2b2 + a3b3)c3) 
= (aici + a2€2 + a3c3) (b1, 02,03) — (a1b1 + a202 + asba) (c1, C2, C3) 
= (a- c)b — (a - b)c 


1229 


(x) Here we look ahead to see what terms are still needed to arrive at the desired equation. By adding and subtracting the 


same terms, we don’t change the value of the component. 


51. a x (bx c) + bx (cx a) +c x (ax b) 
= [(a- c)b — (a- b)c] + [(b- a)c — (b- c)a] + [(c- b)a — (c - a)b] by Exercise 50 
= (a: c)b — (a: b)c+ (a - b)c - (b - c)a + (b - c)a — (a - c)b = 0 


52. Let c x d = v. Then 
(a x b)- (c x d) = (a x b) -v =a. (b x v) by Property 5 of the cross product 


=a- [b x (c x d)] = a- [(b - d)c — (b - c)d] by Exercise 50 


(b -d)(a-c)-— (b: c)(a- d) by Properties 3 and 4 of the dot product 


a-c b.c 


a.d b-d 
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53. (a) No. Ifa- b = a - c, thena- (b — c) = 0, so a is perpendicular to b — c, which can happen if b Æ c. For example, 
let a = (1, 1, 1), b = (1,0,0) and c = (0,1,0). 


(b) No. Ifa x b = a x c then a x (b — c) = 0, which implies that a is parallel to b — c, which of course can happen 


if b Z c. 
(c) Yes. Since a- c = a. b, ais perpendicular to b — c, by part (a). From part (b), a is also parallel to b — c. Thus since 


a # 0 but is both parallel and perpendicular to b — c, we have b — c = 0, sob = c. 


54. (a) k; is perpendicular to v; if i Z j by the definition of k; and Theorem 8. 


TEENS E V2 X V3 sR) rq 
vı - (v2 X va) vi-(va X va) 
x : x x : 
ko-vo = ee “Vo = Yael VaiX¥3) = (aot Vs) s Vi =] [by Property 5 of the cross product] 
vi-(va X va) vi:(vax va) v1- (V2 x va) 


(vi X v2)- V3 vı- (v2 x va) 
kə- E eS SS eS by P rty 5 
$2 vy - (v2 X v3) vı- (v2 x va) py Proper] 


V3 X Vi V1 X V2 ki 
(c) kı- (k2 2 ks) mee (= . (va x va) " Vic (v2 x 5) E [vi . (v2 x v3)]? l [vs : Yo ú m i Yi 


" T um WE - (K(va x vi): va] vi — [(va x v1) : vi] v2) [by Exercise 50] 
1* 2 3 


But (va X v1): vı = 0 since v3 x vi is orthogonal to vi, and 


(va x vi) *V92-—V23- (va x vi) = (v2 x v3) *V1-—Vi- (v2 x v3). Thus 


kı kı * V1 1 
kı - (ko x k3) = Ivi: (va x v3)| vi = = 
ve eis [vi : (va x v3)]? Ra Wee va) i vi-(v2Xv3) vı- (v2 x va) 


[by part (b)] 


DISCOVERY PROJECT The Geometry of a Tetrahedron 


1. Set up a coordinate system so that vertex S is at the origin, R = (0, y1,0), Q = (x2, y2,0), P = (xa, ys, 23). 


— — — — — 
Then SR = (0, 91,0), SQ = (x2, y2, 0), SP= (23, ya; 23), QR = (—22,91 P y2, 0), and QP = (x3 — T2, Y3 — ya, 23). 
Let 


— —À 
vs = QR x QP = (yiza — y2z3) i+ 1223 j + (72293 — vai + £3Y2 + 2231) k 


Then vs is an outward normal to the face opposite vertex S. Similarly, 
— — — — 

vr = SQ x SP = yozsi — z223 j + (z2ya — 1xay2) k, vg = SP x SR = —yız3 İ + z3yı k, and 
— — 

vp—SRxSQ-—-zoik =>  vsc vno vd vp = 0. Now 


— — 
|vs| = area of the parallelogram determined by QR and QP 


= 2 (area of triangle RQP) = 2|vi | 


So vs = 2v4, and similarly vg = 2v2, VQ = 2v3, vp = 2v4. Thus vi + va + v3 + v4 = 0. 
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2. (a) Let S = (xo, yo, zo), R = (21, y1, 21), Q = (22,92, 22), P = (£3, ya, za) be the four vertices. Then 


Volume = 3 (distance from S to plane RQP) x (area of triangle RQP) 


Jin EHE 


i i [no x RP 


— — 
where N is a vector which is normal to the face RQP. Thus N = RQ x RP. Therefore 


Xo—c2 yo-—-yi 220—721 
— — — 1 
V= He x RP) . SR 5:36 £2 — zı Y2— Yı 22— 2 


T3 — Tı Y3 — Yı 73—71 


Pedo 1-2 1-3 
1 1 
(b) Using the formula from part (a), V = = ||1-1 1-2 2-3 =5|20 2)| = 
3—1 -1-2 2-3 


3. We define a vector vi to have length equal to the area of the face opposite vertex P, so we can say |v1| = A, and direction 
perpendicular to the face and pointing outward, as in Problem 1. Similarly, we define v2, v3, and va so that |v2| = B 
|v3| = C, and |v4| = D and with the analogous directions. From Problem 1, we know vi + v2 + va - v4 =0 => 
v4 = —(vic vac vas) > |val =|- (vı + va va) = |vı + va va] > [va]? = |vı + va + vs]? => 
Vac V4 = (vi + va va) - (vi + va + va) 
= Vi: Vid Vi: V2 + Vi: V3 + va: Vi + Va: V2 va: V3 + Va: V1 + Va: V2 + Va: V3 
Since the vertex S is trirectangular, we know the three faces meeting at S are mutually perpendicular, so the vectors 


V1, V2, Va are also mutually perpendicular. Therefore, v; - v; = 0 for i Æ j andi, j € (1,2, 3). Thus we have 


v4:V4 = Vi: Viva: Va va: v3 — |val? = |vil? + |val? + [va]? D? = A? 4+ B?+C”. 
Another method: We introduce a coordinate system, as shown. Recall that 
the area of the parallelogram spanned by two vectors is equal to the length 


of their cross product, so since 


uxv= (-4,r, 0) x (—q, 0, p) E (pr, pq, qr), we have 


Ju x v| = /(pr)? + (pq)? + (qr)?, and therefore 


D? = (Su x v|)? = aller)? + (pa)? + (7 
= (er) (v9 + (ar)? = A? +B? « C*. 
A third method: We draw a line from S perpendicular to Q R, as shown. 
Now D — ich, so D? — ic. Substituting h? = p? + K?, we get 
D? = ig (p +k?) = ¢c?p? + 407k”. But C = ick, so 


D? = te p? + C?. Now substituting c? = q? + r? gives 


D? 2 iq? + iq? +C? =A? FB? e C. 
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12.5 Equations of Lines and Planes 


1. (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third line, so these vectors are 
each scalar multiples of the third direction vector. Then the first two direction vectors are also scalar multiples of each 


other, so these vectors, and hence the two lines, are parallel. 
(b) False; for example, the x- and y-axes are both perpendicular to the z-axis, yet the x- and y-axes are not parallel. 


(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third plane, so these two normal 


vectors are parallel to each other and the planes are parallel. 
(d) False; for example, the xy- and yz-planes are not parallel, yet they are both perpendicular to the xz-plane. 
(e) False; the z- and y-axes are not parallel, yet they are both parallel to the plane z = 1. 


(f) True; if each line is perpendicular to a plane, then the lines’ direction vectors are both parallel to a normal vector for the 


plane. Thus, the direction vectors are parallel to each other and the lines are parallel. 
(g) False; the planes y = 1 and z = 1 are not parallel, yet they are both parallel to the x-axis. 


(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a direction vector for the 


line. Thus, the normal vectors are parallel to each other and the planes are parallel. 
(i) True; see Figure 9 and the accompanying discussion. 
(j) False; they can be skew, as in Example 3. 


(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal vector is perpendicular 
to the direction vector, the line and plane are parallel. Otherwise, the vectors meet at an angle 0, 0° < 0 < 90°, and the 


line will intersect the plane at an angle 90° — 0. 


2. For this line, we have ro = 4i + 2j — 3k and v = 2i — j + 6k, so a vector equation is 


r = ro + tv = (4i + 2j — 3k) + t(2i — j + 6k) = (4 + 2t) i + (2 — t) j + (—3 + 6t) k, and parametric equations are 


xz = 4+ 2t, y = 2 — t, z = —3 + 6t. 

3. For this line, we have ro = —i + 8j + 7k and v = ii + ij + ik, so a vector equation is 
r=ro+tv = (—i + 8j+7k) +t($i + ij + ik) = (-1 + it) i+ (8 + zt) j + (7 + it) k, and parametric equations are 
r—-lrtity-8-itLz-T-it. 

4. The direction vector for this line is the same as the given line, v — —3i 4- 4j 4- 5k. Here ro — 6i — 2k, so a vector equation is 


r = ro + tv = (61—2k) +t(—3i + 4j + 5k) = (6 — 3t) i + 4tj + (—2 + 5t) k, and parametric equations are x = 6 — 3t, 
y = 4t, z = —2 + 5t. 


5. A line perpendicular to the given plane has the same direction as a normal vector to the plane, such as n — (3, —2,2). So 


ro = 5i + 7j + k and we can take v = 3i — 2j + 2k. Then a vector equation is 
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r=ro+tv = (5i+7j+k)+t(8i-2j+2k) = (54+ 3t)i+ (7 — 2t)j + (1 + 2t) k, and parametric equations are 


x =5+3t, y =7—2t,z=1+2t. 


. The vector v = (1 — (—5),6 — 2, —2 — 5) = (6,4, —7) is parallel to the line. Letting Po = (—5, 2,5), parametric equations 


are x = —5 + 6t, y = 2 + 4t, z = 5 — Tt and symmetric equations are z = 5 = -— 26 >. 


. The vector v = (8 — 0, —1 — 0,3 — 0) = (8, —1, 3) is parallel to the line. Letting Po = (0, 0, 0), parametric equations are 


y z z 


x 
-1 3 8 


x = 8t, y = —t, z = 3t and symmetric equations are = 


. The vector v = (1.3 — 0.4, 0.8 — (—0.2), —2.3 — 1.1) = (0.9, 1, —3.4) is parallel to the line. Letting Po = (0.4, —0.2, 1.1), 


parametric equations are x = 0.4 + 0.9%, y = —0.2 + t, z = 1.1 — 3.4t and symmetric equations are 


r—0.4 yt+02 z-11 «£-04 z— 1.1 
= = = j= 
0.9 1 epa go. es! 3.4 


. The vector v = (—7 — 12,9 — 9, 11 — (—13)) = (—19,0, 24) is parallel to the line. Letting Py = (12,9, —13), parametric 


x—12 z+13 


equations are x = 12 — 19t, y = 9, z = —13 + 24t and symmetric equations are , y = 9. Notice here that 


—19 24 

the direction number b — 0, so rather than writing y a 2 in the symmetric equation, we must write y — 9 separately. 

ij k 
v = (i+j) x (j +k) =|1 1 0|]=i—j+k is the direction of the line perpendicular to both i + j and j + k. 

011 

. : : À . —1 
With Po = (2, 1, 0), parametric equations are x = 2 + t, y = 1 — t, z = t and symmetric equations are x — 2 = UM =z 
orx—2=1-y=z. 
; . € y z+li1 NE : . : 

The given line 369 | has direction v = (2,3, 1). Taking (—6, 2, 3) as Po, parametric equations are x = —6 + 2t, 


—2 
eee ab i-a 


y = 2 + 3t, z = 3 + t and symmetric equations are 


Setting z = 0 we see that (1, 0, 0) satisfies the equations of both planes, so they do in fact have a line of intersection. 
The line is perpendicular to the normal vectors of both planes, so a direction vector for the line is 


v—n; x no = (1,2,3) x (1, 1,1) = (5,2, —3). Taking the point (1,0, 0) as Po, parametric equations are x = 1 + 5t, 


; : -1 
y — 2t, z — —3t, and symmetric equations are z z = E 


2 -3 


Direction vectors of the lines are vı = (—2 — (—4), 0 — (—6), —3 — 1) = (2,6, —4) and 


v2 = (5 — 10,3 — 18,14 — 4) = (—5, —15, 10). Since v; = —3vi, the direction vectors, and thus the lines, are parallel. 


Direction vectors of the lines are vı = (1 — (—2), 1 — 4,1 — 0) = (3, —3, 1) and 


v2 = (3 — 2, —1 — 3, —8 — 4) = (1, —4, —12). Since vı - v2 = 3 + 12 — 12 Z 0, the direction vectors, and thus the lines, 


are not perpendicular. 
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15. (a) The line passes through the point (1, —5, 6) and a direction vector for the line is (—1, 2, —3), so symmetric equations for 


-1 y-ct5 z-6 


x 
the li : 
e line are —7 2 -3 


—1 — —1 
(b) The line intersects the zy-plane when z — 0, so we need — Es + 2 o$ or — =2 ==], 


=—=2 => y= -—l. Thus the point of intersection with the zy-plane is (—1, —1, 0). Similarly for the yz-plane, 
yt5 2-6 
2 —3 


r—1 
—1 


we need x = 0 1 


y = —3, z = 3. Thus the line intersects the yz-plane at (0, —3, 3). For 


the zz-plane, we need y =0 => 


5 t 
=5 = r= 3, Z= 3. So the line intersects the xz-plane 


16. (a) A vector normal to the plane x — y + 3z = 7isn = (1, —1, 3), and since the line is to be perpendicular to the plane, n is 


also a direction vector for the line. Thus parametric equations of the line are x = 2 + t, y = 4 — t, z = 6 + 3t. 


(b) On the zy-plane, z = 0. So z = 6 + 3t = 0 t 2 in the parametric equations of the line, and therefore x = 0 


and y = 6, giving the point of intersection (0, 6, 0). For the yz-plane, x = 0 so we get the same point of interesection: 


(0,6,0). For the xz-plane, y = 0 which implies t = 4, so x = 6 and z = 18 and the point of intersection is (6, 0, 18). 


17. From Equation 4, the line segment from ro = 6i — j + 9k to rı = 7i + 6j has vector equation 


r(t) = (1—t)ro + tri 2 (1—t)(6i-j + 9k) - t(Ti 6j) 


= (6i—-j+9k) —t(6i-j+9k) +¢(71+6)) 


= (6i-j+9k)+t(i+7j-9k), 0<t<1. 


18. From Equation 4, the line segment from ro = —2 i + 18j + 31k to rı = 11i — 4j + 48k has vector equation 
r(t) = (1 — t) ro +trı = (1 — t)(—2i + 18j + 31k) +t(11i— 4j + 48k) 
—(-2i418j-c31k)-1(131—22j-- 17k), 0<t<1. 


The corresponding parametric equations are x = —2 + 13t, y = 18— 22t, z = 31 + Yt, O <t < 1. 


19. Since the direction vectors (2, —1, 3) and (4, —2, 5) are not scalar multiples of each other, the lines aren't parallel. For the 
lines to intersect, we must be able to find one value of t and one value of s that produce the same point from the respective 
parametric equations. Thus we need to satisfy the following three equations: 3 + 2t = 1 + 4s, 4 — t = 3 — 2s, 
1+ 3t = 4 + 5s. Solving the last two equations we get t = 1, s = 0 and checking, we see that these values don’t satisfy the 


first equation. Thus the lines aren't parallel and don't intersect, so they must be skew lines. 
20. Since the direction vectors are vı = (—12,9, —3) and v2 = (8, —6,2), we have vı = — $va so the lines are parallel. 


21. Since the direction vectors (1, —2, —3) and (1,3, —7) aren't scalar multiples of each other, the lines aren't parallel. Parametric 


equations of the lines are Li: x = 2 + t, y = 3 — 2t, z = 1 — 3t and L2: £x = 3 + s, y = —4 + 3s, z = 2 — 7s. Thus, for the 
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lines to intersect, the three equations 2+ t = 3+ s, 3 — 2t = —4 + 3s, and 1 — 3t = 2 — 7s must be satisfied simultaneously. 
Solving the first two equations gives t = 2, s = 1 and checking, we see that these values do satisfy the third equation, so the 


lines intersect when t = 2 and s = 1, that is, at the point (4, — 1, —5). 


The direction vectors (1, —1, 3) and (2, —2, 7) are not parallel, so neither are the lines. Parametric equations for the lines are 


In:x=t,y=1-t,z=2+4 3tand Lo: x = 2 + 2s, y = 3 — 2s, z = 7s. Thus, for the lines to interesect, the three 
equations t = 2+ 25, 1 — t = 3 — 2s, and 2 + 3t = 7s must be satisfied simultaneously. Solving the last two equations gives 
t = —10, s = —4 and checking, we see that these values don't satisfy the first equation. Thus the lines aren't parallel and 


don't intersect, so they must be skew. 


5i + 4j + 6k is a normal vector to the plane. (3, 2, 1) is a point on the plane. Setting a = 5, b = 4, c = 6 and xo = 3, yo = 2, 


zo = 1 in Equation 7 gives 5(a — 3) + A(y — 2) + 6(z — 1) = 0, or 5a + 4y + 6z = 29, as an equation of the plane. 


(6, 1, — 1) is a normal vector to the plane. (—3, 4, 2) is a point on the plane. Setting a = 6, b = 1, c = —1and ap = —3, 


yo = 4, zo = 2 in Equation 7 gives 6(a + 3) + 1(y — 4) — (z — 2) = 0, or 62 + y — z = —16, as an equation of the plane. 


Since the plane is perpendicular to the vector —i + 2 j + 3 k, we can take (—1, 2, 3) as a normal vector to the plane. 


(5, —2, 4) is a point on the plane. Setting a = —1, b = 2, c = 3 and xo = 5, yo 2, zo — 4 in Equation 7 gives 


—(x — 5) + 2(y + 2) + 3(z — 4) = 0, or —z + 2y + 3z = 3, as an equation of the plane. 


Since the line is perpendicular to the plane, its direction vector, (—8, —7, 2), is a normal vector to the plane. 


(0, 0, 0) is a point on the plane. Setting a 8,b 7, c = 2 and xo = 0, yo = 0, zo = 0 in Equation 7 gives 


8(x — 0) — 7(y —0) + 2(z — 0) = 0, or —8x — Ty + 2z = 0, as an equation of the plane. 


Since the line is perpendicular to the plane, its direction vector, (4, — 1, 5), is a normal vector to the plane. 


(1,3, —1) is a point on the plane. Setting a = 4, b = —1, c = 5 and xo = 1, yo = 3, zo = —1 in Equation 7 gives 


A(x — 1) — 1(y — 3) + 5(z + 1) = 0, or 4z — y + 5z = —4, as an equation of the plane. 


Since the two planes are parallel, they will have the same normal vectors. The plane is z = 2r — 3y 2x — 3y —z — 0, 


so we can take n = (2, —3, —1), and an equation of the plane is 2(z — 9) — 3(y + 4) — 1(z + 5) = 0, or 2a — 3y — z = 35. 


Since the two planes are parallel, they will have the same normal vectors. The plane is 2r — y + 3z = 1, so we can take 
n = (2, —1,3), and an equation of the plane is 2(z — 2.1) — 1(y — 1.7) + 3(z + 0.9) = 0, or 2a — y + 3z = —0.2, or 
10x — 5y + 15z = —1. 


First, a normal vector for the plane 52 + 2y + z = 1 is n = (5,2, 1). A direction vector for the line is v = (1, —1, —3), and 
since n: v = 0 we know the line is perpendicular to n and hence parallel to the plane. Thus, there is a parallel plane which 
contains the line. By putting t = 0, we know that the point (1, 2, 4) is on the line and hence the new plane. We can use the 


same normal vector n = (5, 2, 1), so an equation of the plane is 5(x — 1) + 2(y — 2) + 1(z — 4) = 0 or 5z + 2y + z = 13. 


The vector from (0, 1, 1) to (1,0, 1), namely a 2 (1 —0,0— 1,1 — 1) — (1, — 1, 0), and the vector from (0, 1, 1) to (1, 1,0), 


b—(1—0,1—1,0— 1) = (1,0,—1), both lie in the plane, so a x b is a normal vector to the plane. Thus, we can take 
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n = a x b = ((-1)((—1) — (0)(0), (0)(1) — (1)(—1), (1)(0) — (—1)(1)) = (1, 1, 1). If Po is the point (0, 1, 1), an 


equation of the plane is 1(z — 0) + 1(y — 1) -1(z—1) =Oora+y4+z2z=2., 


Here the vectors a — (3, —2, 1) and b — (1, 1, 1) lie in the plane, so 


n =a x b= ((—2)(1) — (1)(1), (1)(1) — (3)(1), (3)(1) — (-2)(1)) = (—3, —2, 5) is a normal vector to the plane. We can 


take the origin as Po, so an equation of the plane is -3(z — 0) — 2(y — 0) + 5(z — 0) = 0 or —3a — 2y + 5z = 0 or 
3x + 2y — 5z = 0. 


Here the vectors a = (3 — 2, —8 — 1,6 — 2) = (1, —9, 4) and b = (—2 — 2, —3 — 1, 1 — 2) = (—4, —4, —1) lie in the 


plane, so a normal vector to the plane is n = a x b = (9 + 16, —16 + 1, —4 — 36) = (25, —15, —40) and an equation of the 


plane is 25(x — 2) — 15(y — 1) — 40(z — 2) = 0 or 25a — 15y — 40z = —45 or 5x — 3y — 8z = —9. 


. The vectors a = (—2 — 3, —2 — 0,3 — (-1)) = (—5, 2,4) and b = (7 — 3,1 — 0, —4— (—1)) = (4, 1, —3) lie in the 


plane, so a normal vector to the plane is n = a x b = (6 — 4,16 — 15, —5 + 8) = (2, 1,3) and an equation of the plane is 


2(r — 3) + 1(y —0) + 3[z — (—1)] = 0 or 2x + y + 3z = 3. 


If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a = (—1, 2, —3) is one vector in the plane. We can verify that the given point 
(3, 5, —1) does not lie on this line, so to find another nonparallel vector b which lies in the plane, we can pick any point on the 


line and find a vector connecting the points. If we put t = 0, we see that (4, —1, 0) is on the line, so 


b = (4 — 3, —1 — 5,0 — (-1) = (1, —6, 1) and n =a x b = (2— 18, —3 + 1,6 — 2) = (—16, —2, 4). Thus, an equation 


of the plane is —16(a — 3) — 2(y — 5) + 4[z — (—1)] = 0 or —16z — 2y + 4z = —620r 8r + y — 2z = 31. 


Since the line 3 = 7 = lies in the plane, its direction vector a = (3, 1, 2) is parallel to the plane. The point (0, —4, 0) 


is on the line (put t = 0 in the corresponding parametric equations), and we can verify that the given point (6, —1, 3) in the 


plane is not on the line. The vector connecting these two points, b = (6, 3, 3), is therefore parallel to the plane, but not parallel 


to a. Then a x b = (3 — 6,12 — 9,9 — 6) = (—3, 3, 3) is a normal vector to the plane, and an equation of the plane is 


—3(x — 0) + 3[y — (—4)] + 3(z — 0) = 0 or -3z + 3y + 3z = —12 or x — y — z = 4. 


Normal vectors for the given planes are n; = (1, 2,3) and nz = (2, —1, 1). A direction vector, then, for the line of 


intersection is a = n1 x na = (2+ 3,6 — 1, —1 — 4) = (5,5, —5), and a is parallel to the desired plane. Another vector 
parallel to the plane is the vector connecting any point on the line of intersection to the given point (3, 1, 4) in the plane. 


Setting z = 0, the equations of the planes reduce to x + 2y = 1 and 2x — y = —3 with simultaneous solution x = —1 and 


y = 1. Soa point on the line is (—1, 1, 0) and another vector parallel to the plane is b = (3 — (C1), 1 — 1,4 — 0) = (4,0,4). 


Then a normal vector to the plane is n — a x b — (20 — 0, —20 — 20,0 — 20) — (20, —40, —20). Equivalently, we can take 


(1, —2, — 1) as a normal vector, and an equation of the plane is 1(a — 3) — 2(y — 1) — 1(z — 4) = O or x —2y —z = —3. 
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The points (0, —2, 5) and (—1,3, 1) lie in the desired plane, so the vector vı = (—1,5, —4) connecting them is parallel to 
the plane. The desired plane is perpendicular to the plane 2z = 5x + 4y or 5x + Ay — 2z = 0 and for perpendicular planes, 


a normal vector for one plane is parallel to the other plane, so v2 = (5, 4, —2) is also parallel to the desired plane. 


A normal vector to the desired plane is n = vı x v2 = (—10 + 16, —20 — 2, —4 — 25) = (6, —22, —29). 
Taking (xo, yo, zo) = (0, —2, 5), the equation we are looking for is 6(z — 0) — 22(y + 2) — 29(z — 5) = 0 or 
6x — 22y — 29z = —101. 


If a plane is perpendicular to two other planes, its normal vector is perpendicular to the normal vectors of the other two planes. 


Thus (2,1, —2) x (1,0,3) = (3 — 0, -2— 6,0 — 1) = (3, —8, — 1) is a normal vector to the desired plane. The point 


(1, 5, 1) lies on the plane, so an equation is 3(x — 1) — 8(y — 5) — (z — 1) = 0 or 3a — 8y — z = —38. 


n; = (1,0, — 1) and n; = (0, 1,2). Setting z = 0, it is easy to see that (1, 3, 0) is a point on the line of intersection of 


x — z = l and y + 2z = 3. The direction of this line is vi = ni x na = (1, —2, 1). A second vector parallel to the desired 
plane is v2 = (1,1, —2), since it is perpendicular to x + y — 2z = 1. Therefore, a normal of the plane in question is 


n = vı X v3 = (4 — 1,1 + 2,1 + 2) = (3,3,3), or we can use (1, 1, 1). Taking (xo, yo, zo) = (1, 3, 0), the equation we are 


looking for is (x — 1) + (y — 3)+z2z=0 & zr+y+z=4. 


To find the x-intercept we set y = z = 0 in the equation 2x + 5y + z = 10 
and obtain 2r = 10 = x = 5 so the x-intercept is (5,0, 0). When 

xz = z = 0 we get 5y = 10 = y= 2, so the y-intercept is (0, 2, 0). 
Setting x = y = 0 gives z = 10, so the z-intercept is (0, 0, 10) and we 


graph the portion of the plane that lies in the first octant. 


To find the x-intercept we set y = z = 0 in the equation 3x + y + 2z = 6 
and obtain 3z = 6 = zx = 2 so the x-intercept is (2, 0, 0). When 

x = z = 0 we get y = 6 so the y-intercept is (0, 6, 0). Setting z = y = 0 
gives 2z =6 = z = 3, so the z-intercept is (0,0, 3). The figure shows 


the portion of the plane that lies in the first octant. 


Setting y = z = 0 in the equation 6x — 3y + 4z = 6 gives 6r = 6 => 


x = 1, when z = z = 0 we have —3y = 6 y = —2,andzr =y = 0 
implies 4z =6 = z = 8, so the intercepts are (1, 0, 0), (0, —2, 0), and 
(0,0, 3). The figure shows the portion of the plane cut off by the coordinate 


planes. 
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Setting y = z = 0 in the equation 6x + 5y — 3z = 15 gives 6z = 15 => 


x = Žž, when z = z = 0 we have 5y = 15 => y=3,andex=y=0 


implies —3z = 15 z = —5, so the intercepts are (2,0, 0), (0,3,0), 
and (0,0, —5). The figure shows the portion of the plane cut off by the 


coordinate planes. 


. Substitute the parametric equations of the line into the equation of the plane: x 4-2y— 2 — 7 => 


(2—2t)+2(3t)-(1+t)=7 => 3t+1=7 = t=2. Therefore, the point of intersection of the line and the plane is 


given by x = 2 — 2(2) = —2, y = 3(2) = 6, and z = 1 + 2 = 3, that is, the point (—2, 6, 3). 


. Substitute the parametric equations of the line into the equation of the plane: 3(t — 1) — (1 + 2t) + 2(3 - t) 25 => 


t+2=5 t = —3. Therefore, the point of intersection of the line and the plane is given by x = —3 — 1 = —4, 


y = 1 + 2(—3) = —5, and z = 3 — (—3) = 6, that is, the point (—4, —5, 6). 


Parametric equations for the line are x = it y —2t,z — t — 2and substitution into the equation of the plane gives 


10(2t) — 7(2t) -3(£—2) + 24=0 9t--18— 0 t-2. Thsz—i(2-22,9y-20)-42—-2-2-0 


and the point of intersection is (2, 4, 0). 


. A direction vector for the line through (—3, 1, 0) and (—1, 5,6) is v = (2, 4, 6) and, taking Po = (—3, 1,0), parametric 


equations for the line are x = —3 + 2t, y = 1 + At, z = 6t. Substitution of the parametric equations into the equation of the 


plane gives 2(—3 + 2t) + (1 + 4t) — (6t) = —2 20-5 — —2 t = $. Then x = —3 + 2(3) = 0, 


y =1+4(3) — 7, and z = 6 (3) = 9, and the point of intersection is (0, 7, 9). 


. Setting x = 0, we see that (0, 1, 0) satisfies the equations of both planes, so that they do in fact have a line of intersection. 


v =n; Xx n = (1,1,1) x (1,0,1) = (1,0, —1) is the direction of this line. Therefore, direction numbers of the intersecting 
line are 1, 0, —1. 
The angle between the two planes is the same as the angle between their normal vectors. The normal vectors of the 


two planes are (1, 1, 1) and (1, 2, 3). The cosine of the angle 0 between these two planes is 


(1,1,1) (1,2,3) 1+2+3 _ 6 _ [6 
[(1,1,1)]|(1,2,3)]) vI+I+IVI+F4+F9 V4 T 


cos = 


Normal vectors for the planes are nı = (1,4, —3) and n2 = (—3,6, 7). The normals aren't parallel (they are not scalar 
multiples of each other), so neither are the planes. But nı - n2 = —3 + 24 — 21 = 0, so the normals, and thus the planes, are 


perpendicular. 


Normal vectors for the planes are n; = (9, —3,6) and n» = (6, —2, 4) (the plane's equation is 6a — 2y + 4z = 0). Since 


n; = žno, the normals, and thus the planes, are parallel. 
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Normal vectors for the planes are n; = (1,2, — 1) and n» = (2, —2, 1). The normals are not parallel (they are not scalar 


multiples of each other), so neither are the planes. Furthermore, ni: ng —2—4— 1 3 Æ 0, so the planes aren't 


perpendicular. The angle between the planes is the same as the angle between the normals, given by 


nı : N2 —3 1 xi 1 ) o 
cosÜ = 0 — cos ey 114.1°. 
[m||ng| | 64/9 v6 V6 


Normal vectors for the planes are n; = (1, —1,3) and n2 = (3, 1, —1). The normals are not parallel, so neither are the planes. 


Since nj - n2 = 3 — 1 — 3 = —1 £0, the planes aren't perpendicular. The angle between the planes is given by 


nı : n2 —1 1 


Ini} [no] viii n 


cos = 0 = cos~*(—4) ~ 95.2°. 
The planes are 2x — 3y — z = 0 and 4x — 6y — 2z = 3 with normal vectors n; = (2, —3, —1) and n» = (4, —6, —2). Since 


n5 = 2n, the normals, and thus the planes, are parallel. 


The normals are n; = (5, 2, 3) and n2 = (4, —1, —6) which are not scalar multiples of each other, so the planes aren't 


parallel. Since n; - n2 = 20 — 2 — 18 = 0, the normals, and thus the planes, are perpendicular. 


(a) To find a point on the line of intersection, set one of the variables equal to a constant, say z — 0. (This will fail ifthe line of 
intersection does not cross the xy-plane; in that case, try setting x or y equal to 0.) The equations of the two planes reduce 
to x +y = land z + 2y = 1. Solving these two equations gives x = 1, y = 0. Thus a point on the line is (1, 0, 0). 


A vector v in the direction of this intersecting line is perpendicular to the normal vectors of both planes, so we can take 


v =m X n = (1,1,1) x (2,2) = (2 — 2,1 — 2,2 — 1) = (0, —1, 1). By Equations 2, parametric equations for the 


lineare x = 1, y = —t,z =t. 


nı : n2 _1+2+2 _ 5 


[ni| [n2] /3/9. 3y3 


(b) The angle between the planes satisfies cos 0 — Therefore 0 = cos! (5) zx 15.8°. 


(a) If we set z = 0 then the equations of the planes reduce to 3x — 2y = 1 and 2x + y = 3 and solving these two equations 
gives x = 1, y = 1. Thus a point on the line of intersection is (1, 1, 0). A vector v in the direction of this intersecting line 
is perpendicular to the normal vectors of both planes, so let v = ni x na = (3, —2, 1) x (2,1, —3) = (5,11, 7). By 
Equations 2, parametric equations for the line are x = 1 + 5t, y = 1 + 11t, z = t. 


nı : n2 _6-2-3 — 1 


b) cos@ = —— = —— = — 
2 meal aia 


> = cos"! (à) = 85.9°. 


Setting z = 0, the equations of the two planes become 5x — 2y = 1 and 4x + y = 6. Solving these two equations gives 
x = 1, y = 2 so a point on the line of intersection is (1, 2, 0). A vector v in the direction of this intersecting line is 


perpendicular to the normal vectors of both planes. So we can use v = n; x n2 = (5, —2, —2) x (4,1, 1) = (0, —13, 13) or 


: : . —2 
equivalently we can take v = (0, —1, 1), and symmetric equations for the line are x = 1, yo 1 1 orz—-l,y—-2-2-z. 
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If we set z = 0 then the equations of the planes reduce to 2x — y — 5 = 0 and 4x + 3y — 5 = 0 and solving these two 
equations gives x = 2, y = —1. Thus a point on the line of intersection is (2, — 1, 0). A vector v in the 

direction of this intersecting line is perpendicular to the normal vectors of both planes, so take 

v =n; X n = (2, 1,—1) x (4,3, —1) = (4, —2, 10) or equivalently we can take v = (2, —1,5). Symmetric equations for 


: z1z—2 y+1i z 
the 1 = Ż— =Ż, 
e line are — A 5 


The distance from a point (x, y, z) to (1,0, —2) is dı = \/(a — 1)? + y? + (z + 2)? and the distance from (x, y, z) to 


(3,4,0) is d2 = y (x — 3)? + (y — 4)? + 2?. The plane consists of all points (x, y, z) where dı = d2 di = d? 


(e@-1)? +y? +(z+2)? = (x-3)? +(y-4? +27 e 


r? —Qeat+y+22744245=a7—6rt+y? —8y4+274+25 6 4r + 8y + Az = 20 so an equation for the plane is 


4x + 8y + Az = 20 or equivalently x + 2y + z = 5. 
Alternatively, you can argue that the segment joining points (1, 0, —2) and (3, 4, 0) is perpendicular to the plane and the plane 


includes the midpoint of the segment. 


The distance from a point (x, y, z) to (2,5, 5) is di = y(x — 2)? + (y — 5)? + (z — 5)? and the distance from (x, y, 2) 


to (—6, 3, 1) is d = \/(a + 6)? + (y — 3)? + (z — 1)?. The plane consists of all points (x,y, z) where di = d2 => 


df =d} € (z-2)-(y—5)-(2—5) = («+ 6)? + (y— 3)? + (2-1)? 


x? — 4x +y? —10y+ 2? — 102 + 54 = xr? + 12x +y? — 6y +2? — 2z +46 © 16x + 4y + 8z = 8 so an equation 


for the plane is 16x + 4y + 8z = 8 or equivalently 4x + y + 2z = 2. 


The plane contains the points (a, 0, 0), (0, b, 0) and (0, 0, c). Thus the vectors a = (—a, b, 0} and b = (—a, 0, c) lie in the 
plane, and n = a x b = (bc — 0,0 + ac, 0 + ab) = (bc, ac, ab) is a normal vector to the plane. The equation of the plane is 


therefore bex + acy + abz = abc + 0 + 0 or bcx + acy + abz = abc. Notice that if a 4 0, b # 0 and c Æ 0 then we can 


rewrite the equation as — + z + — = 1. This is a good equation to remember! 
à c 


. (a) For the lines to intersect, we must be able to find one value of t and one value of s satisfying the three equations 


14+¢=2-—s,1—t=s and 2t = 2. From the third we get t = 1, and putting this in the second gives s = 0. These values 
of s and t do satisfy the first equation, so the lines intersect at the point P5 = (1 + 1,1 — 1, 2(1)) = (2,0,2). 
(b) The direction vectors of the lines are (1, —1, 2) and (— 1, 1,0), so a normal vector for the plane is 


(—1,1,0) x (1, 21,2) = (2,2,0) and it contains the point (2, 0, 2). Then an equation of the plane is 


2(r — 2) + 2(y — 0) + 0(z — 2) 20 rty=2. 


Two vectors which are perpendicular to the required line are the normal of the given plane, (1, 1, 1), and a direction vector for 


the given line, (1, — 1, 2). So a direction vector for the required line is (1, 1, 1) x (1, —1,2} = (3, — 1, —2). Thus L is given 


by (a, y, z) = (0,1,2) + t(3, —1, —2), or in parametric form, z = 3t, y = 1 — t, z = 2 — 2t. 
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Let L be the given line. Then (1, 1, 0) is the point on L corresponding to t = 0. L is in the direction of a = (1, —1,2) 
and b — (—1,0,2) is the vector joining (1, 1, 0) and (0, 1,2). Then 


(1, -1, 2) - (-1,0,2) 
12 + (-1)? + 22 


b — proj, b = (-1,0,2) (1,—1,2) = (—1,0, 2) i, 1,2) = ( 2, 1,1) is a direction vector 


for the required line. Thus 2(- 3, $, 1) = (—3, 1, 2) is also a direction vector, and the line has parametric equations x = —3t, 


y = 1 +t, z = 2 + 2t. (Notice that this is the same line as in Exercise 65.) 


Let P; have normal vector n;. Then n; = (3,6, —3), n2 = (4, —12, 8, na = (3, —9, 6), na = (1,2, — 1). Now n; = 3n4, 


E 


33. However, ni 


so n, and n, are parallel, and hence P, and P, are parallel; similarly P» and P3 are parallel because ng = 
and n» are not parallel (so not all four planes are parallel). Notice that the point (2, 0, 0) lies on both P, and P4, so these two 


planes are identical. The point (3, 0, 0) lies on P» but not on P5, so these are different planes. 


—1 —1 1 
Let L; have direction vector v;. Rewrite the symmetric equations for Ls as Z y e ; then vı = (6, —3,12), 


1/2 —1/4 1 
v2 = (2,1,4), v3 = (à, -i, 1), and v4 = (4,2,8). vi = 12v3, so Lı and Ls are parallel. v4 = 2v», so Lə and L4 are 
parallel. (Note that Lı and Lə are not parallel.) L4 contains the point (1, 1, 5), but this point does not lie on L3, so they're not 


identical. (3, 1, 5) lies on L4 and also on Lə (for t = 1), so Lə and L; are the same line. 


Let Q = (1,3,4) and R = (2, 1, 1), points on the line corresponding to t = 0 and t = 1. Let 


— —À 
P = (4,1, -2). Then a = QR = (1, -2, -3), b = QP = (3, —2, —6). The distance is 


qa laxbl  1,-2,3x(,-2,-9|.— 1(6,-3.0| __ v6 +C3P +? — vel [e 


|a| |(1,—2, —3)| |(1, -2, —3)| Ji + (-2)? + (—3)? V14 14° 


Let Q = (0,6,3) and R = (2,4, 4), points on the line corresponding to t = 0 and t = 1. Let 


— — 
P = (0,1,3). Then a = QR = (2, —2, 1) and b = QP = (0, —5,0). The distance is 


q=- lax bl _ 12, -2,1) x (0,-5,0)|  |(50,—10] _ v5 +0? + (=10)? _ V125 _ 5V5 


By Equation 9, the distance is D = Heo ro ane no a Pa LLTO 


Va? +b? +c? 32 + 2? + 6 J49 T? 
|1(—6) 3)-4(5)-8| _ |-40| 40 


By Equation 9, the distance is D — 


2( ( 
12 + (—2)? + (-4? /21 v2 
Puty = z = 0 in the equation of the first plane to get the point (2, 0, 0) on the plane. Because the planes are parallel, the 
distance D between them is the distance from (2, 0, 0) to the second plane. By Equation 9, 


|4(2) — 6(0) + 2(0) — 3| 5 5 514 


WCG vee an^ 3 


D= 
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Put x = y = 0 in the equation of the first plane to get the point (0, 0, 0) on the plane. Because the planes are parallel the 
distance D between them is the distance from (0, 0, 0) to the second plane 3x — 6y + 9z — 1 = 0. By Equation 9, 
_ |3(0) —6(0)--9(0 —1] 1 1 


J/8 + (-69 + 92 V/126 3/14 


The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plane. 


Let Po = (xo, yo, zo) be a point on the plane given by ax + by + cz + dı = 0. Then azo + byo + czo + di = 0 and the 
distance between Po and the plane given by ax + by + cz + d2 = 0 is, from Equation 9, 


. jaro + byo+czo+d2| | |-dit+de| | — |di— ds| 


D à 
Va? + b2 + c Va? +b? + c2 Va? + b? + c2 


The planes must have parallel normal vectors, so if ax + by + cz + d = 0 is such a plane, then for some t Æ 0, 


(a,b, c) = t(1,2, —2) = (t, 2t, —2t). So this plane is given by the equation x + 2y — 2z + k = 0, where k = d/t. By 


: 1—k 

Exercise 75, the distance between the planes is 2 — | | 6 — |1 — k| k = 7 or —5. So the 
1? + 22 + (—2)? 

desired planes have equations x + 2y — 2z = 7 and x + 2y — 2z = —5. 

Iyn:t=y=2z z—y(1. Le xtl=y/2=2/3 x+ 1 = y/2 (2. The solution of (1) and (2) is 

x = y = —2. However, when x 2.082 z 2, but z + 1 = 2/3 z = —3, a contradiction. Hence the 


lines do not intersect. For L1, vı = (1, 1, 1), and for L2, v2 = (1, 2,3), so the lines are not parallel. Thus the lines are skew 
lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines 
would be the same as the distance between these parallel planes. The common normal vector to the planes must be 


perpendicular to both (1, 1, 1) and (1, 2, 3), the direction vectors of the two lines. So set 


n = (1,1,1) x (1, 2,3) = (3 — 2, —3 + 1,2 — 1) = (1, —2,1). From above, we know that (—2, —2, —2) and (—2, —2, —3) 


are points of Lı and Lə respectively. So in the notation of Equation 8, 1(—2) — 2(—2) + 1(-2) + di = 0 di = 0 and 


1(—2) — 2(-2) + 1(-3) + d2 = 0 dy = 1. 


jo-1j 1 
V1+44+1 v6 


Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is 


By Exercise 75, the distance between these two skew lines is D = 


n = (1,1, 1) x (1,2,3) = (1, —2, 1). Pick any point on each of the lines, say (—2, —2, —2) and (—2, —2, —3), and form the 
vector b — (0,0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar 


[n-b ]1.0-2.0-1.1| 1 
[n| J1+4+1 V6 


projection of b along n, that is, D = 


First notice that if two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew 
lines would be the same as the distance between these parallel planes. The common normal vector to the planes must be 


perpendicular to both vı = (1,6, 2) and v2 = (2, 15,6), the direction vectors of the two lines, respectively. Thus set 
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n = vi X v2 = (36 — 30, 4 — 6,15 — 12) = (6, —2, 3). Setting t = 0 and s = 0 gives the points (1, 1, 0) and (1,5, —2). 


So in the notation of Equation 8, 6 — 2 + 0 + dı = 0 dı = —4 and 6 — 10 — 6 + d2 = 0 dz = 10. 


|-4—10| 14 
J36+44+9 7 


Alternate solution (without reference to planes): We already know that the direction vectors of the two lines are 


= 22: 


Then by Exercise 75, the distance between the two skew lines is given by D = 


vi = (1,6, 2) and v2 = (2, 15,6). Then n = vi x v2 = (6, —2, 3) is perpendicular to both lines. Pick any point on 
each of the lines, say (1, 1,0) and (1,5, —2), and form the vector b = (0, 4, —2) connecting the two points. Then the 


distance between the two skew lines is the absolute value of the scalar projection of b along n, that is, 


[n - b| 1 14 
D=— = —— (0-8 - 6| = ~= = 2. 
|n| Taras S| | 7 


A direction vector for L1 is vi = (2, 0, — 1) and a direction vector for L2 is v2 = (3, 2, 2). These vectors are not parallel so 
neither are the lines. Parametric equations for the lines are L1: x = 2t, y = 0, z = —t, and Le: x = 1 + 3s, y = —1 + 2s, 
z = 1+ 2s. No values of t and s satisfy these equations simultaneously, so the lines don’t intersect and hence are skew. We 
can view the lines as lying in two parallel planes; a common normal vector to the planes is n = v1 x v2 = (2, —7,4). Line 
L4 passes through the origin, so (0,0, 0) lies on one of the planes, and (1, —1, 1) is a point on Le and therefore on the other 
plane. Equations of the planes then are 2x — Ty + 4z = 0 and 2x — Ty + Az — 13 = 0, and by Exercise 75, the distance 


between the two skew lines is D — 10- C13]. = EN 


V4+49+16 v69 
Alternate solution (without reference to planes): Direction vectors of the two lines are v; = (2,0, — 1) and v2 = (3, 2, 2). 
Then n = vi x v2 = (2, —7, 4) is perpendicular to both lines. Pick any point on each of the lines, say (0, 0, 0) and (1, —1, 1), 
and form the vector b — (1, —1, 1) connecting the two points. Then the distance between the two skew lines is the absolute 


In-bl  |2-7-4| 13 


value of the scalar projection of b along n, that is, D — = = —. 
Proj 8 In| = 4449416 v69 


A direction vector for the line Lı is vı = (1,2, 2). A normal vector for the plane P, is n; = (1, —1, 2). The vector from the 
point (0, 0, 1) to (3, 2, — 1), (3, 2, —2), is parallel to the plane P5, as is the vector from (0, 0, 1) to (1, 2, 1), namely (1, 2, 0). 
Thus a normal vector for P» is (3,2, —2) x (1,2,0) — (4, —2, 4), or we can use n» — (2, —1,2), and a direction vector for 
the line L2 of intersection of these planes is v2 = nı x no = (1, 21,2) x (2, — 1,2) = (0,2, 1). Notice that the point 

(3, 2, — 1) lies on both planes, so it also lies on L2. The lines are skew, so we can view them as lying in two parallel planes; a 
common normal vector to the planes is n = vi x v2 = (—2, —1,2). Line L4 passes through the point (1, 2, 6), so (1, 2, 6) 


lies on one of the planes, and (3, 2, — 1) is a point on Lz and therefore on the other plane. Equations of the planes then are 


2x — y + 2z — 8 = 0 and —2z — y+ 2z + 10 = 0, and by Exercise 75, the distance between the lines is 


| |-8-10| 18 


= 6. 
V44+1+4 3 


[continued] 
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Alternatively, direction vectors for the lines are vı = (1, 2,2) and vo = (0,2, 1), son = vı x va = (-2, —1,2) is 
perpendicular to both lines. Pick any point on each of the lines, say (1, 2, 6) and (3, 2, — 1), and form the vector 
b = (2,0, —7) connecting the two points. Then the distance between the two skew lines is the absolute value of the scalar 


|n-b| _ |-4+ 0-14] 18 


=6. 
|n| J44+1+4 3 


projection of b along n, that is, D = 


(a) A direction vector from tank A to tank B is (765 — 325, 675 — 810,599 — 561) = (440, —135, 38). Taking tank A's 


position (325, 810, 561) as the initial point, parametric equations for the line of sight are x = 325 + 440t, 


y = 810 — 135t, z = 561 + 38t for0 € t < 1. 


(b) We divide the line of sight into 5 equal segments, corresponding to At = 0.2, and compute the elevation from the 


z-component of the parametric equations in part (a): 


t z = 561 + 38t | terrain elevation 
0 561.0 

0.2 568.6 549 

0.4 576.2 566 

0.6 583.8 586 

0.8 591.4 589 

1.0 599.0 


Since the terrain is higher than the line of sight when t = 0.6, the tanks can't see each other. 
(a) The planes x + y + z = c have normal vector (1, 1, 1), so they are all 

parallel. Their x-, y-, and z-intercepts are all c. When c > 0 their 

intersection with the first octant is an equilateral triangle and when c < 0 


their intersection with the octant diagonally opposite the first is an 


equilateral triangle. 


(b) The planes x + y + cz = 1 have x-intercept 1, y-intercept 1, and z-intercept 1/c. The plane with c = 0 is parallel to the 
z-axis. As c gets larger, the planes get closer to the xy-plane. 

(c) The planes y cos + z sin 0 = 1 have normal vectors (0, cos 0, sin 0), which are perpendicular to the x-axis, and so the 
planes are parallel to the x-axis. We look at their intersection with the yz-plane. These are lines that are perpendicular to 
(cos 0, sin 0) and pass through (cos 0, sin 0), since cos? 0 + sin? 0 = 1. So these are the tangent lines to the unit circle. 


Thus the family consists of all planes tangent to the circular cylinder with radius 1 and axis the x-axis. 


Ifa Æ 0, then az + by + cz +d = 0 a(x + d/a) + b(y — 0) + e(z — 0) = 0 which by (7) is the scalar equation of the 
plane through the point (—d/a, 0, 0) with normal vector (a, b, c). Similarly, if b 4 0 (or if c 4 0) the equation of the plane can 
be rewritten as a(x — 0) + b(y + d/b) + c(z — 0) = 0 [oras a(x — 0) + b(y — 0) + e(z + d/c) = 0] which by (7) is the 


scalar equation of a plane through the point (0, —d/b, 0) [or the point (0,0, —d/c)] with normal vector (a, b, c). 
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1. If we view the screen from the camera’s location, the vertical clipping plane on the left passes through the points 
(1000, 0,0), (0, —400, 0), and (0, —400, 600). A vector from the first point to the second is vi = (—1000, —400, 0) 
and a vector from the first point to the third is vo = (—1000, —400, 600). A normal vector for the clipping plane is 
vı X v2 = —240,000 i + 600,000 j or —2i + 5j, and an equation for the plane is 


—2(x — 1000) + 5(y — 0) + 0(z — 0) =0 2x — 5y = 2000. By symmetry, the vertical clipping plane on the right is 
given by 2x + 5y = 2000. The lower clipping plane is z = 0. The upper clipping plane passes through the points (1000, 0, 0), 
(0, —400, 600), and (0, 400, 600). Vectors from the first point to the second and third points are vı = (—1000, —400, 600) 
and v2 = (—1000, 400, 600), and a normal vector for the plane is vı x v2 = —480,000i — 800,000k or 3i + 5k. An 
equation for the plane is 3(z — 1000) + O(y—0)+5(z-0)=0 = 32+5z = 3000. 

A direction vector for the line L is v = (630, 390, 162) and taking Py = (230, —285, 102), parametric equations 
are x = 230 + 630t, y = —285 + 390t, z = 102 + 162t. L intersects the left clipping plane when 


2(230 + 630t) — 5(—285 + 390t) = 2000 t = —1. The corresponding point is (125, —350, 75). L intersects 
the right clipping plane when 2(230 + 630t) + 5(—285 + 390t) = 2000 t = 353. The corresponding point is 


approximately (811.9, 75.2, 251.6), but this point is not contained within the viewing volume. L intersects the upper clipping 
plane when 3(230 + 6304) + 5(102 + 1621) = 3000 = t= 2, corresponding to the point (650, —25, 210), and L 


intersects the lower clipping plane when z — 0. = 102 + 162t = 0 t x. The corresponding point is 


approximately (—166.77, —530.6, 0), which is not contained within the viewing volume. Thus L should be clipped at the 
points (125, —350, 75) and (650, —25, 210). 


2. A sight line from the camera at (1000, 0, 0) to the left endpoint (125, —350, 75) of the clipped line has direction 


v = (—875, —350, 75). Parametric equations are x = 1000 — 875t, y = —350t, z = 75t. This line intersects the screen 


when z — 0 1000 — 875t = 0 t= z, corresponding to the point (0, —400, $22). Similarly, a sight line from 


the camera to the right endpoint (650, —25, 210) of the clipped line has direction (—350, —25, 210) and parametric equations 


are x = 1000 — 3500, y = —25t,2 = 210t. x —0 1000 — 350t = 0 t= 20. corresponding to the point 
(0, — 22, 600). Thus the projection of the clipped line is the line segment between the points (0, —400, 979) and 


(0, — 222, 600). 


3. From Equation 12.5.4, equations for the four sides of the screen 7h 
are r1(t) = (1 — t)(0, —400, 0) + t (0, —400, 600), 
r2(t) = (1 — t)(0, —400, 600) + t (0, 400, 600), 
r3(t) = (1 — t)(0, 400, 0) + t (0, 400, 600), and 


y 
r4(t) = (1 — t)(0, —400, 0) + £ (0, 400, 0). The clipped line 


^ (650, —25, 210) 


segment connects the points (125, —350, 75) and (o. 400, e A 
(650, —25, 210), so an equation for the segment is 
rs(t) = (1 — t)(125, —350, 75) + t (650, —25, 210). n o 
The projection of the clipped segment connects the points 
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(0, —400, $99) and (0, — 399, 600), so an equation is re(t) = (1 — £)(0, —400, 9995 + t (0, — 899, 600). 


The sight line on the left connects the points (1000, 0, 0) and (0, —400, 822), so an equation is 
r7(t) = (1 — t)(1000, 0,0) + t (0, —400, 922). The other sight line connects (1000, 0, 0) to (0, — 22°, 600), so an equation 


is rg(t) = (1 — t) (1000, 0, 0) + t (0, — 822, 600). 


. The vector from (621, —147, 206) to (563, 31, 242), vı = (—58, 178, 36), lies in the plane of the rectangle, as does the 


vector from (621, — 147, 206) to (657, —111, 86), v2 = (36,36, —120). A normal vector for the plane is 


Vi X V2 = (—1888, —142, —708) or (8, 2, 3), and an equation of the plane is 8x + 2y + 3z = 5292. The line L intersects 


this plane when 8(230 + 630t) + 2(—285 + 390t) + 3(102 + 162t) = 5292 t = $88 ~ 0.589. The corresponding 
point is approximately (601.25, —55.18, 197.46). Starting at this point, a portion of the line is hidden behind the rectangle. 
The line becomes visible again at the left edge of the rectangle, specifically the edge between the points (621, —147, 206) and 
(657, —111, 86). (This is most easily determined by graphing the rectangle and the line.) A plane through these two points 


and the camera’s location, (1000, 0, 0), will clip the line at the point it becomes visible. Two vectors in this plane are 


vı = (—379, —147, 206) and v2 = (—343, —111, 86). A normal vector for the plane is 


vı X V2 = (10224, —38064, —8352) and an equation of the plane is 213x — 793y — 174z = 213,000. L intersects this plane 


when 213(230 + 630t) — 793(—285 + 390t) — 174(102 + 162t) = 213,000 = t= dx ~ 0.2177. The 


corresponding point is approximately (367.14, —200.11, 137.26). Thus the portion of L that should be removed is the 


segment between the points (601.25, —55.18, 197.46) and (367.14, —200.11, 137.26). 


12.6 Cylinders and Quadric Surfaces 


1. 


(a) In R?, the equation y = x? represents a parabola. 


(b) In R?, the equation y = x? doesn't involve z, so any 
horizontal plane with equation z = k intersects the graph 
in a curve with equation y = z?. Thus, the surface is a 
parabolic cylinder, made up of infinitely many shifted 
copies of the same parabola. The rulings are parallel to 


the z-axis. 
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(c) In R?, the equation z = y? also represents a parabolic 
cylinder. Since x doesn’t appear, the graph is formed by 
moving the parabola z = y? in the direction of the x-axis. 


Thus, the rulings of the cylinder are parallel to the x-axis. 


2. (a) yA (b) Since the equation y = e” doesn’t (c) The equation z = e” doesn't involve x, 
involve z, horizontal traces are so vertical traces in z = k (parallel to the 
y= e copies of the curve y = e”. The yz-plane) are copies of the curve z = e”. 
rulings are parallel to the z-axis. The rulings are parallel to the x-axis. 


3. Since y is missing from the equation, the vertical traces x? + 2? = 4, 
y = k are copies of the same circle in the plane y = k. Thus, the 
surface z? + z? = 4 is a circular cylinder of radius 2 with rulings 


parallel to the y-axis. 


4. Since x is missing from the equation, the vertical traces 
y? +92? = 9, x = k are copies of the same ellipse in the plane 


x = k. Thus, the surface y? + 92? = 9 is an elliptic cylinder with 


rulings parallel to the x-axis. 


5. Since z is missing from the equation, the horizontal traces 


x +y+1=0 y = —a? — 1, z = kare copies of the same 


parabola in the plane z = k. Thus, the surface x? + y+1=Oisa 


parabolic cylinder with rulings parallel to the z-axis. 
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6. Since y is missing from the equation, the vertical traces 
z = —/z, y = k are copies of the curve z = —,/x 


with rulings parallel to the y-axis. 


7. Since z is missing, each horizontal trace xy = 1, 
z = k, is a copy of the same hyperbola in the plane 
z = k. Thus the surface xy = 1 is a hyperbolic 


cylinder with rulings parallel to the z-axis. 


8. Since x is missing, each vertical trace z = sin y, 
x = k, is a copy ofa sine curve in the plane x = k. 
Thus the surface z = sin y is a cylindrical surface with 


rulings parallel to the z-axis. 


9. The trace in the zz-plane appears to be z = cos x. The traces in the planes on the positive y-axis and negative y-axis are 


copies of the same graph. Therefore, an equation of the graph could be z — cos x. 


10. The trace in the yz-plane appears to be z = y®. The traces in the planes on the positive x-axis and negative x-axis are copies 


of the same graph. Therefore, an equation of the graph could be z = y?. 


11. (a) The traces of a? + y? — z? = 1 in x = kare y? — z? = 1 — k?, a family of hyperbolas. (Note that the hyperbolas are 
oriented differently for —1 < k < 1 than fork < —1 or k > 1.) The traces in y = k are x? — z? = 1 — k?, a similar 
family of hyperbolas. The traces in z = k are z? + y? = 1 + k?, a family of circles. For k = 0, the trace in the 
xy-plane, the circle is of radius 1. As |k| increases, so does the radius of the circle. This behavior, combined with the 


hyperbolic vertical traces, gives the graph of the hyperboloid of one sheet in Table 1. 
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(b) If we change the equation z? + y? — 2? = 1 to 3? — y? +2? — 1, 


the shape of the surface is unchanged, but the hyperboloid is 


rotated so that its axis is the y-axis. Traces in y = k are circles, 


while traces in x = k and z = k are hyperbolas. 


(c) Completing the square in y for z? + y? + 2y — z? = 0 gives 


x? + (y +1)? — z? = 1. The surface is a hyperboloid identical to 


the one in part (a) but shifted one unit in the negative y-direction. 


12. (a) The traces of —z? — y? + 2? = 1inz = k are 


y? + 22 = 1 + K?, a family of hyperbolas, as are the traces in y = k, 


—a? + 2? =1+k?. The traces in z = kare a? + y? = Kk? — 1, a family of circles for |k| > 1. As |k| increases, the radii 


of the circles increase; the traces are empty for |k| « 1. This behavior, combined with the vertical traces, gives the graph of 


the hyperboloid of two sheets in Table 1. 


(b) If the equation in part (a) is changed to z? — y? — z? — 1, the graph 


has the same shape as the hyperboloid in part (a) but is rotated so that 


its axis is the x-axis. Traces in x = k, |k| > 1, are circles, while 


traces in y — k and z — k are hyperbolas. 


13. For x = y? + 42”, the traces in x = k are y? + 42? = k. When k > 0 


we have a family of ellipses. When k = 0 we have just a point at the 


origin, and the trace is empty for k < 0. The traces in y = k are 


x = 42? + k?, a family of parabolas opening in the positive x-direction. 


Similarly, the traces in z = k are x = y? + 4k, a family of parabolas 


opening in the positive x-direction. We recognize the graph as an 


elliptic paraboloid with axis the x-axis and vertex the origin. 


14. Az? + 9y? + 92? = 36. The traces in z = k are 9y? + 92? = 36 — 4k? 


yY +z? =4-— $k’, a family of circles for |k| < 3. (The traces are a single 
point for |k| = 3 and are empty for |k| > 3.) The traces in y = k are 


Ax? + 92? = 36 — 9k?, a family of ellipses for |k| < 2. Similarly, the traces 


in z = kare the ellipses 4x? + 9y? = 36 — 9k?, |k 


< 2. The graph is an 


ellipsoid centered at the origin with intercepts x 


3, y 


2,z 


-2. 
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17. 
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z? = 4y? + 2°. The traces in z = k are the ellipses 4y? + z? = k?. The ZA 
traces in y = k are z? — z = 4k?, hyperbolas for k 4 0 and two 
intersecting lines if k = 0. Similarly, the traces in z = k are 

z? — 4y? = K?, hyperbolas for k Æ 0 and two intersecting lines if k = 0. 
We recognize the graph as an elliptic cone with axis the x-axis and vertex 


the origin. 


z? — 4g? — y? = 4. The traces in x = k are the hyperbolas 

z? — y? = 4 + AK?, and the traces in y = k are the hyperbolas 

z? — Ay? = 4 + k?. The traces in z = k are Az? +y? = k? —4,a 

family of ellipses for |k| > 2. (The traces are a single point for |k| = 2 and 
are empty for |k| « 2.) The surface is a hyperboloid of two sheets with 


axis the z-axis. 


9y? + 42? = x? + 36. The traces in z = k are 9y? + Az? = k? + 36, a ZA 


family of ellipses. The traces in y = k are 4z? — z? = 9(4 — k?), a family 


of hyperbolas for |k| # 2 and two intersecting lines when |k| = 2. (Note fs -—" 
that the hyperbolas are oriented differently for |k| « 2 than for |k| > 2.) - - 
x y 


The traces in z — k are 9y? — z? — 4(9 — k?), a family of hyperbolas 


when |k| Æ 3 (oriented differently for |k| < 3 than for |k| > 3) and two 
intersecting lines when |k| — 3. We recognize the graph as a hyperboloid of 


one sheet with axis the x-axis. 


3a? + y +32? = 0. The traces in z = k are the parabolas y = —32? — 3k? ZA 
which open to the left (in the negative y-direction). Traces in y = k are 
3r? +32? = -k © r++? = -$ a family of circles for k < 0. 


(Traces are empty for k > 0 and a single point for k = 0.) Traces in z = k 
are the parabolas y = —3z? — 3k? which open in the negative y-direction. 


The graph is a circular paraboloid with axis the y-axis, opening in the 


negative y-direction, and vertex the origin. 
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2 2 2 2 2 2 


19. Stet pH) The traces in z = k are 4 + = 1 — É, a family ZA 


of ellipses for |k| < 3. (The traces are a single point for |k| = 3 and are 


empty for |k| > 3.) The traces in y = k are the ellipses 


g 3 k2 
F + 3 1— 25 |k| < 5, and the traces in z = k are the ellipses 
ey? k2 
y + 28 ^ 1— T |k| < 2. The surface is an ellipsoid centered at the 
origin with intercepts x 3, y 5, z 2. 
20. 3x? — y? + 32? = 0. The traces in x = k are y? — 32? = 3k?, a family of ZA 


hyperbolas for k ¢ 0 and two intersecting lines if k = 0. Traces in y = k 
are the circles 33? +32? = k? & a2? 42?= iK. The traces in z — k 


are y? — 3z? = 3K?, hyperbolas for k Æ 0 and two intersecting lines if 


k — 0. We recognize the surface as a circular cone with axis the y-axis and 


vertex the origin. 


21. y = z2? — x. The traces in x = k are the parabolas y = z? — k?, opening 


in the positive y-direction. The traces in y = k are k = z? — x”, two 
intersecting lines when k = 0 and a family of hyperbolas for k 4 0 (note 


that the hyperbolas are oriented differently for k > 0 than for k « 0). The 


traces in z = k are the parabolas y = k? — x? which open in the negative 


y-direction. Thus the surface is a hyperbolic paraboloid centered at (0, 0, 0). 


22. x = y? — 2”. The traces in x = k are y? — 2? = k, two intersecting lines ON 
when k = 0 and a family of hyperbolas for k Z 0 (oriented differently for 


k > O than for k < 0). The traces in y = k are the parabolas 
x = —z* + k?, opening in the negative x-direction, and the traces in z = k y 
are the parabolas x = y? — k? which open in the positive x-direction. The 


graph is a hyperbolic paraboloid centered at (0, 0, 0). 


2 2 


23. This is the equation of an ellipsoid: x? + Ay? + 92? = z? + 4 a+ E z = 1, with z-intercepts +1, y-intercepts ti 
0/27 — (1/3) 
and z-intercepts ti. So the major axis is the x-axis and the only possible graph is VII. 
A" . NN 2 2 2 x? y 2 . : Yos 1 
24. This is the equation of an ellipsoid: 9x^ + 4y^ + z^ = (1/3)? + ü/3y T z^ = 1, with z-intercepts +3, y-intercepts +5 


and z-intercepts +1. So the major axis is the z-axis and the only possible graph is IV. 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


z? — y? + z? = 1 is the equation of a hyperboloid of one sheet, with a = b = c = 1. Since the coefficient of y? is negative, 


the axis of the hyperboloid is the y-axis. Hence, the correct graph is II. 


—x? + y? — z? = 1 is the equation of a hyperboloid of two sheets, with a = b = c = 1. This surface does not intersect the 


xz-plane at all, so the axis of the hyperboloid is the y-axis. Hence, the correct graph is III. 


There are no real values of x and z that satisfy this equation, y = 2x? + z?, for y < 0, so this surface does not extend to the 
left of the xz-plane. The surface intersects the plane y = k > 0 in an ellipse. Notice that y occurs to the first power whereas 


x and z occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VI. 
y? = x” + 22? is the equation of a cone with axis the y-axis. Its graph is I. 


z? + 2z? = 1 is the equation of a cylinder because the variable y is missing from the equation. The intersection of the surface 


and the zz-plane is an ellipse. Its graph is VIII. 


y = x? — z? is the equation of a hyperbolic paraboloid. The trace in the ay-plane is the parabola y = x”. So the correct graph 


is V. 

Vertical traces parallel to the xz-plane are circles centered at the origin whose radii increase as y decreases. (The trace in 
y = 1 is just a single point and the graph suggests that traces in y = k are empty for k > 1.) The traces in vertical planes 
parallel to the yz-plane are parabolas opening to the left that shift to the left as |x| increases. One surface that fits this 
description is a circular paraboloid, opening to the left, with vertex (0, 1,0). 


ZA 


The vertical traces parallel to the yz-plane are ellipses that are smallest in ZA 
the yz-plane and increase in size as |x| increases. One surface that fits this 
description is a hyperboloid of one sheet with axis the x-axis. The 
horizontal traces in z = k (hyperbolas and intersecting lines) also fit this 


surface, as shown in the figure. 
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2 2412 2 2 z? ae 2 2 z? 2? y 2 2? 
33. y = r + 52 ory =r + <7 represents an elliptic 34. da“ — y+ 2z eee ea Ty 


cone with vertex (0, 0, 0) and axis the y-axis. represents an elliptic paraboloid with vertex (0, 0, 0) and 


ZA 


axis the y-axis. 


2 


2 
2 2 
represents a hyperbolic paraboloid with center (0, 0, 0). B LIC HMM 
4 4 


sheets with axis the y-axis. 


35. x? + Qy — 22? = 0 or 2y = 22? — a2 ory = z? 36. y? = x? +42? + Aor —a? +y? — Az? = Aor 


? — 1 represents a hyperboloid of two 


37. Completing squares in z and y gives 
(x? — 2z + 1) + (y? -6y +9) -2z=0 © 


(r—1) + (y — 3} — z = Qor z = (x — 1)? + (y — 3)’, a circular 


paraboloid opening upward with vertex (1, 3, 0) and axis the vertical line 


y—1,y-—3. 


38. Completing squares in z and z gives 
(a? — 4x + 4) -y — (2? +2z +1) +3=0+4-1 & 
(z — 2)? —y? — (z +1}? = 0 or (x — 2)? = y? + (z +1)’, a circular 


cone with vertex (2, 0, —1) and axis the horizontal line y = 0, z = —1. 
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39. Completing squares in x and z gives ZA 


(a? — 40 +4) —y? + (2? -2z24+1) =04+44+1 & 


A2 2 NEIV 
(z—-2)? —- y? +(z 1? =5 or C2 -2 „e D —La 


hyperboloid of one sheet with center (2, 0, 1) and axis the horizontal line 


p= 2.21, 


40. Completing squares in all three variables gives 


A(x? — 6x + 9) + (y? — 8y + 16) + (27 + 4z + 4) =—-554+3641644 © 


4 (a — 3)? + (y—4)? + (24+ 2)? — lor 


center (3, 4, —2). 


41. Solving the equation for z we get z = +,/1-+ 4x? + y?, so we plot separately z = 4/1 + 4z? + y? and 
z = —A/1l-44z?-4 y?. 


L 
ITI, 
LLLP 


LZ 
LLIS 
25577 ALII 
00562 7552 77 2 77 
II 
20607 Maa pp 
- A 


To restrict the z-range as in the second graph, we can use the option view- -4..4 in Maple's plot 3d command, or 


PlotRange -» {-4, 4} in Mathematica's Plot 3D command. 


42. We plot the surface z — z? — y?. 
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Solving the equation for z we get z = +,/4x? + y?, so we plot separately z = \/4x? + y? and z = —,/4a? + y?. 


NN 
Ex, M N DON 
L—— 


2S 


Mo, 


SW, 

WZ 

BEB 
LLLP ES 


The curve y = 4/ is equivalent to x = y”, y > 0. Rotating the curve about ZA 
the x-axis creates a circular paraboloid with vertex at the origin, axis the 


x-axis, opening in the positive x-direction. The trace in the zy-plane is 


x = y’, z = 0, and the trace in the xz-plane is a parabola of the same x 
parabola 
x-2y 


shape: x = z?, y = 0. An equation for the surface is x = y? + z?. 


Rotating the line z — 2y about the z-axis creates a (right) circular cone with ZA 


vertex at the origin and axis the z-axis. Traces in z = k (k Æ 0) are circles 
the line 
- 


with center (0, 0, k) and radius y = z/2 = k/2, so an equation for the trace z=2y 


is £? + y? = (k/2)?, z = k. Thus an equation for the surface is 


z? +4? = (z/2)? or 4x? + Ay? = 2?. 
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Let P = (a, y, z) be an arbitrary point equidistant from (—1, 0, 0) and the plane x = 1. Then the distance from P to 


(—1, 0, 0) is /(z + 1)? + y? + 2 and the distance from P to the plane z = 1 is |x — 1| A/1? = |x — 1| 


(by Equation 12.5.9). So ja — 1| = /(xz - 1)? +y? 4- z2 (g—1) = (@+1)? +77 +2? e 
r? —Qe+1=a?4+2e414+y+22 e —4r = y? + 2°. Thus the collection of all such points P is a circular 


paraboloid with vertex at the origin, axis the x-axis, which opens in the negative x-direction. 


Let P = (x,y, z) be an arbitrary point whose distance from the x-axis is twice its distance from the yz-plane. The distance 


from P to the z-axis is \/(x — x)? + y? + z? = \/y? + 2? and the distance from P to the yz-plane (x = 0) is |x| /1 = |æ]. 
Thus yy? +22 =2|a| & y? +2? =4r? & a? = (y?/2?) + (2?/2?). So the surface is a right circular cone with 


vertex the origin and axis the x-axis. 


2 2 2 
(a) An equation for an ellipsoid centered at the origin with intercepts x = +a, y = +b, and z = +c is = + a + 5 =1. 
Here the poles of the model intersect the z-axis at z = +6356.523 and the equator intersects the x- and y-axes at 
x = +6378.137, y = +6378.137, so an equation is 
z? y? z2 
Ts a7 t ea a72 T eaen (| 
(6378.137) (6378.137) (6356.523) 
2 2 k2 
(b) Traces in z = k are the circles : | Y 


1 
(6378.137)2 | (6378.137)? (6356.523)2 


6378.137 V? 
2 gos Dt. 2 
az? + y? = (6378.137) ea 


(c) To identify the traces in y = maz we substitute y = mz into the equation of the ellipsoid: 


x (ma)? A 


ga ey 
(6378.137)2 ` (6378.137)? | (6356.523)? 
(1 4- m2)z? H 32 = 
(6378.137)2 | (6356.523)2 — 


x z2? 


A =1 
(6378.137)2/(1 +4 m2) | (6356.523)? 


As expected, this is a family of ellipses. 


If we position the hyperboloid on coordinate axes so that it is centered at the origin with axis the z-axis then its equation is 


2 2 2 2 2 2 


given by Z + 9. Ž = 1. Horizontal traces in z = k are Z- + CEE + —, a family of ellipses, but we know that the 
a 2 æ a? b c 

. . AES y? 2 2 2 . - 

traces are circles so we must have a = b. The trace in z = 0is — += —1 & x° +y’ =a’ and since the minimum 
a a 
radius of 100 m occurs there, we must have a = 100. The base of the tower is the trace in z = —500 given by 
2 2 2 
—500 ; 1 : : 

- + - =1+ ( d ) but a = 100 so the trace is z? + y? — 100? 4- 50,0007 —. We know the base is a circle of 
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50,000? —— 781,250 


radius 140, so we must have 100? + 50,0007 — =140? = dg and an equation for the 


"140-100 ^ 3 
r? y? z2 r? y? 372 
tower i | e —1, —500 < z < 500. 
ower'S 100? + 1002 — (781,250)/3 ° °" 10,000 ' 10,000 781,250 s 


If (a, b, c) satisfies z = y? — x°, then c = b? — a°. Li: y =a +t, y =b +t, z = c + 2(b — a)t, 


Lo: x =a +t, y = b — t, z = c — 2(b + a)t. Substitute the parametric equations of L4 into the equation of the hyperbolic 


2 


paraboloid in order to find the points of intersection: z = y? — £? => 

c 4- 2(b — a)t = (b+ t)? — (a -- t? =b — a? +2(b— a)t c = b? — a”. As this is true for all values of t, 

Lı lies on z = y? — x”. Performing similar operations with Lə gives: z = y? —z? => 

c — 2(b 4- a)t = (b — t? — (a + t)? = b — a? — 2(b + a)t c = b? — a. This tells us that all of L2 also lies on 


z=% -r. 


Any point on the curve of intersection must satisfy both 2z? + Ay? — 22? + 6a = 2 and 2z? + 4y? — 22? — 5y = 0. 
Subtracting, we get 6x + 5y = 2, which is linear and therefore the equation of a plane. Thus the curve of intersection lies in 


this plane. 


The curve of intersection looks like a bent ellipse. The projection 


of this curve onto the xy-plane is the set of points (x, y, 0) which 


KL 
SO 
e SERS 
IENRIS ghee 
<> 


SSN : 
27 LESSEE 7 satisfy x? +y? 21— y? © r +W = 6 
ENSNNRASM. 
z 1 SSS Zee 
SSS SS 2 
0 SPER 2 y P d : : 
SAN q^ + —— ——, = 1. This is an equation of an ellipse. 
-1 SSP (1/v2) 


Review 
TRUE-FALSE QUIZ 


. This is false, as the dot product of two vectors is a scalar, not a vector. 
. False. For example, if u = i and v = —i then |u + v| = |0| = 0 but |u| + |v| 2 1-1 — 2. 


. False. For example, if u = i and v = j then |u - v| = |0| = 0 but |u| |v| = 1 - 1 = 1. In fact, by Theorem 12.3.3, 


ju-v| = |u] |v| cos 6]. 


. False. For example, |i x i| = |0| = 0 (see Example 12.4.2) but i| |i] = 1- 1 = 1. In fact, by Theorem 12.4.9, 


ju x v| = |u] |v| sin 0. 


. True, by Theorem 12.3.2, property 2. 


. False. Property 1 of Theorem 12.4.11 says that u x v = —v x u. 
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True. If 0 is the angle between u and v, then by Theorem 12.4.9, |u x v| = |u| |v| sin0 = |v| |u| sind = |v x ul. 


(Or, by Theorem 12.4.11, Ju x v| = |-v x u| = |-1||v x u| = |v x ul.) 


. This is true by Theorem 12.3.2, property 4. 


. Theorem 12.4.11, property 2 tells us that this is true. 


. This is true by Theorem 12.4.11, property 4. 


. This is true by Theorem 12.4.11, property 5. 


In general, this assertion is false; a counterexample is i x (i x j) Z (i x i) x j. (See the paragraph preceding 


Theorem 12.4.11.) 


This is true because u x v is orthogonal to u (see Theorem 12.4.8), and the dot product of two orthogonal vectors is 0. 


(u+v)Xv=uxvivxv [by Theorem 12.4.11, property 4] 


=uxv+0 [by Example 12.4.2] 


= u X v, so this is true. 


This is false. A normal vector to the plane is n = (6, —2, 4). Because (3, —1, 2) = in, the vector is parallel to n and hence 
perpendicular to the plane. 
This is false, because according to Equation 12.5.8, ax + by + cz + d = 0 is the general equation of a plane. 


This is false. In R?, z? + y? = 1 represents a circle, but { (x, y, z) | £? + y? = 1) represents a three-dimensional surface, 
y p. 


namely, a circular cylinder with axis the z-axis. 


This is false. In IR? the graph of y = x? is a parabolic cylinder (see Example 12.6.1). A paraboloid has an equation such as 


z= py 


False. For example, i - j = O but i Z O and j £0. 


This is false. By Corollary 12.4.10, u x v = 0 for any nonzero parallel vectors u, v. For instance, i x i = 0. 


This is true. If u and v are both nonzero, then by (7) in Section 12.3, u - v = 0 implies that u and v are orthogonal. But 
u X v = 0 implies that u and v are parallel (see Corollary 12.4.10). Two nonzero vectors can’t be both parallel and 


orthogonal, so at least one of u, v must be 0. 


This is true. We know u - v = |u| |v| cos 8 where |u| > 0, |v| > 0, and |cos 6| < 1, so |u - v| = [u] |v| |cos6| < |ul |v]. 
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EXERCISES 


1. (a) The radius of the sphere is the distance between the points (—1, 2, 1) and (6, —2,3), namely, 


v/[6 — (—1)]? + (-2 — 2)? + (3 — 1)? = V69. By the formula for an equation of a sphere (following Example 12.1.4), 


an equation of the sphere with center (—1, 2, 1) and radius /69 is (a + 1)? + (y — 2)? + (z — 1)? = 69. 
(b) The intersection of this sphere with the yz-plane is the set of points on the sphere whose x-coordinate is 0. Putting x = 0 
into the equation, we have (y — 2)? + (z — 1)? = 68, x = 0 which represents a circle in the yz-plane with center (0, 2, 1) 


and radius 4/68. 


(c) Completing squares gives (x — 4)? + (y + 1)? + (z +3)? = —1 + 16 + 1 + 9 = 25. Thus the sphere is centered at 


(4, —1, —3) and has radius 5. 


2. (a) ack (b) 


(c) (d) 


ts 
l 
* 


3. u- v = |u| |v| cos 45? = (2)(3)2 =3V2. |ux v| =|ul|v|sin45° = (2)(3) 


By the right-hand rule, u x v is directed out of the page. 

4. (a) 2a+3b= 214 2j-4k+9i-6j4+3k=11i-—4j—k 
(b) |b] = /9- 441=V14 
(c) a- b = (1)(3) + (2)(72) + (-2)(1) = 1 


ij k 

(daxb-—|1 1-2/|—(1-4)i-(146)j-(-2-3)k— -3i- 7j—5k 
3-2 1 
ij k 

(e)bxc=/3 -2 1/=9i14+15j+3k, |bxcl=3V94+254+1=3V35 
0 1-5 
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1 1-2 
—2 1 3 1 3 —2 
(f)a-(bxc)2|3-2 1|- — — 2 —9-F15—6-—18 
1-5 0 —5 0 1 
0 1-5 
(g) c x c = 0 for any c. 
(h) From part (e), 
ij k 
ax (bx c) =ax (914+ 15j3+3k)=]1 1 -2 
9 15 3 


= (3+ 30)i— (3 +18) j+ (15 —9) k = 33i — 21j + 6k 


(i) The scalar projection is comp, b = |b| cos@ = a- b/ |a| = — +. 


V6 
, spe ass . 1 A 
(j) The vector projection is proj, b = "US (&) = -i(ü +j—2k) 
a-b —1 —1 —1 
k) cos 0 — = ——— = —— and 6 = cos™! | — | x 96°. 
lallb| V6V14 221 (sa) 


5. For the two vectors to be orthogonal, we need (3,2, x) - (27,4,z) =0 <= (3)(2x) + (2)(4) + (x)(x) 20 


e+6r+8=0 e (@+2)(4+4) =0 y = —2or z = —4. 


6. We know that the cross product of two vectors is orthogonal to both given vectors. So we calculate 


(j+2k) x (i—2j+3k) = [8— (-4]i— (0 — 2)j+ (0— 1)k=7i+2j-k. 


Then two unit vectors orthogonal to both given vectors are grj k = TE (7i+ 2j—k), 
Jr? + 22 + (—1)? 34/6 
TEMERE. 2 : 1 Toa 2 : 1 
that is, "s i4 3 ve J ave K and 3v6 | sve t zyz E 


7T. (a) (ux v): w 2u-(vx w)—-2 
(b) u-(wxv)—u-[-(vx w) 2—-u:.(vx w) = —2 
(c) v- (ux w) = (v xu): w=-—(ux v): w= -2 
(d) (ux v)-v=u-(vxv)=u-0=0 
8. (ax b)-[(bx c) x (ex a)] = (ax b) - ([(b x c)- alc — [(b x c): c]a) 
[by Property 6 of the cross product] 
= (ax b)-[(bx c): alc = fa - (bx c)| (ax b)-c 
= [a- (b x e) [a (b x e)] = [a (b x e)? 
9. For simplicity, consider a unit cube positioned with its back left corner at the origin. Vector representations of the diagonals 


joining the points (0, 0, 0) to (1, 1, 1) and (1,0, 0) to (0, 1, 1) are (1, 1, 1) and (—1, 1, 1). Let 0 be the angle between these 


two vectors. (L1,1-(-L,1,11) =-1+1+1=1=|(1,1,1)||(-1,1,1)|cos@ = 3cos0 = cos0—-i => 
0 = cos ! (3) ~ 71°. 
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— — — 
AB = (1,3, —1), AC = (-2,1,3) and AD = (—1,3, 1). By Equation 12.4.13, 


1 3-1 

— ;— sas 13 —2 3 —2 1 

AB. (AC x AD) = -2 1 3ļ|= 3 S ae ae N 
E e -1 ıl l-13 


— — — 
The volume is |AB . (4c x AD) | = 6 cubic units. 


— — 
AB = (1,0, 21), AC = (0,4,3), so 


— 


— 
(a) a vector perpendicular to the plane is AB x AC = (0+ 4, —(3 + 0), 4 — 0) = (4, —3, 4). 


b) 1|ABx AC| = 1/1639 16 = Y 
(b) 5 x 2 | ! 2r 


D = (5— 1)i+ (3—0)j+ (8—2)k 2 4i -3j - 6k. 
W =F-D = (3i+5j+10k)-(4i+3j+6k) = (3)(4) + (5)(3) + (10)(6) = 12 + 15 + 60 = 87 J 


Let F be the magnitude of the force directed 20° away from the direction of shore, and let F5 be the magnitude of the other 
force. Separating these forces into components parallel to the direction of the resultant force and perpendicular to it gives 


F, cos20° + F»cos30? = 255 (1), and Fisin20? — PFosin300—0 > F=f — (2). Substituting (2) 


into (1) gives F2(sin 30° cot 20° + cos30°) = 255 = Fə ~ 114N. Substituting this into (2) gives Fi ~ 166 N. 
|r| = |r| |F| sin 0 = (0.40)(50) sin(90° — 30°) ~ 17.3 N-m. 

The line has direction v = (—3, 2,3). Letting Po = (4, —1, 2), parametric equations are 

xz =4-— 3t, y=—1+2t, z-2--3t. 


=4 2 
The line i(r —4)=fy=2+2,0r T -— : = — , has direction vector v = (3, 2, 1) (or a nonzero scalar multiple). 


So parametric equations for the line through (1,0, —1) are x = 1 + 3t, y = 2t, z = —1- t. 


A direction vector for the line is a normal vector for the plane, n = (2, —1, 5), and parametric equations for the line are 


xz = —2 + 2t, y=2-t, z=4+5t. 


Since the two planes are parallel, they will have the same normal vectors. Then we can take n = (1, 4, —3) and an equation of 


the plane is 1(x — 2) + 4(y — 1) — 3(z — 0) = 0 or x + 4y — 3z = 6. 


Here the vectors a = (4 — 3,0 — (-1),2— 1) = (1,1, 1) and b = (6 — 3,3 — (—1), 1 — 1) = (3, 4, 0) lie in the plane, 
so n = a x b = (—4,3, 1) is a normal vector to the plane and an equation of the plane is 


—4(x — 3) + 3(y — (—1)) + 1(z — 1) 200r -4z + 3y + z = —14. 


If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a = (2, —1, 3) is one vector in the plane. We can verify that the given point (1, 2, —2) 


does not lie on this line. The point (0, 3, 1) is on the line (obtained by putting t = 0) and hence in the plane, so the vector 


b = (0 — 1,3 — 2,1 — (—2)) = (—1, 1, 3) lies in the plane, and a normal vector is n = a x b = (—6, —9, 1). Thus an 


equation of the plane is —6(x — 1) — 9(y — 2) + (z + 2) = 0 or 6x + 9y — z = 26. 
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21. Substitution of the parametric equations into the equation of the plane gives 2x — y + z = 2(2— t) — (1 + 3t) + 4t 22 => 


t+3=2 t = 1. When t = 1, the parametric equations give x = 2 — 1 = 1, y = 1 + 3 = 4 and z = 4. Therefore, 


the point of intersection is (1, 4, 4). 


22. Use the formula proven in Exercise 12.4.45(a). In the notation used in that exercise, a is just the direction of the line; that is, 


a = (1, —1,2). A point on the line is (1, 2, —1) (setting t = 0), and therefore b = (1 — 0,2 — 0, —1 — 0) = (1,2, —1). 


Hence d = |a x b| = (1, —1, 2) x (1,2, —1)| aa |(—3, 3, 3)| 2m 27 a 3 
|a| vI+I+4 v6 Eo 


23. Since the direction vectors (2, 3, 4) and (6, —1, 2) aren't parallel, neither are the lines. For the lines to intersect, the three 


equations 1 + 2t = —1 + 6s, 2 + 3t = 3 — s, 8 + At = —5 + 2s must be satisfied simultaneously. Solving the first two 
equations gives t = 2, s= 2 and checking we see these values don’t satisfy the third equation. Thus the lines aren’t parallel 


and they don’t intersect, so they must be skew. 


24. (a) The normal vectors are (1, 1, — 1) and (2, —3, 4). Since these vectors aren't parallel, neither are the planes parallel. 


Also (1,1, —1) - (2, —3, 4) = 2 — 3 — 4 = —5 4 0 so the normal vectors, and thus the planes, are not perpendicular. 


(b) cos @ = Gale eae at un and 0 = cos! (- 7 ) = 122° [or we can say & 58°]. 


V3 v29 v87 yR 


25. nı = (1,0, — 1) and n» = (0, 1,2). Setting z = 0, it is easy to see that (1, 3, 0) is a point on the line of intersection of 
x —z- l and y + 2z = 3. The direction of this line is vi = ni x no = (1, —2, 1). A second vector parallel to the desired 
plane is v2 = (1,1, —2), since it is perpendicular to x + y — 2z = 1. Therefore, the normal of the plane in question is 


n = vı X ve = (4— 1,1 +2,1 + 2) = 3 (1, 1, 1). Taking (xo, yo, zo) = (1,3,0), the equation we are looking for is 


(c-1)+(y-3)+2=0 etytz=4. 


— — 
26. (a) The vectors AB = (-C1—2, -1— 1,10 — 1) = (—3, -2,9) and AC = (1 — 2,3 — 1, —4 — 1) = (—1, 2, —5) lie in the 


plane, son = AB x AC = (—3, —2,9) x (—1,2, —5) = (—8, —24, —8) or equivalently (1, 3, 1) is a normal vector to 
the plane. The point A(2, 1, 1) lies on the plane so an equation of the plane is 1(z — 2) + 3(y — 1) + 1(z — 1) = O or 


x+ 3y-Fz-6. 


(b) The line is perpendicular to the plane so it is parallel to a normal vector for the plane, namely (1, 3, 1). If the line passes 


through B(—1, —1, 10) then symmetric equations are z=) = pot) aie 2 orz--1- a — z-— 10. 


(c) Normal vectors for the two planes are n; = (1,3, 1) and n» = (2, —4, —3). The angle 6 between the planes is given by 


TEE. 0L M (13:15:99 — 4 8) |.2-12-3 . 13 
|| [ja] /12-32-124/22:-(-49-(-3? . V11 V29 V319 
Thus 0 = cos! (5) zx 137? or 180? — 137° = 43°. 
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(d) From part (c), the point (2, 0, 4) lies on the second plane, but notice that the point also satisfies the equation of the first 


plane, so the point lies on the line of intersection of the planes. A vector v in the direction of this intersecting line is 


perpendicular to the normal vectors of both planes, so take v = ni x n2 = (1,3,1) x (2, 4, —3) = (—5,5, —10) or 


equivalently we can take v = (1, —1, 2). Parametric equations for the line are x = 2 + t, y = —t, z = 4 + 2t. 


j=2 (2a) 738 


Je +12+(-42 V26 


27. By Exercise 12.5.75, D = 


28. The equation z = 3 represents a plane parallel to the 29. The equation x = z represents a plane perpendicular to 
yz-plane and 3 units in front of it. the xz-plane and intersecting the xz-plane in the line 


r=z,y=0. 


IN 
* 
S 
S 
S 
S 
X 
HOS 
ds 
1 Ye 
H B 
= 


30. The equation y = z? represents a parabolic cylinder 31. The equation z? = y? + Az? represents a (right elliptical) 
whose trace in the xz-plane is the x-axis and which opens cone with vertex at the origin and axis the x-axis. 
to the right. 


2 


32. 4x — y + 2z = 4isa plane with intercepts 33. An equivalent equation is —z? + 5 —2 eda 


(1, 0, 0), (0, —4, 0), and (0, 0, 2). hyperboloid of two sheets with axis the y-axis. For 


|y| > 2, traces parallel to the xz-plane are circles. 
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34. An equivalent equation is —a? + y? + 2? = 1, 


a hyperboloid of one sheet with axis the x-axis. 


35. Completing the square in y gives 


36. Completing the square for z = y? + z? — 2y — 4z - 5 


2 : : 2 2 : " 
—(y-1 —2 hich 
à LAG cias Short yay Ae Se: in y and z gives x = (y — 1)* + (z — 2)“, which isa 
4 circular paraboloid with vertex (0, 1, 2) and axis the 
an ellipsoid centered at (0, 1, 0). horizontal iiney = 1; =3 
FA 
x M 
oy a? y 2 
37. 43? +y =16 © E + 367 1. The equation of the ellipsoid is T + 16 + — = L since the horizontal trace in the 
c 


plane z = 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since the surface is obtained 


by rotation about the z-axis. Therefore, c? — 16 and the equation of the ellipsoid is T | 


4r? + y? +27 = 16. 


2 2 2 


38. The distance from a point P(x, y, z) to the plane y = 1 is |y — 1|, so the given condition becomes 


ly - 1| = 24/(z — 0)? + (y+ 1)? + (2 - 0)? ly 


1| 2 2/2? 4 (y4 


IPF? > 


(y—1) = 4a? + 4(y4- 1)? 42 & -3 = 4a? + (3y? + 10y) +42? e 


2 | 


16 — Ag? 4+.3(y + 5)? +42? 3a H 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


[] PROBLEMS PLUS 


1. Since three-dimensional situations are often difficult to visualize and work with, let 9r 
us first try to find an analogous problem in two dimensions. The analogue of a cube I 
is a square and the analogue of a sphere is a circle. Thus a similar problem in two ps 
dimensions is the following: if five circles with the same radius r are contained in a PA 
square of side 1 m so that the circles touch each other and four of the circles touch Ve 


two sides of the square, find r. 


The diagonal of the square is v2. The diagonal is also 4r + 2x. But x is the diagonal of a smaller square of side r. Therefore 


= = re AI: 
c= V2r /2 4r + 2z — 4r - 22r = (4-2 /2)r => C= ay UE 


Let's use these ideas to solve the original three-dimensional problem. The diagonal of the cube is V12 + 1? + 1? = V3. 


The diagonal of the cube is also 4r + 2x where x is the diagonal of a smaller cube with edge r. Therefore 


veVrt+r+r=V3r v3 4r + 20 = 4r +2 V3r = (4+ 2 /3)r. Thus r = 
The radius of each ball is (v3 — 3) m. 


2. Try an analogous problem in two dimensions. Consider a rectangle with 
length L and width W and find the area of S in terms of L and W. Since S 


contains B, it has area 


A(S) = LW + the area of two L x 1 rectangles 


+ the area of two 1 x W rectangles 
+ the area of four quarter-circles of radius 1 
as seen in the diagram. So A(S) = LW + 2L 4- 2W 4- s - 1°. 
Now in three dimensions, the volume of S is 
LWH --2(Lx W x 1) -2(1 x W x H) -2(Lx1x H) 
+ the volume of 4 quarter-cylinders with radius 1 and height W 
+ the volume of 4 quarter-cylinders with radius 1 and height L 
+ the volume of 4 quarter-cylinders with radius 1 and height H 


+ the volume of 8 eighths of a sphere of radius 1 


So 
V(S) 2 LWH -- 2LW - 2WH -2LH t- 1:1 -W -s-V- Los Hán D 


=LWH+2(LW+WH+LH)+7(L+W+H)+ $7. 
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3. (a) We find the line of intersection L as in Example 12.5.7(b). Observe that the point (— 1, c, c) lies on both planes. Now since 


L lies in both planes, it is perpendicular to both of the normal vectors n; and n», and thus parallel to their cross product 


i j k 

nixno—|c 1 1 em c? 4-1, c? 1) 
1-c c 
r1 y— ce z—c 


So symmetric equations of L can be written as = = 
Ann 3 —2c c2—1 c2 +1 


, provided that c Z 0, +1. 


If c = 0, then the two planes are given by y + z = 0 and x = —1, so symmetric equations of L are x = —1, y = —z. 


If c = —1, then the two planes are given by —x + y + z = —1 and z + y + z = —1, and they intersect in the line x = 0, 


y = —z — 1. Ifc = 1, then the two planes are given by z + y + z = 1 and x — y + z = 1, and they intersect in the line 


y—-0rz-—1-z. 


t—c)(-2 
b) If we set z = t in the symmetric equations and solve for x and y separately, we get x + 1 = Mee py 
y e+1 
t—c)(?-1 —2ct + (? —1 2x WEIS: or. ius 
y—-c- e S = DIIS. = EE Eliminating c from these equations, we 


have x? + y? = t? + 1. So the curve traced out by L in the plane z = t is a circle with center at (0,0, t) and 


radius vyt? + 1. 


(c) The area of a horizontal cross-section of the solid is A(z) = (z? + 1), so V = Js A(z)dz = n|32? + z]; =<. 


4. (a) We consider velocity vectors for the plane and the wind. Let v; be the initial, intended 
velocity for the plane and v, the actual velocity relative to the ground. If w is the velocity 
of the wind, v, is the resultant, that is, the vector sum v; + w as shown in the figure. We 
know v; = 180 j, and since the plane actually flew 80 km in 3 hour, |v;| = 160. Thus 
vg = (160cos 85?) i + (160sin 85?) j zz 13.91 + 159.4 j. Finally, vi + w = vg, so 


w = vg — vi © 13.9i — 20.6 j. Thus, the wind velocity is about 13.9 i — 20.6 j, and the 


wind speed is |w| ~ 4/ (13.9)? + (—20.6)? ~ 24.9 km/h. 


(b) Let v be the velocity the pilot should have taken. The pilot would need to head a little west of north to compensate 
for the wind, so let 0 be the angle v makes with the north direction. Then we can write 
v = (180cos(0 + 90°), 180sin(0 + 90°)). With the effect of the wind, the actual velocity (with respect to the ground) 
will be v 4- w, which we want to be due north. Equating horizontal components of the vectors, we must have 


180 cos( + 90°) + 160cos85° =0 = — cos(0 + 90?) = —199 cos 85? ~ —0.0775, so 


= cos 1(—0.0775) — 90° ~ 4.4°. Thus the pilot should have headed about 4.4? west of north. 
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vs =proj va = H? vı = yoe apse 
. V3 =Pprojy, V2 me 1= 3 Yi 31 = gg IM = y 
V4 —projv, v3 = a yes SX. 2 (vi: v2) V2 = z v |va| = : |v2| = = 
4 — proJv; V3 iva? 2 iva? 2—32.92 1^ V2) V2 = 3933 V2 4 22.32 !V? 22.9 
2 
REIS DNE ORE cac C MEME UN ET NUN AEN 
5 —pIOJvs V4 = iva? 3= (8)? 92 *t 94.32 17 '2/ "177 943792 1 
5? DE duod i 55 ; 5^7? n-2 
|vs| = 3.32 |vil = B32 Similarly, |vo| = Q3 |v7| = zs ga? and in general, |Vn| = er = 3(2) ; 
Thus 
oo oo n—2 e n 
3, WWal = lval +lval + 22 3(8)" = 243+ Y, 3(0) 
o i 5 
=5+ >> 8(8)" =5+ : 2 [sum ofa geometric series] = 5 4- 15 = 20 
n=1 TR 


. Completing squares in the inequality x? + y? + 2? < 136 + 2(a + 2y + 32) 
gives (x — 1)? + (y — 2)? + (z — 3)? < 150 which describes the set of all Q01, 1, 4) 
points (x, y, z) whose distance from the point P (1, 2, 3) is less than 


V/150 = 5 V6. The distance from P to Q (—1,1,4) is VAF 13-1 = V6, 


so the largest possible sphere that passes through Q and satisfies the stated 


conditions extends 5 /6 units in the opposite direction, giving a diameter of 
6 /6. (See the figure.) 


Thus the radius of the desired sphere is 3 /6, and its center is 3/6 units from Q in the direction of P. A unit vector in this 


direction is u — B. (2, 1, —1), so starting at Q(—1, 1, 4) and following the vector 3 v6 u = (6,3, —3) we arrive at the center 


of the sphere, (5, 4, 1). An equation of the sphere then is (x — 5)? + (y — 4)? + (z — 1)? = (3/6) 


or (x — 5)? + (y — 4)? + (2-1)? = 54. 


. (a) When 0 = 0s, the block is not moving, so the sum of the forces on the block 
must be 0, thus N + F + W = 0. This relationship is illustrated 
geometrically in the figure. Since the vectors form a right triangle, we have 


|E] un 
“INN on Me 


tan(0,) 


(b) We place the block at the origin and sketch the force vectors acting on the block, including the additional horizontal force 
H, with initial points at the origin. We then rotate this system so that F lies along the positive x-axis and the inclined plane 


is parallel to the x-axis. (See the following figure.) 
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|F| is maximal, so |F| = u,n for 0 > 0s. Then the vectors, in terms of components parallel and perpendicular to the 


inclined plane, are 


N=nj F = (u,n)i 
W = (—mgsin0)i-- (—mgcos0)j H = (hmin cos 0) i + (—hmin sin 0) j 
Equating components, we have 
Ln — mgsinO + hmincosð =0 = hmin cosÓ + u,n = mgsin0 (1) 
n—mgcos?—hminsind=0 => hminsin?d+ mgcos0 =n (2) 


(c) Since (2) is solved for n, we substitute into (1): 
hmin cos + u, (hiis Sin 0 + mgcos@)=mgsind => 


hmin cos 0 + Amin, sin 0 = mgsinü — mgu,cos0ü => 


sin — u, cos0 tan — u, 
Amin = mg | —— =mg| ——— 

cos + u, sin 0 1+ yp, tan 
tan — tan 0, 
1 + tan, tan 0 


From part (a) we know u, = tan @s, so this becomes hmin = ma( ) and using a trigonometric identity, 


this is mg tan(0 — 0s) as desired. 

Note for 0 = 0,, hmin = mg tan 0 = 0, which makes sense since the block is at rest for 0,, thus no additional force H 
is necessary to prevent it from moving. As 0 increases, the factor tan(0 — 0.), and hence the value of hmin, increases 
slowly for small values of 0 — 0, but much more rapidly as 0 — 0, becomes significant. This seems reasonable, as the 
steeper the inclined plane, the less the horizontal components of the various forces affect the movement of the block, so we 
would need a much larger magnitude of horizontal force to keep the block motionless. If we allow 0 — 90?, corresponding 
to the inclined plane being placed vertically, the value of hmin is quite large; this is to be expected, as it takes a great 


amount of horizontal force to keep an object from moving vertically. In fact, without friction (so 0; = 0), we would have 


0 — 90° hmin — oo, and it would be impossible to keep the block from slipping. 


(d) Since hmax is the largest value of h that keeps the block from slipping, the force of friction is keeping the block from 
moving up the inclined plane; thus, F is directed down the plane. Our system of forces is similar to that in part (b), then, 


except that we have F = —(pu,n) i. (Note that |F| is again maximal.) Following our procedure in parts (b) and (c), we 
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equate components: 


—u,n — mgsind+hmaxcos?@=0 =  haaxcos0 — u,n = mgsin0 
n —mgcosÜ — hyaxsinÜ — 0 = hmaxsind+mgcoséd=n 


Then substituting, 
hmax cos 0 — ui. (sax sin 0 + mg cos) = mgsind => 


max COS O — hau, Sin? = mgsin0 + mgu,cos0 => 


sin + u, cos0 tan@ + t, 
max = MO > re OES eet oc er 
cos @ — u, sin 0 1— yp, tand 


( tan@ + tan 0, 


1 — tan 0, n) = mgtan(0 + 0s) 


We would expect hmax to increase as 0 increases, with similar behavior as we established for Amin, but with hmax values 
always larger than hmin. We can see that this is the case if we graph hmax as a function of 0, as the curve is the graph of 
hmin translated 20, to the left, so the equation does seem reasonable. Notice that the equation predicts hmax — 00 as 

0 — (90? — 0s). In fact, as hmax increases, the normal force increases as well. When (90? — 8s) < 0 < 90°, the 
horizontal force is completely counteracted by the sum of the normal and frictional forces, so no part of the horizontal 


force contributes to moving the block up the plane no matter how large its magnitude. 


8. (a) The largest possible solid is achieved by starting with a circular cylinder of diameter 1 with axis the z-axis and with a 


height of 1. This is the largest solid that creates a square shadow with side length 1 in the y-direction and a circular disk 


shadow in the z-direction. For convenience, we place the base of the 


NI 


cylinder on the xy-plane so that it intersects the x- and y-axes at 4 


We then remove as little as possible from the solid that leaves an 
isosceles triangle shadow in the x-direction. This is achieved by 


cutting the solid with planes parallel to the x-axis that intersect the 


z-axis at 1 and the y-axis at +4 (see the figure). 


To compute the volume of this solid, we take vertical slices parallel to the xz-plane. The equation of the base of the solid 
isa? +y? = i SO a cross-section y units to the right of the origin is a rectangle with base 2 4 / i —4?2.For0 € y € i. 
the solid is cut off on top by the plane z = 1 — 2y, so the height of the rectangular cross-section is 1 — 2y and the 


cross-sectional area is A(y) = 24/4 — y? (1 — 2y). The volume of the right half of the solid is 


1/2 1/2 1/2 
2 i-50-2)4)- 2] (iva af yy ī Y? dy 
0 
1/2 
=2 i area of a circle of radius i] = 4[-3G = yp 


Thus the volume of the solid is 2(£ — 4) = 7 — 
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(b) There is not a smallest volume. We can remove portions of the solid from 
part (a) to create smaller and smaller volumes as long as we leave the 
“skeleton” shown in the figure intact (which has no volume at all and is not a 


solid). Thus we can create solids with arbitrarily small volume. 
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13 L] VECTOR FUNCTIONS 


13.1 Vector Functions and Space Curves 


1. The component functions In(t + 1), a" and 2* are all defined whent+1>0 => t>-land9-#>0 > 


y/9 — t 


—3 < t < 3, so the domain of r is (—1, 3). 


1 1 , i 
2. The component functions cost, Int, and r3 ate all defined when t > 0 and t Æ 2, so the domain of r is (0, 2) U (2, oc). 
p 1 1 1 1 
3. lim e?! = e? = 1, lim —3; = lin —,— = —> = z= =1, 
t0 t20sin^f +t-0 sin*t . Sin^t sint 1? 
lim lim —— 
t2 t50 t? t>0 t 


and lim cos2t = cos0 = 1. Thus 


2 2 
lim G i+ s j + cos2t x) = [lim ge i+ È mE. | j+ [tim cos 2] k=i+j+k. 
t0 sin^ t 10 10 sin“ t t—>0 
teate a etl f . sinmt |, Tcosmt ; n. 
4. lim FT lim à lim t 1, lim vt+8=3, lim ag lim "T —m [by l'Hospital's Rule]. 


Thus the given limit equals i 4- 3j — 7 k. 


1-0 a AFIL 041 _ "ONCE S E MN: 
ngos aay 0 9 Ne cesi es 0p oo nA 
: 148 Hig boe 7 
fim (Hita t, t = (-1, §,0) 
; T NEUE NER e ; » poo i s LE) x0. 1 
6 jim, te = lim E = lim zt —0 [by l’Hospital’s Rule], jim, TEE] = lim S O (1/8) = 30 5 
1 i -1/t? 1 
and jim, tsin i jim, mt = jim, UE m jim cos. = cos0 = 1 [again by l'Hospital's Rule]. 


1 
f e^ i 1 
Thus jim, (te BL 7 tsin :) = (0, 5,1). 


7. The corresponding parametric equations for this curve are x = — cost, 1? 
y — t. We can make a table of values or we can eliminate the parameter: 
t=y => «=-—cosy, with y € R. By comparing different values of t, E 
L————» 


we find the direction in which t increases as indicated in the graph. 


tad 
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8. The corresponding parametric equations for this curve are x = t? — 1, y = t. We ii 
can make a table of values, or we can eliminate the parameter: 
t=y x — y? — 1, with y € R. Thus the curve is a parabola with vertex CA,0N 0 X 
(—1, 0) that opens to the right. By comparing different values of t, we find the 


direction in which £ increases as indicated in the graph. 


9. The corresponding parametric equations for this curve are x = 3sint, y = 2cost. We can make a table of values, or we can 


eliminate the parameter: x = 3sint, y = 2cost 5 sint, cost 5 

T? y? 2 

y + T = sin?t + cos?t = 1, which we recognize as the equation of an 

ellipse with x € [—3, 3] and y € [—2, 2]. By comparing different values of 3 3x 
t, we find the direction in which t increases as indicated in the graph. 3 


10. The corresponding parametric equations for this curve are x = e’, y = e™*. yA 


We can make a table of values, or we can eliminate the parameter: 
y = e™* = 1/e = 1/x with z, y > 0. By comparing different values of t, 


we find the direction in which £ increases as indicated in the graph. 


ZA 


11. The corresponding parametric equations are x = t, y = 2 — t, z = 2t, which are 
parametric equations of a line through the point (0, 2, 0) and with direction vector 


WES 01 


12. The corresponding parametric equations are x = sin mt, y = t, z = cos Tt. 


Note that x? + z? = sin? «t + cos? xt = 1, so the curve lies on the circular 


cylinder z? + z? = 1. A point (x, y, z) on the curve lies directly to the left or 


right of the point (x, 0, z) which moves clockwise (when viewed from the left) 


along the circle z? + z? = 1 in the xz-plane as t increases. Since y = t, the 


curve is a helix that spirals toward the right around the cylinder. 
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13. The corresponding parametric equations are = 3, y = t, z = 2 — t^. 


14. 


15. 


16. 


17. 


18. 


Eliminating the parameter in y and z gives z = 2 — y?. Because x = 3, the 


curve is a parabola in the vertical plane x = 3 with vertex (3, 0, 2). 


The corresponding parametric equations are x = 2cost, y = 2sint, 


z = 1. Eliminating the parameter in x and y gives 


x? +y? = Acos? t + Asin? t = 4(cos*t + sin? t) = 4. Since z = 1, the 


curve is a circle of radius 2 centered at (0, 0, 1) in the horizontal plane 


21) 


The parametric equations are z = t”, y = t^, z = tê. These are positive 


for t Æ 0 and 0 when t = 0. So the curve lies entirely in the first octant. 


The projection of the graph onto the zy-plane is y = z?, y > 0, a half parabola. 
y y p 


The projection onto the zz-plane is z = z?, z > 0, a half cubic, and the 


projection onto the yz-plane is y? = z?. 


2 


If x = cost, y = —cost, z = sint, then z? + 2? = 1 and y? +2 =1, 


so the curve is contained in the intersection of circular cylinders along the 


x- and y-axes. Furthermore, y = —, so the curve is an ellipse in the 


plane y = —, centered at the origin. 


The projection of the curve defined by the vector function 


r(t) = est AE onto the yz-plane is given by r(t) = (0, t?, p 


[we use 0 for the z-component], whose graph is the curve z = 1/y, x = 0, 


since z = t? = 1/0. 


The projection of the curve defined by the vector function 


r(t) (t 
r(t) = ( 


+ 1, 864 


+ 1, cos(t/2)) onto the xy-plane is given by 


+1,3t + 


1, 0) [we use 0 for the z-component], whose graph is 


the curve y = 3r — 2, z = 0, since y = 3t + 1 = 3(x — 1) + 1 = 3x — 2. 
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19. The projection of the curve onto the xy-plane is given by r(t) = (t,sint,0) [we use 0 for the z-component] whose graph 
is the curve y = sin x, z = 0. Similarly, the projection onto the zz-plane is r(t) = (t,0, 2 cost), whose graph is the cosine 


wave z = 2 cos x, y = 0, and the projection onto the yz-plane is r(t) = (0, sin t, 2 cost) whose graph is the ellipse 


yY +42? =12=0, 


ZA 2 


=2 


xy-plane xz-plane yz-plane 


From the projection onto the yz-plane we see that the curve lies on an elliptical 
cylinder with axis the x-axis. The other two projections show that the curve 
oscillates both vertically and horizontally as we move in the x-direction, 


suggesting that the curve is an elliptical helix that spirals along the cylinder. 


20. The projection of the curve onto the xy-plane is given by r(t) = (t,t, 0) whose graph is the line y = x, z = 0. 
The projection onto the xz-plane is r(t) = (t; 0, t) whose graph is the parabola z = x”, y = 0. 
The projection onto the yz-plane is r(t) = (0, t, t?) whose graph is the parabola z = y?, x = 0. 


YA 


RY 


xy-plane xz-plane yz-plane 


From the projection onto the zy-plane we see that the curve lies on the vertical 
plane y = x. The other two projections show that the curve is a parabola contained 


in this plane. 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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We take ro — (—2,1,0) and r1 — (5,2, —3). Then, by Equation 12.5.4 we have a vector equation for the line segment: 


r(t) = (1—t) (—2,1,0) 4- t (5,2, —3) r(t) 2 (-2+7t,1+t,-3t), 0<t<1 


with corresponding parametric equations x = —2 + 7t, y = 1 +t, z = —3t,0 <t < 1. 


We take ro = (0,0,0) and r1 = (—7, 4,6). Then, by Equation 12.5.4 we have a vector equation for the line segment: 


r(t) = (1— t) (0,0,0) + t (—7, 4,6) r(t) = (—7t,4t,6t), O<t<1 


with corresponding parametric equations x Tt, y = 4t,z =6t,0<t<1. 


We take ro = (3.5, —1.4, 2.1) and rı = (1.8, 0.3, 2.1). Then, by Equation 12.5.4 we have a vector equation for the line 
segment: 


r(t) = (1— t) (3.5, —1.4, 2.1) + t (1.8, 0.3, 2.1) r(t) = (3.5 — 1.7t,—1.4 + 1.7t,2.1), 0<t<1 


with corresponding parametric equations x = 3.5 — 1.7t, y = —1.4 + 1.7t, z = 2.1,0 <t € 1. 


We take ro = (a,b,c) and rı = (u, v, w). Then, by Equation 12.5.4 we have a vector equation for the line segment: 
r(t) = (1— t) ro +tri = (1 — t) (a,b,c) + t (u,v, w) 


> r(t) = (a+ (u—a)t,b+ (v — b)t,c+(w—c)t), O<t<1 


with corresponding parametric equations x = a + (u — a)t, y = b + (v — b)t, z oct (w—c)t O<t<1. 

xz —tcost, y — t, z — tsint, t> 0. Atany point (x, y, z) on the curve, z? + z? = t? cos? t + t? sin? t = t? = 4? so the 
curve lies on the circular cone z? + 2? = y? with axis the y-axis. Also notice that y > 0; the graph is II. 

x — cost, y — sint, z = 1/(1--t?). Atany point on the curve we have x” + y? = cos? t + sin? t = 1, so the curve lies 


on the circular cylinder x? + y? = 1 with axis the z-axis. Notice that 0 < z < 1 and z = 1 only for t = 0. A point (x,y, z 
y. y 


on the curve lies directly above the point (x, y, 0), which moves counterclockwise around the unit circle in the zy-plane as t 


increases, and z — 0 as t — too. The graph must be VI. 


x=t, y=1/(1+?t*), z 2 ?.. Atany point on the curve we have z = x”, so the curve lies on a parabolic cylinder parallel 


to the y-axis. Notice that 0 < y < land z > 0. Also the curve passes through (0, 1, 0) when t = 0 and y — 0, z — oo as 


t — +00, so the graph must be V. 


x — cost, y — sint, z = cos2t. z? +y? = cos? t + sin? t = 1, so the curve lies on a circular cylinder with axis the 
z-axis. A point (x, y, z) on the curve lies directly above or below (x, y, 0), which moves around the unit circle in the zy-plane 
with period 27. At the same time, the z-value of the point (x, y, z) oscillates with a period of 7. So the curve repeats itself and 


the graph is I. 


x = cos8t, y = sin 8t, z = e™%, t>0. a? + y? = cos? 8t + sin? 8t = 1, so the curve lies on a circular cylinder with 


axis the z-axis. A point (x, y, z) on the curve lies directly above the point (x, y, 0), which moves counterclockwise around the 
unit circle in the zy-plane as t increases. The curve starts at (1, 0, 1), when t = 0, and z — oo (at an increasing rate) as 


t — oco, so the graph is IV. 
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30. 


31. 


32. 


33. 


35. 


36. 


37. 


38. 


39. 
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x= cos? t, y — sin?t, z — t. x+y = cos? t+ sin? t — 1, so the curve lies in the vertical plane x + y = 1. 


x and y are periodic, both with period 7, and z increases as t increases, so the graph is III. 
As y = 4 in the vector equation r(t) = (t, 4, t), the curve z = x? lies in the plane y = 4. 


r(t) = (t, t; t}. Consider the projection of the curve in the xz-plane, r(t) = (t, 0, t). This is the line z = x, y = 0. Thus, the 


curve is contained in the plane z = x. 


r(t) = (sint, cost, — cos t). Consider the projection of the curve in the yz-plane, r(t) = (0, cos t, — cost). This is the line 


z = —y, x = 0. Thus, the curve is contained in the plane z = —y. 


. r(t) = (2t, sint, t + 1). Consider the projection in the zz-plane, r(t) = (21,0, t + 1). This is the line with parametric 


equations x = 20, z =t+ly=0 x = 2t = 2(z — 1) = 2z — 2,y = 0. Thus, the curve is contained in the plane 
c -—2z-—2. 


If z —tcost, y=tsint, z =t, then z? +y? = t co? t + t? sin? t = t = z?, 


so the curve lies on the cone z? = a? + y?. Since z = t, the curve is a spiral on 


this cone. 


If x = sint, y = cost, z sin? t, then x? = sin? t = z and 
x? + y? = sin? t + cos? t = 1, so the curve is contained in the 
intersection of the parabolic cylinder z = x? with the circular 


cylinder z? + y? = 1. We get the complete intersection for 


0x t2. 
Here z = 2t, y = €', z = e”. Then t = 2/2 y = e! = e*/?, so the curve lies on the cylinder y = e?/?. Also 
z = e” = e, so the curve lies on the cylinder z = e”. Since z = e” = (et? = 4f?, the curve also lies on the parabolic 


cylinder z = y?. 


Here x = t?, y = Int, z = 1/t. The domain of r is (0, 00), soz = £? t= fx y = In yz. Thus one surface 


containing the curve is the cylinder y = In /z or y = Inz!/? = i Ing. Also z = 1/t = 1/4/z, so the curve also lies on the 


cylinder z = 1/A/z or z = 1/2?, z > 0. Finally z = 1/t t=1/z y = In(1/z), so the curve also lies on the 
cylinder y = In(1/z) or y = Inz~+ = — In z. Note that the surface y = In(xz) also contains the curve, since 


In(zz) = In(t? - 1/t) = Int = y. 


Parametric equations for the curve are x = t, y = 0, z = 2t — t?. Substituting into the equation of the paraboloid 


gives 2t — i? = £? 2t = 2t? t = 0, 1. Since r(0) = O and r(1) = i + k, the points of intersection 


are (0,0,0) and (1,0, 1). 
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40. Parametric equations for the helix are x — sint, y — cost, z — t. Substituting into the equation of the sphere gives 


sin? t + cos? t +t =5 > 14+0=5 => t= x2. Sincer(2) = (sin2,cos2, 2) and 


r(—2) = (sin(—2), cos(—2), —2), the points of intersection are (sin 2, cos 2, 2) ~ (0.909, —0.416, 2) and 
(sin(—2), cos(—2), —2) ~ (—0.909, —0.416, —2). 


41. r(t) = (cost sin 2t, sint sin 2t, cos 2t). 
We include both a regular plot and a plot 


showing a tube of radius 0.08 around the 


2 
z 0 
-2 
10 0 
» . v5 5 


curve. 


44. r(t) = (cos(8 cost) sint, sin(8 cost) sint, cost) 45. r(t) = (cos 2t, cos 3t, cos 4t) 
1 
1 
z 0 z 0 
=| : 4 
CNET 0 -1 
j ra x 1% 
y Ly 0 - 


46. x = sint, y = sin 2t, z = cos 4t. 


[continued] 
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We graph the projections onto the coordinate planes. 


1 1 


m 0 -1 0 1 


x x 
xy-plane xz-plane yz-plane 


From the projection onto the xy-plane we see that from above the curve appears to be shaped like a “figure eight.” 
The curve can be visualized as this shape wrapped around an almost parabolic cylindrical surface, the profile of 


which is visible in the projection onto the yz-plane. 


x = (1 + cos 16t) cost, y = (1 + cos 16t) sint, z = 1+ cos 16t. At any 


point on the graph, 
r + y? = (1 + cos 16t)? cos? t + (1 + cos 16t)? sin? t 
= (1+ cos 16t)? = z?, so the graph lies on the cone x? + y? = z?. 
( grap y 


From the graph at left, we see that this curve looks like the projection of a 


leaved two-dimensional curve onto a cone. 
x = y1 — 0.25 cos? 10tcost, y = V1 — 0.25 cos? 10t sin t, 
z = 0.5cos 10t. At any point on the graph, 
x? +y? + 2? = (1— 0.25 cos? 10t) cos? t 
+(1 — 0.25 cos? 10t) sin? t + 0.25 cos? t 


— 1 — 0.25 cos? 10t 4- 0.25 cos? 10t — 1, 


so the graph lies on the sphere z? + y? + z? = 1, and since z = 0.5 cos 10¢ the graph resembles a trigonometric curve with 


ten peaks projected onto the sphere. We get the complete graph for 0 < t < 27. 


49. If t = —1, then z = 1, y = 4, z = 0, so the curve passes through the point (1, 4,0). If t = 3, then x = 9, y = —8, z = 28, 


so the curve passes through the point (9, —8, 28). For the point (4, 7, —6) to be on the curve, we require y = 1 — 3t = 7. > 


t = —2. But then z = 1 + (-2? = —7 6, so (4, 7, —6) is not on the curve. 


50. The projection of the curve C of intersection onto the xy-plane is the circle x? + y? = 4, z = 0. 
Then we can write x = 2cost, y = 2sint, 0 < t € 2r. Since C also lies on the surface z = xy, we have 
z = xy = (2cost)(2sint) = 4costsint, or 2sin(2t). Then parametric equations for C are x = 2cost, y = 2sint, 


z = 2sin(2t), 0 < t € 2m, and the corresponding vector function is r(t) = 2costi-- 2sintj + 2sin(2t) k, 0 < t € 27. 
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53. 
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55. 
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Both equations are solved for z, so we can substitute to eliminate z: /z? +y2 =1+y > 2?+y?=14+2y+y? = 
re =1+2y > y= 4 (a? — 1). We can form parametric equations for the curve C of intersection by choosing a 
parameter x = t, then y = $(t? — 1) and z = 1 +y = 1 + 4 (t? — 1) = 4 (t? +1). Thus a vector function representing C 
is r(t) 2 ti- 1(? —1)j o i(8 +1)k. 

The projection of the curve C of intersection onto the ay-plane is the parabola y = x?, z = 0. Then we can choose the 


parameter x =t = y= t?. Since C also lies on the surface z = 4x? + y?, we have z = Ax? + y? = At? + (PY. 


Then parametric equations for C are x = t, y = t?, z = 4t? + t^, and the corresponding vector function 
is r(t) = ti + t? j+ (4? + t*) k. 


The projection of the curve C of intersection onto the xy-plane is the circle z? + y? = 1, z = 0, so we can write x = cost, 


y = sint, 0 < t < 2r. Since C also lies on the surface z = z?-— y^, we have z = x” y? = cos? t — sin? t or cos 2t. 


Thus parametric equations for C are x = cost, y = sint, z = cos2t, 0 € t € 27, and the corresponding vector function 


is r(t) = costi + sin tj + cos2t k, 0 € t € 2m. 


The projection of the curve C of intersection onto the xz-plane is the circle x? + 2? = 1, y = 0, so we can write x = cos t, 


z = sint, 0 < t < 2. C also lies on the surface x? + y? + Az? = 4, and since y > 0 we can write 
y = V4— x? — 42 = y4 — cos? t — Asin? t = \/4 — cos? t — 4(1 — cos? t) = V3cos? t = V3|cost| 


Thus parametric equations for C are z — cost, y — V3 | cost |, z = sint, 0 € t < 2, and the corresponding vector function 


is r(t) = costi + V3|cost| j 4- sintk, 0 € t € 2r. 


5 The projection of the curve C of intersection onto the 
xy-plane is the circle z? + y? = 4, z = 0. Then we can write 
4 s 
AH x = 2cost, y = 2sint, 0 € t € 27. Since C also lies on 
vA [T + 
H the surface z = x”, we have z = x? = (2cost)? = 4cos? t. 
g ` 2 Then parametric equations for C are x = 2cost, y = 2sint, 
=) s si 
0 73 2 u z —4cos? t, 0 € t € 2s. 
y 
s z 1 
St y=? 42? = 16 — r? — 4 = 16- £? 


Note that z is positive because the intersection is with the top half of the ellipsoid. Hence the curve is given 


byz=t, y=t?, z=,/4 ie tt. 
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57. For the particles to collide, we require r1(f) =re(t) € Ur. Tt — 12, $5 = (4t — 3,17, 5t — 6). Equating components 


gives t? = 4t 


3, Tt 


12 = t?, and t? = 5t — 6. From the first equation, t? 


4t+3=0 (t—3)(£—1) =Osot=1 


or t = 3. t = 1 does not satisfy the other two equations, but t = 3 does. The particles collide when t = 3, at the 


point (9, 9, 9). 


58. 


The particles collide provided rı (t) = ra(f) €» (t, e p = (1+ 2t,1 + 6t, 1+ 14t). Equating components gives 


t=1+2t,t? = 1+ 6t, and t? = 1 + 14t. The first equation gives t = —1, but this does not satisfy the other equations, so 


the particles do not collide. For the paths to intersect, we need to find a value for t and a value for s where rı (t) = r2(s) 


= 


a i) = (1+ 2s,1+6s,1+ 145). Equating components, t = 1 + 25, t? = 1+ 6s, and t? = 1+ 14s. Substituting the 


first equation into the second gives (1 + 2s)? =1+6s 
From the first equation, s = 0 t 


third equation. Thus the paths intersect twice, at the point (1, 1, 1) when s = 0 and t = 1, and at (2, 4, 8) when s = 5 


1 


1 


As? 


lands 


t 


and t = 2. 


2 


2s—0 Oor s — z. 


2s(2s 7 


1)=0 E 


2. Checking, we see that both pairs of values satisfy the 


1 
2 


59. (a) We plot the parametric equations for 0 < t < 27 in the first figure. We get a better idea of the shape of the curve if we plot 


it simultaneously with the hyperboloid of one sheet from part (b), as shown in the second figure. 


(b) Here x = x sin 8t — = sin 18t, y = -Z cos 8t + 3 cos 18t, z — 


For any point on the curve, 


144 |: 
"os sin 5t. 


re +y? (= sin 8t — Š sin 187)? + CZ cos 8t + Š cos 181)? 


= 20 sin? 8t — 2. 275 sin 8tsin 18t + £$ sin? 18t 

HE cos? 8t — 2- AS cos 8t cos 18t + 5 cos? 18t 
> ES (sin? 8t + cos? 8t) + 5 (sin? 18t + cos? 18t) — eg (sin 8t sin 18t + cos 8t cos 18t) 
ES m pos e 72 cos (18t — 8t) = i dois x cos 10t 


using the trigonometric identities sin? 0 + cos? 0 = 1 and cos (x — y) = cos x cosy + sin z sin y. Also 


z2 


1442 


= T sin? 5t, and the identity sin? z = 


1 — cos 2x 


gives z? = Iu - 4 [1 — cos(2 - 5t)] = 1 — 1 cos 10t. 
[continued] 
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144(a? + y?) — 2522 = 


27? 64 72 144? 144? 
144 262 T 392 169 cos 10) — 25 (#5 — 92:652 cos 10t 
272 64 25-144 72 25-144 
= 144 | 267 + 392 — 2657 — 169 COS 10t + Af cos10t) 


Thus the curve lies on the surface 144(z? 


sheet with axis the z-axis. 


{4 COS 10t + {4 COS 10f) = 144 (3) = 100 


4- y?) — 252? = 100 or 144a? + 144y? — 25z? = 100, a hyperboloid of one 


60. The projection of the curve onto the xy-plane is given by the parametric equations x = (2 + cos 1.5t) cost, 


y = (2+ cos 1.5t) sin t. If we convert to polar coordinates, we have 


r? = g? 4 y? = [(2 + cos 1.5t) cos t]? + [(2 + cos 1.5£) sin t]? 


= (2+ cos 1.5)? (cos? t + sin? t) = (2 + cos 1.5t)? 


(2 + cos 1.5) sint 


y 
iom x (2+ cos1.5t) cost 


Thus the polar equation of the curve is r = 2 + cos 1.50. At 0 = 0, we have 
r = 3, and r decreases to 1 as 0 increases to 27. For 27 < 0 < 


increases to 3; r decreases to 1 again at 0 = 27, increases to 3 at 0 = 


7 


decreases to 1 at 0 — 19*, and completes the closed curve by increasing 


3 


to 3 at 0 = 47. We sketch an approximate graph as shown in the figure. 


=> r-—2-cosl.5t 


—tant > @=t. 


An 
3°07 


8a 
3 , 


We can determine how the curve passes over itself by investigating the maximum and minimum values of z for 0 € t € 4m. 


5n on 


Since z = sin 1.5t, z is maximized where sin 1.5t = 1 => 1.5t= 53 MOOD => 

t=%, 5z, or 37. z is minimized where sin 1.5t = —1 => y^ 

1.5t = am. m, or iz => $= 7; a, or =. Note that these are 

precisely the values for which cos1.5$ =0 = r = 2, and on the graph 

of the projection, these six points appear to be at the three self-intersections 0 X 


we see. Comparing the maximum and minimum values of z at these 


intersections, we can determine where the curve passes over itself, as 


indicated in the figure. 


[continued] 
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We show a computer-drawn graph of the curve from above, as well as views from the front and from the right side. 


+-3 3+ 
2+ 2T 
14 
z OT z On 
-1+ 
—2-4- d 
3 Gaa H ! + ! 


-3 2-1 0 1 2 3 3 2 1 0 4 -2 -3 
y x 
Top view Front view Side view 


The top view graph shows a more accurate representation of the projection of the trefoil knot onto the xy-plane (the axes are 
rotated 90°). Notice the indentations the graph exhibits at the points corresponding to r = 1. Finally, we graph several 


additional viewpoints of the trefoil knot, along with two plots showing a tube of radius 0.2 around the curve. 


3+ 

2+ 

1+ 

t OX 

al 

—24 

—3+ 

-3-2-10 1 33 3210-023 

y 
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61. Let u(t) = (ui (t), u2(t), ua(t)) and v(t) = (vı (t), v2(t), va(t)). In each part of this problem the basic procedure is to use 
Equation 1 and then analyze the individual component functions using the limit properties we have already developed for 


real-valued functions. 


(a) lim u(t) + lim v(t) = (iim ui (t), lim ua(t), lim u3 (t)) + (im vi(t), lim v2(t), lim U3 (t)) and the limits of these 


—a 
component functions must each exist since the vector functions both possess limits as t — a. Then adding the two vectors 


and using the addition property of limits for real-valued functions, we have that 


lim u(t) + lim v(t) = (im ui (t) + lim vi (t), lim u2(t) + lim ve(t), lim ua(t) + lim U3 ()) 


ta t—a >a 


= (lim [us (£) + v1 (t)], lim [u2(t) + v2(t)] , lim [us(t) + vs(0]) 


ta 


= lim (ui (t) + vi (t), ua (t) + va (t), u3(t) + va(t)) [using (1) backward] 


= lim [u(t) + v(t)] 


t—a 


—a 


(b) lim cu(t) — lim (cur(t), cu2 (t), cug(t)) = (iim cui (t), lim cua(t), lim cua(t) 


= (clim ur(t),c lim ua(t), clim us(t)) =C (iim ui (t), lim ua(t), lim ua(t)) 
= c lim (ui (£), ua (t), ua(t)) = clim u(t) 


(c) lim u(t) : lim v(t) = (iim u(t), lim uo(t), lim ux(t)) ; ( lim vi (£), lim v2(¢), lim va(t)) 


>a ia i—a 


= [im u (| [tim vi | + [im ux(t) [lim vx(t)] + [im us (| [tim va(t)| 


=a —a —a t—a 


= lim ui (t)ui (t) + lim u2(t)ve(t) + lim ua(t)va(t) 


= lim [ui (£)ui (t) + uz(t)u2(t) + us(t)vs(t)] = lim [u(t) - v(t)] 


t—a —a 


(d) lim u(t) x lim v(t) = (iim u(t), lim u2(t), lim us (0) x ( lim v; (f), Jim vo(t), lim va(t)) 


ta 


= (Paso CIE 
paet] [m 65] — [m a0] [m vs] 
sso) [eo] = Diesen] eto 
= (im [ua(t)vs(t) — us(t)v2(¢)] Him [us (t)vi (£) — ui (Dvs(0]. 
lim [ui (£)va(t) — ua(t)v (0]) 
= lim (ux(t)vs(t) — us (t)v2(t), us (t) vx (t) — u1 (t)vs (t), ux (t)v2(t) — uz(t)vi (t) 


= lim [u(t) x v(t)] 


t—a 


62. Let r(t) = (f (t), g (t) , A (t)) and b = (b1, ba, b3). If lim r(t) — b, then lim r(t) exists, so by (1), 


>a 


b= lim r(t) = (lim f(t), lim g(t), lim ht). By the definition of equal vectors we have lim f(t) 2 b, lim g(t) = b2 
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and lim h(t) = 63. But these are limits of real-valued functions, so by the definition of limits, for every € > 0 there exists 


t—a 
61 > 0,602 > 0,03 > 0 so that if 0 < |t — a| < 61 then | f(t) — bı| < €/3, if 0 < |t — a| < ó2 then |g(t) — b2| < £/3, and 
if0 < |t — a| < 63 then |h(t) — b3| < &/3. Letting 6 = minimum of {61, 62, 63}, then if 0 < |t — a| < 6 we have 


| f(t) — ba] + |g(t) — ba| + |A(t) — bs| < e/3 + &/3 + £/3 =e. But 


Ir(£) — b| = |(F(t) — b1, g(t) — ba, h(t) — bs)| = V (F(E) — b1)? + (g(t) — 2)? + (R(t) — b3)? 
< VIE - bP? + Vig) = x? + VIR] — bs}? = | F(t) — bil + lgl) — b2 + IRC) — b| 
Thus for every £ > 0 there exists 6 > 0 such that if 0 < |t — a| < 6 then 
Ir(t) — b| € | F(t) — b] + lg(t) — b»| + |h(t) — bs| < e. 
Conversely, suppose for every € > 0, there exists ô > 0 such that if 0 < |t — a| < ô then |r(t)- b| «e e 
\(F(t) — bgl) -bz A(t) t) «e e VI O-RETINO-REPETBO-RPes e 
[f (t) — b1]? + [g(t) — ba]? + [h(t) — ba]? < &?. But each term on the left side of the last inequality is positive, so if 
0 < [t — a| < ô, then [f (t) — bi]? < &?, [g(t) — be]? < &? and [h(t) — bs]? < &? or, taking the square root of both sides in 


each of the above, | f(t) — bi] < e, |g(t) — b2| < £ and |h(t) — b3| < £. And by definition of limits of real-valued functions 


we have lim f(t) = b, lim g(t) = b2, and lim h(t) = ba. But by (1), lim r(t) = (lim f(t), lim g(t), lim (t), 


so lim r(t) = (b1,02,03) = b. 


t—a 


13.2 Derivatives and Integrals of Vector Functions 


1. (a) "n 


ea) = 2|r(4.5) — r(4)], so we draw a vector in the same 


direction but with twice the length of the vector r(4.5) — r(4). 
r(4.2) — r(4) 
0.2 
direction but with 5 times the length of the vector r(4.2) — r(4). 


= 5[r(4.2) — r(4)], so we draw a vector in the same 


ition 1, r'(4) = lim Tt — (9) 
(c) By Definition 1, '(4) = lim h l ESI 
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(d) T(4) is a unit vector in the same direction as r’ (4), that is, parallel to the 


tangent line to the curve at r(4) with length 1. 


2. (a) The curve can be represented by the parametric equations x = t?, y = t, 0 < t < 2. Eliminating the parameter, we have 


x =y’, 0 < y < 2, a portion of which we graph here, along with the vectors r(1), r(1.1), and r(1.1) — r(1). 


yA 


(b) Since r(t) = (Ost), we differentiate components, giving r’(t) = (2t, 1), so r'(1) = (2,1). 


r11)-r(1) — (1.21,1.1) — (1,1) | 7 
ST = 10 (0.21, 0.1) = (2-1, 1). 


1 2 3 4* 


As we can see from the graph, these vectors are very close in length and direction. r'(1) is defined to be 
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lim — and we recognize repr) as the expression after the limit sign with h = 0.1. Since h is 
1.1) - r(1 
close to 0, we would expect OD or to be a vector close to r' (1). 

3. r(t) = (t— 2,2 +1), (a), (c) ay (b) r'(t) = (1, 2t), 
r(-1) = (-3,2). r'(—1) = (1-2) 
Since (x + 2)? Eq y-1 > (73,2) 

2 . , r(~1) 
y = (x + 2) + 1, the curve is a r'(~1) 
parabola. o x 

4. r(t) = CX r(1) = (1,1). (a), (c) (b) r'(t) = (2t, 3t7), 
Since z = t? = (P = y?/3, r'(1) = (2,3) 
the curve is the graph of x: = y?/3, 

5, r(t) = e?" ic etj, r(0) 2 i4 j. ONOMEA (b) r'(t) = 2e% i 4- ef j, 
Since x = e?! = (et)? = y’, the r’(0) =2i+j 
curve is part of a parabola. Note 
that here x > 0, y > 0. 

6. r(t) =e’ i+ 2tj, r(0) =i. (a), (c) yt (b) r'(t) =e? i+ 2j, 


Since x — ef & t=Inz and r'((0)-2i-c2j 
y = 2t = 21nz, the curve is the 


graph of y = 21nz. 


7. r(t) = 4sinti — 2costj, r(31/4) = 4(V2/2)i — 2(—V/2/2) j = 2V2i4 2j. 


Here (z/4)? + (y/2)? = sin? t + cos? t = 1, so the curve is the ellipse a + a =i, 


(b) r'(t) = 4costi + 2sintj, 
r'(31/4) = —2/2i4- V2j. 


(a), (c) 
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14. 


15. 


16. 


17. 
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. r(t) = (cost + 1)i + (sint — 1) j, r(77/3) = (4+ 1)i+( y 1) j= 3i+ ( {x3 1)j= 15i- 1.873. 


Here (x — 1)? + (y + 1)? = cos? t + sin? t = 1, so the curve is a circle of radius 1 with center (1, —1). 
(a), (c) "m (b) r'(t) = — sinti + costj, 
0 E r'(-7/3) = Li+ 1j 2 0.8714-0.5j 
r'(—7/3) 
3 x3 
eros 1) 


r(t) = (4 [vr-3], 4 B], 7 ue = (4(¢-2)-¥/2,0,-28-) = (eS 2) 
r(t) = (e7*,t — t?, Int) r'(t) = (—e™,1 — 3t, 1/t) 


r(t) = t? i + cos (t°) j +sin?tk > 


r'(t) = 2ti+ |- sin(t?) - 21] j + (2sint- cost) k = 2ti — 2t sin(t?) j + 2sintcostk 


Bie ae A x 

=T IFE qp 

ay 0—11), (122-:1-:(0), A+: 2-P0 L 1 =, 1 , t?42¢ 
Hu e a Gage a 


r(t) =tsinti+e’costj]+sintcostk => 


r’(t) = [t- cost + (sint) - 1] i+ [e'(— sint) + (cost)e*] j + [(sint)(— sint) + (cost)(cost)] k 


= (tcost + sin t)i + e (cost —sint)j+ (cos? t — sin? t)k 


r(t) = sin? ati + te" j -- cos? ctk => 
r'(t) = [2(sinat) - (cosat)(a)]i + [t e" (b) +e” - 1] j + [2(cosct) - (— sinct)(c)] k 


= 2a sinat cosati + e! (bt + 1) j — 2csin ct cos ct k 


r(£ 2-a-c-tb-t?c r'(t) =0+b+2tc = b + 2tc by Formulas 1 and 3 of Theorem 3. 
To find r'(£), by Formula 5 of Theorem 3, we first expand r(t) = ta x (b + tc) = t(a x b) +t? (a x c), so 
r'(t) 2a x b 4-2t(a x c). 


r(t) = (t? —2t,1--3t, 20 c 10) =>  r'(t —(2t-2,35 +t) = r'(2)= (2,3,6). 


So |r’(2)| = V22 + 32 + 6? = v49 = 7 and T(2) = vU = 4(2,3,6) = (2,3, £). 


r(t) = (tan7* t, 2e% , 8te") > r(t- (1/(1 + t2), 4e”, 8te’ + 8e^) => r'(0)= (1,4,8). 


(0 
So |r’(0)| = VIZ + 42 + 8 = VBI = 9 and T(0) = ae -10,48 = (1,4, 8). 
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19. 


20. 


21. 


22. 


23. 


CHAPTER 13 VECTOR FUNCTIONS 


r(t) =costi+3tj+2sin2tk => r’(t)=—sinti+3j+4cos2tk = r’(0)=3j+4k. So 


|r’(0)| = 0? 4-3? + 4? = /25 = 5 and T(0) = ro) = 1(3j+4k) =2j+4k 


S 
— 

j=) 
— 


r(t) = sin?ti--cos?tj--tan?tk = r'(t) =2sintcosti— 2costsintj--2tantsec tk => 


r(2)22.32.X21—2. 2. 23. £2. 1. (V2? k 21—- j - 4k. So [r'(2)| = VP FP +E = v18 = 3/2 


"(a 
cl Ee] n i SRM y jp A * 
The point (2, —2, 4) corresponds to t = 1 [note that 4/t = 4]. Then 
r(t) = (t? - 1,3t — 5,4/t) r'(t) = (32,3, —4/t?) r'(1) = (3,3,—4) 
So Ir (1)] = /32 +3? + C4? = v34 
/ 
and TQ) = BY = 5 03.74 = (a) 


The point (0, 0, 1) corresponds to t = 0 [note that 5¢ = 0]. Then 


r(t)=sinti+5tjt+costk => r’(t)=costi+5j—sintk => r'(0)—i45j 


So [r(0)| = V12 +5? + 0? = v26 
E NIMIUM NOE 
j TO = Fo vait ya * vag! 


r(t) 2 (£4,t,00) => r(t) = (4t°,1,2t). Then r’(1) = (4, 1, 2), r'| 2 V4? + P + 2? = v21, and 


r” (t) = (12t?,0, 2}, so 


i j 
Mae tise at Bt 1 2t 4 2t| |4 1 ie 
r xr = = — J+ 
B 0 2 120 2 1200 0 
12? 0 2 


r'"(t) = (4e",9e~**,0) = r"(0) = (4,9,0). Then 


= (0—9)i— (0— 4)j + [18 — (—12)] k = (—9, 4, 30) 
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The vector equation for the curve is r(t) = (e 4 LANI, uS so r'(t) — (2t, 2/4A/t, (2t — Ve), The point (2, 4, 1) 


corresponds to t = 1, so the tangent vector there is r'(1) = (2,2, 1). Thus, the tangent line goes through the point (2, 4, 1) 


and is parallel to the vector (2, 2, 1). Parametric equations are x = 2+ 2t, y = 4+ 2t,z2=1+t. 


The vector equation for the curve is r(t) = (In(t + 1), tcos 2t, 2°), so r'(t) = (1/(t + 1), cos2t — 2t sin 2t, 2* In 2). The 


point (0, 0, 1) corresponds to t = 0, so the tangent vector there is r’(0) = (1, 1,1n 2). Thus, the tangent line goes through the 


point (0, 0, 1) and is parallel to the vector (1, 1, 1n 2). Parametric equations are x =0+1-t=t,y=0+1-t=t, 


z — 1-4 (In2)t. 


The vector equation for the curve is r(t) = (e t cost, e ! sint, e d? so 


r'(t) = (e^*(— sint) + (cost)(—e~*), e™* cost + (sin t)(—e™*), (—e~*)) 


(—e~*(cost + sint), e ' (cost — sint), —e~*) 


The point (1, 0, 1) corresponds to t = 0, so the tangent vector there is 


r'(0) = (—e°(cos 0 + sin0), e?(cos0 — sin 0), —e?) = (—1, 1, — 1). Thus, the tangent line is parallel to the vector 


(—1, 1, — 1) and parametric equations are x = 1 + (—1)t =1-t,y=04+1-t=¢,2=1+(-lt=1-t. 


The vector equation for the curve is r(t) = (vt? + 3, In(t? + 3), t), so r'(t) = (t/V/t? + 3, 2t/ (t? + 3), 1). At (2,1n4, 1), 


t= landr'(1) = (i, i 1). Thus, parametric equations of the tangent line are x = 2 + it y= In4+ zt, z=1+t. 


First we parametrize the curve C of intersection. The projection of C onto the xy-plane is contained in the circle 


x? +y? = 25, z = 0, so we can write x = 5cost, y = 5sint. C also lies on the cylinder y? + z? = 20, and z > 0 


near the point (3, 4, 2), so we can write z = 4/20 — y? = 4/20 — 25sin? t. A vector equation then for C is 

r(t) — (5 cost, 5 sint, \/20 — 25 sin? t) > r(t)= (-5 sin t, 5 cost, (20 — 25 sin? ij VD sin t cos D) 
The point (3, 4, 2) corresponds to t = cos! (3), so the tangent vector there is 

)8)) = 43,6) 


The tangent line is parallel to this vector and passes through (3, 4, 2), so a vector equation for the line 


^ 
- 
— 
Q 
O 
un 
ya 
~ 
ow 
wa 
wa 
——™ 
[91] 
~ 
op 
— 
ot 
— 
olw 
— 
bole 
VTL CN. 
bo 
j=) 
N 
[ori 
— 
oue 
— 
[v 
YY 
m 
= 
— 
— 
oue 


is r(t) = (3 — 4t)i+ (4 + 3t)j + (2 — 6t)k. 


r(t) = (2cost,2sint,e") =  r'(t) = (—2sint,2cost, e'). The tangent line to the curve is parallel to the plane when the 


curve's tangent vector is orthogonal to the plane's normal vector. Thus we require (-2 sint, 2 cost, et) . (V3, 1, 0) =0 oS 


—2/3sint + 2cost +0 0 tant 


a t= @% [sinceO x t € n]. 


r($)- (v3, 1, ee), so the point is (/3, 1, 7/6). 
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31. r(t) = (t,e™*, 2t — t?) r'(t) = (1, —e *,2 — 2t). At (0, 1,0), 
t = 0 and r'(0) = (1, — 1,2). Thus, parametric equations of the tangent ^ 
line are z = t, y = 1 — t, z = 2t. z0 
=2 
$73 a oa cA 
32. r(t) = (2cost, 2sin t, 4 cos 2t), m 
r'(t) = (—2sint, 2cost, —8sin 2t). At (v3, 1,2), t = € and 
z 0T 
r’(Z) = (-1, V3, —4y/3). Thus, parametric equations of the 
tangent line are x = v3 — t, y = 1 + 3t, z = 2 — AV3t. E 
20 
= 2 0 =2 


33. r(t) = (tcost,t,tsint) r'(t) = (cost — tsint, 1,tcost + sint). 


At (—7, 7,0), t = mand r’(7) = (—1, 1, —7). Thus, parametric equations 


of the tangent line are x = —7 — t, y = T + t, z = —mt. 


34. (a) The tangent line to the curve r(t) = (sin zt, 2 sin zt, cos mt) at t = 0 is the line through the point with position 


vector r(0) = (sin 0, 2sin0,cos0) = (0,0, 1), and in the direction of the tangent vector, 


r’(0) = (r cos0, 27 cos0, —7 sin 0) = (7, 27,0). So an equation of the line is 


(x,y,z) = r(0) + ur’ (0) = (0+ ru, 0+ 27u, 1) = (ru, 27u, 1). 


r(i) = (sin $,2sin $,cos $) = (1,2,0), (b) 

r’ (4) = (n cos $, 2m cos $, —r sin Z) = (0,0,—7). 2 

So the equation of the second line is Z2 

(x,y,z) = r(i) + vr’ (3) = (1,2,0) + v (0,0, =r) = (1,2, ^n). = 

The lines intersect where (mu, 27u, 1) = (1, 2, —7v), so the point = 
of intersection is (1, 2, 1). n x 3 2 


35. The angle of intersection of the two curves is the angle between the two tangent vectors to the curves at the point of 
intersection. Since ri (t) = (1, 2t, 3t?) and t = 0 at (0, 0, 0), r1 (0) = (1, 0, 0) is a tangent vector to rı at (0, 0, 0). Similarly, 
r5(t) = (cost, 2cos 2t, 1) and since r2 (0) = (0, 0, 0), r5 (0) = (1,2, 1) is a tangent vector to r2 at (0, 0, 0). If 0 is the angle 

1 


between these two tangent vectors, then cos 0 = ZA (1,0,0) - (1,2,1) = a and @ = cos! (=) = 66°. 
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36. To find the point of intersection, we must find the values of t and s which satisfy the following three equations simultaneously: 


1—3—5s,1—t—5—2,34- C = 3. Solving the last two equations gives t = 1, s = 2 (check these in the first equation). 
Thus the point of intersection is (1,0, 4). To find the angle 0 of intersection, we proceed as in Exercise 35. The tangent 


vectors to the respective curves at (1, 0, 4) are r1 (1) = (1, —1, 2) and r4(2) = (—1, 1, 4). So 


cos @ = 


1-1+8)=— Jz and 0 = cos! (2) x 55°. 


1 
vem 63 3 V3 


Note: In Exercise 35, the curves intersect when the value of both parameters is zero. However, as seen in this exercise, it is not 


necessary for the parameters to be of equal value at the point of intersection. 
37. [; (ti P336 19at = (fo tat) i- (fg È dt) j+ (J? 36a) 


= [i£ ]o i- [4t] i + [8]; k 


= 14(4—0)i— 4(16 — 0)j + 1(64—0)k = 2i — 4j + 32k 


4 4 
445/214 : , [245/2 1 243/2 
4 ] i+ [8 nn | k 


38. ue Cages (t+ 1)Vik) dic: i 93/2 at) ig [s (p? —— R 
| 


Il 
ous 
— 
m 
ol 
ism 
N 
= 
Z 
RE 
+ 
SOS. 
Ino 
~ 
rm 
I 
[o] 
ban 
N 
+ 
wl 
~ 
Em 
ur 
w 
ee, 
N 
| 
oun 
| 
wl 
racist 
A 


a f i teir cc x)a - (f. Hee f : aji (f P at\k 
"J Nie = hang ee PFI TUe FFI o BFI”)! T Uo BFI 


= [In [t + 1|]; i+ [tant t]; j+ [4 ln(e?  1)]; k 


= (In2-In1)i- (4 —0)j+ 3(In2- In])k 2 In2i-- Z j - 31n2k 


40. (7/* secttan ti + tcos2t j + sin? 2t cos 2t k) dt 
0 J 


B ( g sect tant dt) i+ ( $^ tcos2t dt) j + ( lA sin? 2t cos 2t dt) k 
= [sect] 2m i+ ([Jesin 24] iu — o“ $ sin2t dt) j+ [4 sin? 2t] v^ k 


[For the y-component, integrate by parts with u = t, dv = cos 2t dt.] 


= (sec | — sec 0) i + ($58 —0- [- 4 cos 24]°/* 


a ) j+ 4 (sin? $ — sin’ 0) k 


= (V¥2—1)i+ (4+ łcos% — $ cos0)j+4(1-0)k= (v2-1)i+ (8- 3) &k 


41. f (paris iem) dt = (f omen) (fre? ar) s+ (f via) 


= tan! ti - de” j+ 207 Kk C 


where C is a vector constant of integration. 
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42. f (toosti+ Z5 +set) dt = ( f toos at) i+ (f[2)i- ME) k 


= $sint?i+In|t|j+tantk+C 


where C is a vector constant of integration. 


43. r'(t) = 2ti-- 32 j - Vtk r(t) 2 8i 834 2p k 4- C, where C is a constant vector. 


Buti+j=r(1)=i+j+ ĝk+ C. Thus C = —2kand r(t) = 2i + Pj (207 — 2) k. 


44. r'(t)=ti+ej+teėk => r(t)= 4t i+ e j+ (te — e) k+C. Butit+j+k=r(0)=j—k+C. 


Thus C = i+ 2k and r(t) = (50? +1)i+ e j+ (te* - e +2)k. 


For Exercises 45—48, let u(t) = (u1 (t), w(t), ua(t)) and v(t) = (v1 (t), v2 (t), va(t)). In each of these exercises, the procedure is to apply 


Theorem 2 so that the corresponding properties of derivatives of real-valued functions can be used. 


46. 3 [u(0) + v(0] = S5 (uO + LO), walt) va e(t) + vs (0) 


= f'(t) (ux (t), ux (t), ua(t)) + FO (ui (0); ux (t), us (£)) = F E) ult) + FO w' (t) 


4 = © (ur(t)us(t) — us(t)v2(t), us (En (0) — u (Dus, un (Evelt) — wa (t)vi (0) 
= (uSvs(t) + u2(t)uh(t) — ub (t)va(t) — us (Juh (t), 
ub (tjon (t) + ust) (£) — wi (vs lt) — ux (v5 (2), 
ul (£)vs(£) + us (tuh (t) — ub (tvr (f) — uz(t)v (0) 
= (uS(t)vs(£) — uh (o (£) , uh (t) (£) — uj (£)vs(£), wi (t)ua(t) — utt) (2) 
+ (ua(t)vb(t) — ua(t)vb(t), us (t)o' (Œ) — ui (v5), ur (6v (0) — ua (£v (0) 
= u'(t) x v(t) + u(t) x v'(t) 


Alternate solution: Let r(t) — u(t) x v(t). Then 


r(t +h) — r(t) = [u(t +h) x v(t + h)] — [u(t) x v(t)] 
= [u(t +h) x v(t + h)] — [u(t) x v(t)) + [u(t + h) x v(t)) — [u(t + h) x v(t)] 
= u(t + h) x [v(t + h) — v(t)] + [u(t + h) — u(t)] x v(t) 


[continued] 
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(Be careful of the order of the cross product.) Dividing through by h and taking the limit as h — 0 we have 


[u(t + h) — u(t)] x v(t) 


r'(i) = lim nee x IE vO! + lim MESH WO) YO) — aft) xvi) + u(t) xv) 


by Exercise 13.1.61(a) and Definition 1. 


49. — [u(t) - v(t)] = u'(t) - v(t) + u(t) - v'(t) [by Formula 4 of Theorem 3] 
= (cost, — sint, 1) - (t, cost, sint) + (sin t, cost, t) - (1, — sint, cost) 
= t cost — cost sint + sint + sint — cost sint + cost 


= 2t cost + 2sint — 2cost sint 


50. £ fu(t) x v(t)] = u'(t) x v(t) + u(t) x v'(t) [by Formula 5 of Theorem 3] 


= (cost, — sint, 1) x (t, cost, sint) + (sint,cost,t) x (1, — sint, cost) 


= ( sin? t — cost, t — cost sin t, cos? t + tsint) 


+ (cos? t+tsint,t — cost sint, — sin? t — cos t) 


= (cos? t sin? t — cost + tsint, 2t — 2cost sin t, cos? t — sin? t — cost + tsint) 
51. By Formula 4 of Theorem 3, f’(t) = u’ (t) - v(t) + u(t) - v'(t), and v'(t) = (1, 2t, 3t7), so 
f'(2) = u' (2) - v(2) + u(2) - v'(2) = (3, 0, 4) - (2,4, 8) + (1, 2, —1) - (1,4,12) =6+04324+1+4+8-12=35. 
52. By Formula 5 of Theorem 3, r’(t) = u'(t) x v(t) + u(t) x v'(t), so 
r’(2) = u'(2) x v(2) + u(2) x v'(2) = (3, 0,4) x (24,8) + (1,2, 1) x (1, 4, 12) 
= (—16, —16, 12) + (28, —13, 2) = (12, —29, 14) 
53. r(t) = acoswt + bsinwt =  r'(t) 2 —awsinwt + bwcoswt by Formulas 1 and 3 of Theorem 3. Then 


r(t) x r'(t) = (acoswt + bsin wt) x (-awsinwt + bw coswt) 


= (acoswt + bsinwt) x (-awsinwt) + (acoswt + bsin wt) x (bw cos wt) 
[by Property 3 of Theorem 12.4.11] 

=acoswt x (—awsin wt) + bsinwt x (-awsinwt) + acoswt x bwcoswt + bsinwt x bw cos wt 
[by Property 4] 

= (coswt) (—w sin wt) (a x a) + (sin wt) (—w sin wt) (b x a) + (cos wt) (w coswt) (a x b) 


+ (sinwt) (wcoswt) (b x b) [by Property 2] 


=0+ (w sin? wt) (a x b) + (w cos” wt) (ax b) +0 [by Property 1 and Example 12.4.2] 


=wW (sin? wt + cos? wt) (ax b) =w(ax b) =waxb [by Property 2] 
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54. From Exercise 53, r'(£) = —awsinwt + bweoswt =  r"'(t) = —aw* coswt — bw? sinwt. Then 
r"(t) +w°r(t) = (aw? coswt — bw? sinwt) +w? (acoswt + bsinwt) 
= —aw? coswt — bu? sinwt + aw? coswt + bw? sinwt = 0 
55. E [r(t) x r'(£)] = r' (t) x r' (t) + r(t) x r” (t) by Formula 5 of Theorem 3. But r’(t) x r'(t) = 0 (by Example 12.4.2). 
Thus, £ (t) x r’(t)] = r(t) x r” (t) 
s. 2 (u(t) [v (t) x w= w (0 - Iv(£) x w(t)] + ue) - 5 vle) xw E) 
dt dt 
= u'(t) - [v(t) x w(t)] + u(t) - [v E) x w(t) + v(t) x w'(t)] 
= u'(t)- [v(t) x w(t)] + u(t) - [v (t) x w(t)] + ul) - [v(t) x w] 
= u (t) - [v(t) x w(t)] — v'(t) - [u() x w()] + w'(t) - [u(£) x v(t)] 
d d 1/2 1i —1/2 / zd / 
7. x OE = s rO rOl ? = e(t) r(e) rlt) rE] ro r'(t) 


58. 


59. 


60. 


Since r(t) - r'(£) = 0, by Formula 4 of Theorem 3 we have 
£ [r(t) -x(£)] = v (t) - r(t) + r(t) - (t) = 2 [r(£) - r’(t)] = 0. This is true for all t, thus |r(t)|?, and so |r(t)| 
is a constant, and hence the curve lies on a sphere with center the origin. 
Since u(t) = r(t) - [r (t) x x" (t)], 
w(t) —r'(t)- [r (t) x r” (t)] + r(t) - £ [r (t) x r” (t)] 
= 0 + r(t) - ["(£) x r” (t) + v" (t) x r” (t) [since r’(t) L r'(t) x r”(t)] 
= r(t) [r’(t) x r” (£)] [since r” (t) x r” (t) = 0] 


r(t 4- h) — r(t) 


h . Here we assume that this limit exists and r'(t) 4 0; then we know 


The tangent vector r'() is defined as lim 
that this vector lies on the tangent line to the curve. As in Figure 1, let points P and Q have position vectors r(t) and r(t + A). 
The vector r(t + h) — r(t) points from P to Q, so r(t +h) — r(t) = PQ. If h > 0 then t < t 4- h, so Q lies "ahead" 


—3 
of P on the curve. If h is sufficiently small (we can take h to be as small as we like since h — 0) then PQ approximates 
the curve from P to Q and hence points approximately in the direction of the curve as t increases. Since h is positive, 


r(t 4- h) — r(t) 


^ points in the same direction. If h < 0, then t > t + h so Q lies "behind" P on the curve. For h 


156 
zre 


— 
sufficiently small, PQ approximates the curve but points in the direction of decreasing t. However, h is negative, so 


1-3 r(t+h)-r(t) ... TEE E TM . . : 

5 PQ= 3 points in the opposite direction, that is, in the direction of increasing t. In both cases, the difference 
cent ree th) rO onsi RE l TE NAT ; 

quotient —— EE points in the direction of increasing t. The tangent vector r' (1) is the limit of this difference quotient, 


so it must also point in the direction of increasing t. 
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13.3 Arc Length and Curvature 


1. @) r(t) = (FO, IHA) = (8126461) => rE) = (FO, g (0), (H) = (71,2, 4). Then 
L= f? JCP +22 4 4t = f? y21dt = [va] = 3/21 — /21 = 2/21 


(b) r(1) = (2,2,5) = P, =(2,2,5); r(3) = (0,6,13) = P» — (0,6,13). Then 


|P2P,| = \/(0 — 2)? + (6 — 2)? + (13 — 5)? = v84 = 2/21 


2. (a) r(t) = f(t)i-- g(t)jt+h(t)k = (t+ 2)i— tj + (8t—5)k r'(t) =i—j+3k. Then 


2 
L= f? (PCP 3d [^ vide = [tv] -aVivi ai 
=i 


(b) r(-1) =i+j—8k P,—(11,8); r2) 24i - 2j-k = P= (4,—2,1). Then 
|PoP,| = (4-1? -(-2-1? + [1 — (-8)? = v99 = 3/11 
3. r(t) = (t,3cost,3sint) = r'(t) = (1, —3sint,3cost) => 


[r'(£)| = 4/1? + (—3sint)? + (3cost)? = \/1 + 9(sin? t + cos? t) = 


Then using Formula 3, we have L = ale (t)| dt = a V10dt = v10t] m — 104/10. 


4. r(t) = (250,10) => (4,20€) = 
'(£)| = 4/22 + (20)? + (P)? = VAF H2 +E = (2+ 12)? = 24 € for 0 < t € 1. Then using Formula 3, we have 


L= fp r'(@ldt = fo (2+t?) dt = 2t - 36]7 = 3. 


5. r(t)=V2tit-ejtetk = r(t)=V2it+ej-etk = 


|r’(t)| = (v2) + (et)? + (-e-#)? = J/2 + e +e? = A/(et --e-t)? =e' +e™ [since e +e™ > 0]. 


Then L = i |r’ (t)| dt = fo (e t) dt = [e* et] -e-—eg, 


—sint 
cost 


6. r(t) =costi+sintj+Incostk => r’(t)=—sinti+costj+ k = —sinti+costj—tantk, 


(— sint)? + cos? t + (— tant)? = v1 + tan? t = vsec? t = |sec t|. Since sect > 0 for 0 € t < 7/4, here we 
can say |r’(t)| = sect. Then 


n/4 
L= pi sect dt = [In [sect + tan (|| = In |sec 4 + tan In [sec 0 4- tan 0| 
0 


«e 


= In |V2 + 1| 2 In|1 4- 0| = In(V2 + 1) 


7. r(t) 2i £j Ok r(t)-—2tj--3€ k > |r'(t)| = V4t2 -9t* =tV44 9t? [sincet > 0]. 


1 
Then L = f; |r'(t)) dt = fo t VEF dt = $- ga + oy] = i(139/2 — 43/2) = 1- (133/? — 8). 
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8. 


10. 


11. 


12. 


13. 


14. 


CHAPTER 13 VECTOR FUNCTIONS 


r(t) = 2i--9tj-- 497? k =>  r'(t) 2 2ti+9j+6Vik = 

|r’ (£)| = V4? + 814 366 = y (2t + 9)? = |2t -- 9| = 2t+9 [since 2t + 9 > 0 for 1 < t < 4]. Then 
4 
1 


L= fi |r| dt = fe (2t-9)at = [e F 9t = 52 — 10 = 42, 


. r(t) = (t,t, s r(t) = (2,3,4) = re "S, + (3t2)2 + (413)2 = \/4t? + 9t* + 1616, so 


L= f? |r'(t)| dt = f? Vi? + 9 F 166 dt ~ 18.6833. 


r(t) = (t,e™*,te™*) r(t = (1,-e*,(1-t)e*) => 


Ir (] = yP Y (7e + (1 e = /I te + e = \/1+ (2-2 e, so 


L= f? |r'(t)| dt = f? VIF (2+ 2t + ye dt ~ 2.0454. 


r(t) = (cos rt, 2t, sin 2nt) r'(t) = (—msin zt, 2, 27 cos 27t) |r’(t)| = Vr? sin? zt + 4 + 47? cos? 27t. 


The point (1, 0, 0) corresponds to t = 0 and (1, 4, 0) corresponds to t = 2, so the length is 


L= [fr |v'(£)| dt = fo v/v? sin? at + 4 + 41? cos? Int dt ~ 10.3311. 


We plot two different views of the curve with parametric equations x = sint, y = sin 2t, z = sin 3t. To help visualize the 


curve, we also include a plot showing a tube of radius 0.07 around the curve. 


y li 0 -1 
x 


The complete curve is given by the parameter interval [0, 27] and we have r’(t) = (cost, 2cos2t,3cos3t) => 


|r’ (t)| = Vecos? t + 4cos? 2t + 9 cos? 3t, so L = f" |r'(t)| dt = f°" v/cos? t+ A cos? 2t + 9 cos? 3t dt ~ 16.0264. 


The projection of the curve C onto the xy-plane is the curve z? = 2y or y = 4a”, z = 0. Then we can choose the parameter 


z=t = y= iU.SinceC also lies on the surface 3z = zy, we have z = sry = FAGE) = He. Then parametric 


equations for C are x = t, y = ic, z= He and the corresponding vector equation is r(t) = (t, it, He). The origin 


corresponds to t = 0 and the point (6, 18, 36) corresponds to t = 6, so 


L= fF |r'(t)dt— fs |(1,t, 1€)| dt = (6 /P ee (hey ane fives indt 
= fo yf (A+ gt)? dt = JOA + 92?) dt = [t+ $8]o = 64-36 = 42 


Let C be the curve of intersection. The projection of C onto the xy-plane is the ellipse Ax? + y? = 4 or x? + y?/4 = 1, 


z = 0. Then we can write x = cost, y = 2sint, 0 < t < 27. Since C also lies on the plane x + y + z = 2, we have 
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z = 2 — x — y = 2 — cost — 2sint. Then parametric equations for C are x = cost, y = 2sint, z = 2 — cost — 2sint, 
0 < t € 2m, and the corresponding vector equation is r(t) = (cost, 2sint,2 — cost — 2sint). Differentiating gives 


r'(t) = (—sint,2cost,sint — 2cost) => 


[r'(£)| = /(— sint)? + (2cost)? + (sint — 2cost)? = y 2sin? t + 8cos? t — 4sint cost. The length of C is 
ED (t)| dt = H y 2sin? t + 8cos? t — 4sint cost dt zz 13.5191. 


15. (a) r(t) = (5 — t)i + (4t — 3)j + 3tk r'(t) 2 —i-- Aj - 3kand & = |r'(t)| = VI + 16 +9 = v26. The point 


P (4, 1,3) corresponds to t = 1, so the arc length function from P is 


ep |r’ (u u)|du = fi v26 du = v26 ul, = 26 (t — 1). Since s = v26 (t — 1), we have t = +1. 


EE 
a 


Substituting for ¢ in the original equation, the reparametrization of the curve with respect to arc length is 
r(t(s)) = $- (+) i+ (+1) -3l ies (5 +1)k 
v26 v 26 4 v 26 
E 4s 3s 
-[4-—i-[—-1)ji-i—m—3]k 
( x) (= )i (35s ) 
(b) The point 4 units along the curve from P has position vector 
4 X, 4(4) ) i E ) ae ( 4 16 12 ) 
r(t(4) = | 4- —=]i+ +1 +3] k, so the point is | 4 ; +1, +3). 
e) ( ai) e- VT C28 à Va væ . 9/26 


16. (a) r(t) =e’sintit+e’costj+V2ek =  r'(t) =e! (cost -- sint)i-- e (cost — sint) j 4- 2e! k and 


ds 


ame [r' (£)| = ye% (cost + sin t)? + e% (cost — sint)? + 2e?t 


E ye [2(cos? t + sin? t) + 2costsint — 2costsint + 2] = v/4e?t = 2e' 
The point P (0, 1, V2 ) corresponds to t = 0, so the arc length function from P is 
=f |r’ (u u)|du = fj 2e" du = 2e"|5 = 2(e' — 1). Since s = 2(e' — 1), we have ef = = +1 e 
t=I1n ($s + 1). Substituting for t in the original equation, the reparametrization of the curve with respect to arc length is 
r(t(s)) = ($s + 1) sin(In ($s + 1)) i + ($s + 1) cos(In (4s + 1)) j + (4s + v2) k 
(b) The point 4 units along the curve from P has position vector 
r(t(4)) = ($(4) + 1) sin(In ($(4) + 1)) i+ ($(4) + 1) cos(In ($(4) +. 1)) j + (Fa) + v2) k, so the point is 


(3sin(In 3), 3 cos(In 3), 3v2) ; 


17. Here r(t) = (3sint, 4t, 3cost), so r'(t) = (3cost,4, —3sint) and |r'(t)| = v/9cos? t + 16 + 9sin?t = V25 = 5. 


The point (0, 0, 3) corresponds to t = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive 


direction is given by s(t aly |r’(u)| du = IN 5du-5t. s(t) —5 5t—5 t = 1, thus your location after 


moving 5 units along the curve is (3 sin 1, 4, 3 cos 1). 
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2 2t —4t -20 +2 
18. r(t) = | —-—— -1Ji+ 5—j = r(t = = i+ j, 
ax (= Jiti "19 (2x18 (gui 
LL = -4 |, [-2022]?  [jat*-8P8-4 [42 +1)? — i277 r9 
dt (24-12!  l(2241)? (t? + 1)4 (t? + 1)4 (t? +1) 241 
Since the initial point (1, 0) corresponds to t = 0, the arc length function is 


s(t) TOCH 2 


D du = 2arctant. Then arctant = is = t= tans. Substituting, we have 
u? +1 2 2 


> 2 Í 2tan(3s) m 1 — tan?(35) p 2tan($s) : 
r(t(s)) liu Jie 1+ tan? (4s) ł 


1— tan? (4s 


2 $8) 
Sec (is 


) i+ 2tan(is) cos? (4s) j = [cos? (4s) — sin? ($s) i+ 2sin($s) cos($s) j =cossi+sinsj 
With this parametrization, we recognize the function as representing the unit circle. Note here that the curve approaches, but 


does not include, the point (—1, 0), since cos s = —1 for s = m + 2kr (k an integer) but then t = tan($s) is undefined. 
19. (a) r(t) = d sint —tcost,cost+tsint) = 


r'(t) = (2t,cost + tsint — cost, 


sint + cost + sint) = (2t, tsint,tcost) => 


Ir (£)| = V4t2 + t? sin? t + t? cos? t = \/4t? + t? (cos? t + sin? t) = V/5t? = v5t [since t > 0]. Then 


= r'(t) = DN sin cost) — 
T(t) = rO = WET (2t,tsint,t t) = 


v5 (2,sint,cost). T'(t) = vs (0,cost,—sint) = 
|T’(t)| = -z VO + cos? t + sin? t = 


ub. Tt)  1/v5 l l 

: Thus, N(t) = = 0, cost, — sint? = 0, cost, —gint 

vs O= TOT avi | )=( ) 
/ 

(b) By Formula 9, the curvature is x(t) = NOI 


|t) vat 5 


r'(t) 1 ? " 1 A 
Then T(t) = = —‘(5cost,1,—5sint). T (t) = —— (—5sint,0,—5cost) = 
O= a . TO=- ) 
1 5 

T'(t)) 2 — V 25sin?t + 02 + 25cos?t = ——. Thus, 

E 26 v26 
T'(t) V26 1 

N(t) = = — : —— (—ö sint, 0, —5 cos t} = (— sin t, 0, — cost). 

O= man 5 a pen ) 


21. (a) r(t) =(t,t?,4) => r(t) 


'(t) 1 
= (1,2t,0) => |r’()| = /1-- 42 +0. Then T(t) = EN E 2 1,21,0). 
( ) Ir'(t)] (t) FO DEUS ( ) 
T'(t) = NEST (0,2,0) — res ue (1, 2¢, 0) [by Formula 3 of Theorem 13.2.3] 
1 1 
= Days [(1 + 4t?) (0, 2,0) — 4t (1, 2¢,0)] = 


(1 + 4¢2)3/2 (Fae) 


[continued] 
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J — 1 2 rs 2 
IT (t)| = rag v 18 +4= I ae’ Thus, 
T(t) | 1448? 1 1 
N(t) = = 2 ——— (AD = —— (-- 94.1 
(t) |T’(t)| 2 ae | »2,0) rra peo 
IT (2|  2/(1 + 40) 2 


(b) By Formula 9, the curvature is x(t) = = = 


PO! vitae FEP 


22. (a) r(t) = (0,170) > r(t)=(11t) > Al =v +I +E = 2-2. 


r'(t) 1 
Then T(t) — = 1,1,t). 
e TO) = iir 7 yarn obo 
1 t 
T'(t) = (0,0, 1) — ———á375 (b Lt) [by Formula 3 of Theorem 13.2.3] 
J/2 8 (24 8) 
Ee 1 2 A 1 
— (2 (2)3/2 (Qt ) (0,0, 1) - €(,1,1)] Qa | t, —t, 2) 
1 V 
[T'(t)| = pee vat 2H — 2410 Thus, 
T(t) 2+ 1 1 
AGS = + es (t, t, 2) = —— (t, —t, 2). 
O-Ww(yp- ym Crepe o ^ 59 = aa A 
: .Ir() _ v2/2+?)_ ^ v2 
(b) By Formula 9, the curvature is x(t) = IO a C OEE 


23. (a) r(t) = (t,50,.07) — v(t) =(1,t,2t) > |= VIF P+ = VIF 50. 


r'(t) 1 
Then T(t) — = ——— (1,210. 
© = wey yrr Dh 
jc 1,2 4 ob. (0,1,2) [by Formula 3 of Theorem 13.2.3] 
~ (1+ 50?)3/2 77 face Y” y Formula 5 of Iheore 123 
EE 1 2 2 | 2 | 2 — 1 
arera (795 756,100) t 2+ LOE") = coz 1) 
1 1 V5 VBE T1 V5 
T’(t)| = 2502 +1+4= VR F5 = —— UT CTI 
oa (T+ sears VO TETAS pappa VU FO ass T IFSP 
T(t) 1458 1 1 
Thus, N(t) = = 5t, 1,2) = —— ——— (—51,1,2). 
O= Tr Ol Ve arepe C Oh arap V 9610) 


IT OI v5/0 + 5t) v5 


I (| V+ 5 (1 + 5p 


(b) By Formula 9, the curvature is x(t) = 


1299 


24. (a) r(t) = (V2t,e', e) = r’(t)=(v2,e,-e°) > |r'(t)) 2 V2 e&t 6e = (et +e) — e et. 


1 t 2t HE et 
=e (V2e € ,-1) after multiplying by a 
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9e?t 
T(t) = — V2 2e% 0 e Wr e -1) [by Formula 3 of Theorem 13.2.3] 
1 26 2 2 2t 2 2t 
= Gp [(e” +1) (v2e%, 2e”, 0) - 2e” (V2e*, e", -1)] = Czar: (V2e (1— e") , 26%, 26%) 
|'T’(t)| = y V/2e?t(1 — 2e2t + ett) + 4ett + Aet = aeri VOT BT) 
e 
= GE zy 2e” ( 1+ e2t? _ v2e Q + e?) = V2e 
(e + 1 (e?t + 1)? e2t +] 
Th na- TO set 1 1 J2 e (1 2t 2e?t. 9e2t 
i: O7 mr ae (eren Ae 20 20") 
= 1 t 2t 20 52, 1 2t t t 
= Fagan sue ), 2e*", 2e Sea X ; Qe’, /2e") 


(b) By Formula 9, the curvature is 


"S THO | V2 et 1 = /2et = V2 e” _ 2 et 
[r^ (£)] e? +] et + et e3t + Qet + e-t e^t + Qe2t +1 (e + 1)?” 


25. r(t) =P j+tek r'(t) = 3t?j+2tk, r'(t)—-6tj--2k, |r’ (t)| = 4/02 + (312)? + (2t)? = Jot + 412, 


1 H 2 2 
r'(t) x i" (t) = —681, |r'(t) x "(| = 60. Then «(t = FW) X Ur —Á— M 
|r’ (£)| (^ /9t4 + At? ) (9t4 + 4t )3/ 


26. r(t) = ti -  j c ek r’(t)=i+2tj+e’k, r"(t) =2j+e'k, 
1? + (20)? + (ef)? = VI 4+ 40 + e, r'(t) x v(t) = (2t - 2)e'i—-e'j+2k, 
Ir (£) x r"(£)| = [Qt — 2)et]? + (—et)? + 22 = \/(2t — 2)2e* + e?* E A = J/(4€ — 8t + 5)e?* +4 


then x(t) = VOLO vam SES ri VG SES) a 
Ir CO] (VIFF) (1 + 4t? + et )3/? 


27. r(t) = V6t2i--2tj --20 k. > r’(t) =2V6ti+2j+6t?k, rv’ (t) = 2V6i+12tk, 
|r’(t)| = V242 +4 + 36t* = \/4(9t4 + 6t? + 1) = VABE + 1)? = 2(3t? + 1), 
r'(t) x v(t) = 24ti — 12,6 t° j — 46k, 
|r (t) x r"(£)| = V576t + 864t* + 96 = \/96(9t4 + 6t? + 1) = /96(3?? + 1)? = 4V6 (32? + 1). 


_ ir’ @xr"@l _ 4v6(3? +1) _ v6 
Then x(t) = — POP = GPF)? = 28841) 


28. r(t) = (t?,Int,tInt) = r'(t) = (2t,1/t,1+Int), r”(t)= (2, -1/0,1/t). The point (1, 0, 0) corresponds 


tot = 1, and r'(1) = (2,1,1), |r'(1) = 22-12-12 = V6, r"(1) = (2,-1,1), r'(1) x r"(1) = (2,0, —4), 


Iz (1) x v"(1)| = 223-09 + CIF = 20 = 2 V8. Then «(1) = oem = ae =O or Xn 
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29. r(t) = (t,t?,t?) =  r'(t) = (1, 2t,3t7). The point (1, 1, 1) corresponds to t = 1, and r'(1) = (1,2,3) = 


lr’(1)| = VIc-449- VA. r"(t) = (0,2,6t) = r'"(1) = (0,2,6). r'(1) x r" (1) = (6, —6,2), so 


TN NN £ Wx” _ v7 _1 [9 
[r (1) x r"(1)| = 4/36 + 36 +4 = v76. Then «(1) ir (DP Ag 7 /5. 


30. Note that we get the complete curve for 0 < t < 27. 


r(t) = (cost,sint,sin5t) = r'(t)— (—sint, cost, 5cos5t), 


r"(t) = (— cost, — sint, —25sin5t). The point (1, 0, 0) 
corresponds to t = 0, and r'(0) = (0,1,5) => 


|r’(0)| = VO? +12 +52 = v26, r"(0) = (—1,0,0), 


[r'(0) x r"(0)| = 4/0? + (—5)? + 12 = v26. The curvature at 


1 H / 
the point (1,0,0) is «(0) = [r (0) xr") E OMS 


FO (vm) 29 


34. f(z) =a* = f'(v)- 4x? =  f"(am) = 12x”. By Formula 11, the curvature is 


pico. Rèl 3.2: -32£ 
[1+ (F) — [-r(4299]9 — (1-162692 


1301 


32. f(x) =tane => f'(r)-secàzs => f(x) =2seca-seca tang = 2sec? x tan x. By Formula 11, the curvature is 


| ! [2sec? x tan z| .— 2sec? x |tan z| 
[+ (f"(@))?]9/? [1+ (sec? x)?]3/2 (1 + sect 2) 3/?” 


33. f(z) 2 ze" => f'(z) —- xe" +e” = f(x) = xe” + 2e*. By Formula 11, the curvature is 


|ve* + 2e?| e” |x + 2] 


= FENCE = 
K(x) 1+ (P (2))2]872 [1 + (xe? + e7)2]372 T [I + (xe? + e*)?]8/2" 
1 1 H 1 : 
34. y 2 Inx y = y E By Formula 11, the curvature is 
ly” (x)| -1 1 1 (zy |x| z . 
(a) = zs pr = = [since x > 0]. 
[1 i (y'(2))?] 3/2 a | (1+ 1/0237 22 (£2 +137) (a? +137 (a? +137 


To find the maximum curvature, we first find the critical numbers of k(x): 


(a? + 1)3/? —z(8)(a?--1) (22) (æ +? +1) — 322] ^ 1-22? 


rn (Ce O Gh E 

K'(z) =0 1 — 2a? = 0, so the only critical number in the domain is x = 2 Since &'(x) > 0 for0 < x < a 
and x(x) < 0 for x > Us k(x) attains its maximum at x = s Thus, the maximum curvature occurs at (=: In à) 
Since lim ——— ——— = 0, k(x) approaches 0 as x — oo. 


z> (x2 + 1)3/2 
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35. 


36. 


37. 


38. 


39. 


CHAPTER 13 VECTOR FUNCTIONS 


x 


H 
ly" (x)| = e = e? (1 + €2%)-3/2, 


Since y = y' = y” = e”, the curvature is k(x) = 
y=y y (x) (i + (y'(2))2°” (1 + e22)3/2 


To find the maximum curvature, we first find the critical numbers of k(x): 


p +e” —3e?® 7 1-227 


cem ~ © x8) 


K' (a) ES e” (1 + e7)? + e"(—3)(1 + e?7) ^52 (gg?) z= 


k'(x) = 0 when 1 — 2e? = 0, so e?* = 4 or x = —4 ln 2. And since 1 — 2e** > 0 for x < —4 ln 2 and 1 — 2e?” < 0 


for x > -i In 2, the maximum curvature is attained at the point (-i In 2, e iia) E (-3 In 2, à) 


Since lim e*(1 + e?”)~*/? = 0, k(x) approaches 0 as x — oo. 


2—0o 


We can take the parabola as having its vertex at the origin and opening upward, so the equation is f (x) = az?,a > 0. Then by 


B LP" ()] E |2a| S 2a = E 
Formula 11, «(x) + GG) ~ [e+ (anys? ^ Ct 4a2a ys?” thus «(0) = 2a. We want «(0) = 4, so 


a = 2 and the equation is y = 2z?. 
(a) C appears to be changing direction more quickly at P than Q, so we would expect the curvature to be greater at P. 


(b) First we sketch approximate osculating circles at P and Q. Using the 


axes scale as a guide, we measure the radius of the osculating circle 


. ; 1 
at P to be approximately 0.8 units, thus p = — => 
k 


k= 1 Rd 08 & 1.3. Similarly, we estimate the radius of the 
p : 
M da . 1 1 
osculating circle at Q to be 1.4 units, so & — 7 x 14 & 0.7. 
y = «4 — 22? y' = 4r? — Ax y" = 122? — 4. 10 
2 y= k(x) 
PM [1207 -4| 
K(x) = a ae ae The graph of the 
[1 + (y’)*] [1 + (423 — 4a)"] huile dpa 
curvature here is what we would expect. The graph of y — z^ — 2z? 2 | | 2 
appears to be bending most sharply at the origin and near z = +1. -2 
you? y = -2a73 y = 6r ^ 4 
lu" | [62:*| 6 y=x? 
E RETE 3213/2 — 4(1 Ar-6 3/2* y k(x) 
[1 + (y’)*] [1 + (72x )] z^ (1-F 4x75) X. 
The appearance of the two humps in this graph is perhaps a little surprising, but it is 4 NY ~ 4 


explained by the fact that y = x^? increases asymptotically at the origin from both -1 


directions, and so its graph has very little bend there. [Note that &(0) is undefined.] 
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40. r(t) = (t — sint, 1 — cost, 4cos(t/2)) 


4. 
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=> r'(t) = (1— cost, sint, 2sin(t/2) = 


r” (t) = (sint, cost, — cos(t/2)). Using a CAS, r'(t) x r"(t) = (—2sin?(t/2), — sin(t/2) sint, cost — 1), 


Ir (t) x r"(t)| = /3— 4cost + cos2t or 2/2 sin?(t/2), and |r’(t)| = 2/1— cost or 2/2 [sin(t/2)]. 
(To compute cross products in Maple, use the VectorCalculus or LinearAlgebra package and the 


CrossProduct (a, b) command. Here loading the RealDomain package will give simpler results. In Mathematica, use 


— |r'(t) x r'(t)) | V3 — 4cost + cos2t 5s 1 T 1 
lere)? 8 (1 — cost)?/? 4/2—2eost ^ B|sin(t/2)] 


Cross [a,b].) Then «(t) 


. We plot the 


space curve and its curvature function for 0 < t < 87 below. 


K(t) 
4 
0.511 
z 0 
m 0 
7 1 M + t H > 
y 2 8T x 0 2a 4a 67 t 


The asymptotes in the graph of «(t) correspond to the sharp cusps we see in the graph of r(t). The space curve bends most 
sharply as it approaches these cusps (mostly in the x-direction) and bends most gradually between these, near its intersections 
with the xy-plane, where t = 7 + 2nz (n an integer). (The bending we see in the z-direction on the curve near these points is 


deceiving; most of the curvature occurs in the x-direction.) The curvature graph has local minima at these values of t. 


r(t) = (tet, e™, V2) => r'(t)=((t+1)e,—e™, v2) = r”(t)=((t+2)e,e™,0). 


Then r'(t) x r” (t) = (—V2e~*, /2(t + 2)e*,2t +3), |r (t) x r”(t)| = 4/2e-?* +2(t + 27e? + (2t + 3)?, 


[r'(£)| = y(t + 1)?e% +e7%* +2, and «(t) = In'(t) x r” (© EA ge EREA RZE EOI E a 


lor [(t + 1)2e2* + e-t + 2]? 


We plot the space curve and its curvature function for —5 < t < 5 below. 


5 
z 0 
“5 0 
250 
035 $00 x 


From the graph of x(t) we see that curvature is maximized for t = 0, so the curve bends most sharply at the point (0, 1, 0). 
The curve bends more gradually as we move away from this point, becoming almost linear. This is reflected in the curvature 


graph, where x(t) becomes nearly 0 as |t| increases. 
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42. Notice that the curve a is highest for the same x-values at which curve b is turning more sharply, and a is 0 or near 0 where b is 


nearly straight. So, a must be the graph of y = K(x), and b is the graph of y = f(x). 


43. Notice that the curve b has two inflection points at which the graph appears almost straight. We would expect the curvature to 
be 0 or nearly 0 at these values, but the curve a isn’t near 0 there. Thus, a must be the graph of y = f(x) rather than the graph 
of curvature, and b is the graph of y = K(x). 
44. (a) The complete curve for r(t) = (sin 3t, sin 2t, sin 3t) is 
given by 0 < t < 27. Curvature appears to have a 
local (or absolute) maximum at 6 points. (Look at 


points where the curve appears to turn more sharply.) 


(b) Using a CAS, we find (after simplifying) 


3 V2 ./(5sint + sin 50)? 


D) = SS ee eer 
k(t) (9 cos 6t + 2 cos 4t + 11)3/2 


(To compute cross 


products in Maple, use the VectorCalculus or 
LinearAlgebra package and the 


CrossProduct (a,b) command; in Mathematica, use 


T 3g 2m t 


Cross [a,b].) The graph shows 6 local (or absolute) E 


IE 


maximum points for 0 < t < 27, as observed in part (a). 


45. r(t) — (t — B sint, 1 — 3 cost, t). Using a CAS, we find (after simplifying) x(t) = SS 
(To compute cross products in Maple, use the k(t) A 
VectorCalculusor LinearAlgebra package and the 
CrossProduct (a,b) command; in Mathematica, use 


Cross[a,b].) Curvature is largest at integer multiples of 27. 


0 i ae eee 
46. Here r(t) = (f(t), 9(®), rO = Q'(0,9 (0). O = 0" (0, 9" (0). 
OP = [VF OPO MP] = O+ = G? +)? and 
lr (t) x x" (E) = |(0, 0, f (6) " (t) — f" (t) O) = [Gr — 39)^] ^^ = lij — 9|. Thus, by Theorem 10, 
O = gregi 
47. =t? t= 2t $2, y=ť y = 3t? ü = 6t. 
Then x(t) = ley — jäl | (2t) (6t) — (3t?)(2)| _ |12t? — 6t?| B 6t? 


(i2 + ġ?]3/2 E [(2t)? + (3t?)?]8/2 (4t? + 9¢4)3/2 EN (At? + 914)3/2* 
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48. r —acosut > d -— —awsinut > Ë= —aw" cosuwt, 


49. 


50. 


51. 


52. 


y=bsinwt > y=bwcoswt => ij = —bw* sinwt. Then 


as Jey — jë) |(—aw sin wt)(—bw sin wt) — (bw cos wt)(—aw? cos wt)| 
K(t) [x2 + y2]3/2 [(—aw sin wt)? + (bw cos wt)?]3/2 
|abw® sin? wt + abu? cos? wt| [abo | 


(a2w? sin? wt + b2w? cos? wt)3/2  (a?w? sin? wt + b2w? cos? wt)3/2 


zx —e'cost => &=e'(cost—sint) $ = e'(— sint — cost) + e'(cost — sint) = —2e' sint, 


y=e sint > y=e'(cost+sint) > dà = e'(— sint 4- cost) + e'(cost + sint) = 2e* cost. Then 


(t) [tü — gäl Jet (cost — sin t)(2e* cost) — e* (cost + sin t)(—2e* sin t)| 
[2? + 4?]3/ ([et (cost — sin t)]? + [et (cost + sin DIDUE 
[2e?* (cos? t — sin t cost + sint cost + sin? t)| |2e?*(1)| 2e?t 1 


[e?t (cos? t — 2 cos t sint + sin? t + cos? t + 2costsint + sin? t)] 8/2 [e2* (1 + 1) | e*(257 2e 


f(a) =e, f'(x) = ce, f(x) = ce. Using Formula 11 we have 
Lf" (x)] [Pe] ce . 
= [9 GG) = [L4 (ce)? 872 = (1+ ees so the curvature at x = 0 is 


2 2 
c ; ; c 
K(0) = Gta To determine the maximum value for «(0), let f(c) = + m Then 


l'o- 2c. (1+ ¢7)3/? — e. 3(1+ c)? (2c) EE. eye [2c(1 + ce?) — 3c°] (2c — e) 


We have a critical 


[1 + e2)3/2]2 (12 23 = (1+ c)5/2" 

number when 2c — c? = 0 c(2— 0?) =0 c=O0orc=+v2.__ f'(c) is positive for c < —v2, 0 < c < V2 
and negative elsewhere, so f achieves its maximum value when c = v2 or — v2. In either case, «(0) = mm so the members 
of the family with the largest value of «(0) are f(a) = eV?* and f(x) = e- Y?*. 
r(t) — (t, 20,t). (1, 2 $i 1) corresponds to t = 1. 

r'(t 2t,202,1 2t,202,1 
r0 = ZO - Eu = RD oTa) = G4. 

|r’ (t)| At? + 4t4 +1 202 +1 
T' (t) = —4t(2t? + 1)? (2t, 2t?, 1) + (2? -- 1)! (2,4#,0) [by Formula 3 of Theorem 13.2.3] 

= (2t? + 1)? (—8t? + 4t? + 2, —80 + 8t? + 4t, —4t) = 2(2t? + 1)? (1 — 207,21, 2t) 
TH _ 228 4:1)? (1 — 287, 2t, -2t —— —  (1-20,2t, 20) — (1—20,2t, 2t) 


N(t) = E 
e rO 2(2t2 + 1)-2,/(1 — 22)? + Qt? + ( ~ V4 4 4 + 8 1-4 280 


N(1) = (3, 3—3) and B(1) = T(1) x NO) = (7$ : (Ca +5) +5) = (3.393). 


(1,0, 0) corresponds tot = 0. r(t) = (cost, sint, In cos t), and in Exercise 6 we found that r'(t) = (— sint, cost, — tant) 
and [r'(£)| = |sect|. Here we can assume —£ < t < $ andthensect >0 — |r’(t)| — sect. 


[continued] 
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. (—sint,cost, — tant) 
[r' (£)| sect 


= (— sint cost, cos? t, sint) and T(0) = (0,1,0). 


T’(t) = (— [(sint)(— sint) + (cost)(cost)], 2(cost)(— sint), — cost) = (sin? t cos? t, 2sin t cost, — cost), so 


T() (-L6-D 1 ot 
HF" VLESTIC yg 50-707 Cu) 


N(0) = 


Finally, B(0) = T(0) x N(0) = (0, 1,0) x ( 2,0, à) ( 450 39). 


53. r(t) = (sin 2t, — cos2t, 4t) =>  r'(t) = (2cos2t,2sin2t, 4). The point (0, 1, 27) corresponds to t = 7/2, and the 
normal plane there has normal vector r' (1/2) = (—2,0, 4). An equation for the normal plane is 


—2(zx — 0) + 0(y — 1) + 4(z — 27) = 0 or -2z + 4z = 81 or x — 2z = —4m. 


j : 
T(t) = E = Pices TUAE AR) = (2.cos 2t, 2sin 2t, 4) = 2 (cos 2t, sin 2t,2) => 
Ir'(t))  \/4cos? 2t + 4sin22t+16 2v5 V5 
T'(t) = zx (—2sin 2t,2cos2t,0) => |T (|= Je V Asin? 2t + Acos? 2t = Sand 
1 
N(t) = mi = (— sin 2t, cos 2t,0). Then T(1/2) = Z (—1,0, 2), N(7/2) = (0, —1, 0), and 


B(v/2) = T(a/2) x N(n/2) = zx (2, 0, 1). Since B(7/2) is normal to the osculating plane, so is (2,0, 1), and an 


equation of the plane is 2(z — 0) + O(y — 1) + 1(z — 27) = 0 or 2r + z = 2m. 

54. r(t) = (Int, 2t, t?) = r'(t) = (1/t, 2,20). The point (0, 2, 1) corresponds to t = 1, and the normal plane there has 
normal vector r'(1) = (1,2,2). An equation for the normal plane is 1(z — 0) + 2(y — 2) + 2(z — 1) 2 0 or 
t + 2y-F2z = 6. 


[r (£)| = 4/1/02 -- 4 4- A? = J/[(1/t) + 2t]? = (1/t) +2t [since t > 0] and then 


r(t)  (1/t,2, 2t) 1 5 Y t 
T(t) = = de ai a 1, 2t, 2t ft Itipl -|. By Formula 3 of Th 13.2.3, 
(t) Im(D ^ 1/642: ^ 1428 (1,215,217) [after multiplying by - y Formula 3 of Theorem 
T(t) = D (1, 2t, 2t?) + — —— (0, 2, 4t) 
(1+2) X 7.8 TFW s 
1 1 
= — s (-4t, —8? 2) —8t? + At(1 + 202)) = — — (—4t,2 — 4t?, At 
arap e 788 + (1 + 207), 88 + 4(1 20)) = cas C46 4t) 
Then 
1 1 
T4) = —— 2 4 (2— 42)? + 1602 = ——__/16#? + 4 + 16t 
T" (t)| (IE 38y 16? + ( )? + 16 (13852 6t? +4+ 16 
1 2 
= ———— 22809) = 
arp PV + 20) = ae 
T'(t) 1 2 2 
= — RD t = —— OY 2t). 
and NW) = TA] A wy | a aoe eh 1 2t) 


(1, 2,2), N(1) = 1 (—2,—1, 2), and B(1) = T(1) x N(1) = (6, —6, 3) is normal to the osculating plane. 


[continued] 
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56. 


57. 


58. 
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We can take the parallel vector (2, —2, 1) as a normal vector for the plane, so an equation is 
2(x — 0) — 2(y — 2) + 1(z — 1) 20 or 2g — 2y + z = —8. 
Note: Since r' (1) is parallel to T(1) and T’ (1) is parallel to N(1), we could have taken r'(1) x T’(1) as a normal vector for 


the plane. 


The ellipse is given by the parametric equations x = 2cost, y = 3sint, so using the result from Exercise 46, 


Oe |zj —39| _ |(—2sint)(—3sint) — (3cost)(-2cost)| _ 6 
[a2 + y2)8/2 (Asin? t + 9 cos? t)3/2 ~ (4sin? t + 9 cos? t)3/2° 
At (2,0), t = 0. Now &(0) = = 2, so the radius of the osculating circle is 2 
1/«(0) = $ and its center is (—2, 0). Its equation is therefore (a + By +y =. ap 
At (0,3), t = %, and «(Z) = $ = $. So the radius of the osculating circle is $ and 7.5 2.5 
its center is (0, 2). Hence its equation is x? + (y — 2 =£, 
ENS 
; 1 ; 
y—iz?^ => y — andy" = 1, so Formula 11 gives K(x) = aai So the curvature at (0,0) is «(0) = 1 and 


the osculating circle has radius 1 and center (0, 1), and hence equation x? + (y — 1)? = 1. The curvature at (1, $) 


1 


: 1 . 
is K(1) = a+ = 2J9 The tangent line to the parabola at (1, i) E 
has slope 1, so the normal line has slope —1. Thus the center of the 
osculating circle lies in the direction of the unit vector (- PL = X 
The circle has radius 2 \/2, so its center has position vector 4b 
4 4 - 3 


(1, i) +2 V2 (3, à) z (-1, 3). So the equation of the circle 
is (£ +1)? + (y — 3j =8. 
Here r(t) = s 3t, £5, and r’(t) = [SES 3, 4t?) is normal to the normal plane for any t. The given plane has normal vector 


(6, 6, —8), and the planes are parallel when their normal vectors are parallel. Thus we need to find a value for t where 


(30,3, 4t?) = k (6,6, —8) for some k Z 0. From the y-component we see that k = 4, and 


GE. 3, At?) = 4 (6,6, —8) = (3,3, —4) for t = —1. Thus the planes are parallel at the point (—1, —3, 1). 


To find the osculating plane, we first calculate the unit tangent and normal vectors. 
In Maple, we use the VectorCalculus package and set r:— «t ^3, 3*t, t^ 4»;. After differentiating, the 
Normalize command converts the tangent vector to the unit tangent vector: T: -Normalize (diff (r,t));. After 


(30,3, 4t?) 


simplifying, we find that T(t) = Vig® LOPS 


. We use a similar procedure to compute the unit normal vector, 
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59. 


60. 


(—t(85 — 9), -31* (3 + 80), 6t? (t4 + 3)) 


. Then 
V/t? (4t8 + 3602 + 9) (1646 + 914 + 9) 


N:-Normalize (diff(T,t) ) ;. After simplifying, we have N(t) = 


(6t?, —2t*, —3t) 
VE + 3602 4-9) 


In Mathematica, we define the vector function r={t ^3, 3*t, t^ 4} and use the command Dt to differentiate. We find 


we use the command B : -CrossProduct (T, N) ;. After simplification, we find that B(t) = 


T(t) by dividing the result by its magnitude, computed using the Norm command. (You may wish to include the option 


Element [t, Reals] to obtain simpler expressions.) N(t) is found similarly, and we use Cross [T, N] to find B(t). 
Now B(t) is parallel to (6t?, — 21^, —3t), so if B(¢) is parallel to (1, 1, 1) for some t 4 0 [since B(0) = 0], then 
(60^, -—2. —3t) = k (1, 1, 1) for some value of k. But then 6t? = —21* = —3t which has no solution for t Æ 0. So there is 


no such osculating plane. 


First we parametrize the curve of intersection. We can choose y = t; then x = y? = t? and z = x” = t^, and the curve is 
given by r(t) = (t?,t,t*). v'(t) = (21, 1, 4t?) and the point (1, 1, 1) corresponds to t = 1, so r’(1) = (2, 1, 4) is a normal 
vector for the normal plane. Thus an equation of the normal plane is 


'(t 1 


T" (t) = — (4t? + 1+ 16t9) ?/? (8t + 9605) (2t, 1, 4) + (4t? + 1 + 1609) '/? (2,0, 121?). A normal vector for 
the osculating plane is B(1) = T(1) x N(1), but r'(1) = (2, 1, 4) is parallel to T (1) and 


T'(1) = —$(21)~9/? (104) (2, 1, 4) + (21)! (2,0,12) = Am (—31, —26, 22) is parallel to N(1) as is (—31, —26, 22), 


so (2, 1, 4) x (—31, —26,22) — (126, —168, —21) is normal to the osculating plane. Thus an equation for the osculating 


planeis126(r — 1) — 168(y—1)—21(z—1) 20 or 6z—8y—z-— —3. 


r(t) = (£-2,1-1, 4) = r(t) =(1,-1,t), To= EO = ae cis 


T'(t) = -1Q2-- t?) 3/2 (2t)(1, —1, t) + (2 + 9)? (0,0, 1) 


-1 


= —(2 + 12) 9 [t(1,—1,t) — (2 + t?) (0,0, 1)] = [ENSE (t, 


—t,—2) 

A normal vector for the osculating plane is B(t) = T(t) x N(t), but r'(t) = (1, —1,t) is parallel to T(t) and (t, —t, —2) 
is parallel to T’ (t) and hence parallel to N(£), so (1, —1, t) x (t, -t, —2) = de +2, +2, 0) is normal to the 
osculating plane for any t. All such vectors are parallel to (1, 1, 0), so at any point (t +2,1-8, it) on the curve, an 


equation for the osculating plane is 1|x — (t + 2)] + 1[y — (1— £)] + O(z — it) = Qor x + y = 3. Because the osculating 
plane at every point on the curve is the same, we can conclude that the curve itself lies in that same plane. In fact, we can 


easily verify that the parametric equations of the curve satisfy x + y = 3. 
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61. r(t) = (e* cost,e’sint,e") = — r'(t) = (e'(cost — sint), e'(cost + sint), e) so 
[r' (£)| = ye% (cost — sin t)? + e?t (cost + sint)? + e% 


= ,/et [2(cos? t + sin? t) — 2costsint + 2costsint + 1] = 3e = V3 e 


r'(t) il t . t ; t 1 F ; 

and T(t) = ——— = —— (e'(cost — sint), e" (cost + sint), e') = — (cost — sin t, cost + sint, 1). The vector 
= Bip = vee (el yet e) = Ze ( ) 

k = (0,0, 1) is parallel to the z-axis, so for any t, the angle a between T(t) and the z-axis is given by 
T(t)-k A (cost — sint, cost + sint, 1) - (0,0, 1) 


1 
IT(||k| - A (cost — sint)? + (cost + sint)? +1 /1 , vV/2(cos? t + sin? t)+1 i 


is constant; specifically, œ = cos! (1/4/3) ~ 54.7°. 


cosa = Thus the angle 


A 
5 


Ne=- LŒ .(1/V3)( sint cost, sint cost,0) — 1 


(— sint — cost, — sint + cost, 0), and the angle 6 


"| 1///3)4/2 (sin? t + cos? t v2 
Ir 
i "E N(t)-k 
made with the z-axis is given by cos 6 = = 0, so 8 = 90°. 
IN(t)| |k| 
B(t) = T(t) x N(t) = a (sint — cost, — sint — cost, 2) and the angle made with the z-axis is given by 
B(t)-k M (sint — cost, — sint — cost, 2) - (0,0, 1) 2 


= A = — orequivalently v6 Again the angle is 
|B(t)| |k| a (sint — cost)? + (~ sint — cost)? -AV/1 V6 3 


constant; specifically, y = cos! (2/4/6) ~ 35.3°. 
62. If vectors T and B lie in the rectifying plane then N is a normal vector for the plane, as it is orthogonal to both T and B. The 
point (v2/2, /2/2, 1) corresponds to t = 7/4, so we can take T" (7/4) as a normal vector for the plane [since it is parallel to 


N(z/4). x(t) =sintit+costj+tantk =  r'(t) = costi — sintj + sec? t k and 


'(t 1 
Ir (£)| = v cos? t + sin? t + sect t = v1 + sec! t. Then T(t) = EO = geet (costi — sint j + sec? tk). 


By Formula 3 of Theorem 13.2.3, 


2sec^ttant 


( 1 
(1 + sec? t)3/? 


V1-4 secit 


i 2(/2)) (v2, v2, crm 1 Mae. AM. 2 
T" (2/4) LF pA ( ae j+(v2) x) rmi p ees j+2(V2) (1)k) 


T'(t) 2 — costi — sint j + sec? tk) + (— sinti — costj + 2sec? ttantk) and 


== — — 1 + —— 
lovs 1045" 55 


We can take the parallel vector —13\/2i + 3V2j + 8k as a normal for the plane, so an equation for the plane is 


13/2 (a - 2) + 3v2(y- 2) «8G 1) =0 or -13/2z + 3/29 + 82 = —2 or 13x — 3y — 4V2 z = V2. 


dT | dT 
dT| |dT/dt|  |dT/dt| dT/dt dt| dt  dT/dt dT 
eS ies = E and IN = E so uN = EE — C _ © by the Chain Rule. 
"= [ds ia] qug on jar/aq ^ = by the Chain Rule 


dT|ds ds/dt d 
dt | dt 
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64. For a plane curve, T = |T|cos¢i+|T|sin¢gj = cos ġi + sin gj. Then 


dT (dTYY(dóN |, NEZ UD aoa us . |d|  |dó 
Js (E2) ( singi + cosøj)( ZE) ana | = | sin di + cos || Ts . Hence for a plane 
curve, the curvature is x = |dd/ds|. 
d dB dB 
$.()|B|.-1 > B-B=1 > +(B-B)=0 2. B=0 = LB. 


This shows that dB/ds is perpendicular to B. Alternatively, note that this is a direct result of Theorem 13.2.4. 


(b)B=TxN > 


dB d d 1 d 1 
PUR ae (Tx N) = a (T x N) dsj =% (T xN) FIO] [by Formula 7] 
= [(T' x N) - (T x N)] zs [by Formula 5 of Theorem 13.2.3] 
m) | 1 
—[[(T'x——]-(TxN' 
(Em +89 e 
o , 1  TxN = 
= [0+ (T x N’)J rO rO [a x ca = 0] 
3 “ LT [by Theorem 12.4.8] 


()B=TxN => BLTandBLN. Since T LN, B, T, and N form an orthogonal set of vectors in the three- 


dimensional space R?. From parts (a) and (b), dB /ds is perpendicular to both B and T, so dB/ds is parallel to N. 


66. We need to find T(t), N(t), and B(t) in terms of t. r(t) = (sint,3t,cost) =  r'(t) = (cost,3,—sint) = 


'(t) 1 

r'(£)| = y cos? t + 32 + sin? t = v10. Then T(t) = r( = — (cost, 3,— sint) > 
O= v VTD. Then T(t) = EEE = a ( ) 
T(t) l (— sint, 0, — cost), and |T'(t)| = -1 P 0? + cos? t = eE 

V10 = , vio vio 

T'(t) v10 
N(t) = = : sin t, 0, — cost) = (— sint, 0, — cost). 

0-7 Ug )-( ) 

Then 


i j k 


cost 3 —sint 


B(t) = T(t) x N(t) = = 


—sint 0 —cost 


1 . 2 "ND SE. " 1 : 
= —/-3costi cos“ t — sin“ t)j+3sintk) = — = (—3cost,1,3sint 
i 3 l= Xa ! 
1 1 
B'(t) = —= (3sint,0,3cost) =  B'(z/2) = —— (3,0,0) and N(z/2) — (-1,0,0 
(t) 5 ) (1/2) moi ) (1/2) = ( ) 
"e" B' (1/2) - N(x/2) —3/4/10 3 
Thus, the torsion is 7(t) = ———————.——— ———————--—. 
iu ir (72) vió D 
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67. We need to find T(t), N(t), and B(t) in terms of t. r(t) = (105,21,t) => r’(t)=(t,2,1) => 
lr) - VPP PE = JESS. Then Te) = 2 2. 1 4235 4 
(t) +5 
T(t) = eth 0 on h 2 jt [(t? +5) (1,0,0) — t (4,2, 1)] 
B ENS XV (t2 + 5)3/2 UE (t2 + 5)3/2 aa E) 
1 
z EDE (5,—2t, —t), and 

1 v5 
T'(t) = ———— v2 f2 = . 
IT (t2 + 8)9/7 D t? +5 

T(t) +5 1 1 
N(t) = = ; 5,—2t,—t 5, —2t, —t 
O= TOT vs PFA | Paes 
ij k 
Then B(t) = T(t) x N(t) = — 1 d 1 
VB r5 vVb5/t +5 
5 —2t —t 
TS [(—2t + 20 — (—t? — 5)j + (-22? — 10)k] - (o. 73) 

V5(t? + 5) V5 v5 
: : T B'(1)- N(1) 0 
Since B(t) is constant, B'(t) = 0, and B'(1) - N(1) = 0. Thus, the torsion is 7(1 =— =0. 

(0) (0) ()-NQ) ()--— =o 
68. Eur ep md = r”=(0,1,2t) = r” = (0,0,2). 
lye pl). pl! 12, —2t, 1) - (0,0,2 
r'xr'"-— (t?, —2t, 1). By Theorem 15, the torsion is 7 = oor). = Ae =D 
xr (VEP) “tati 


69. 


70. 


The torsion at t = O is T(0) = 2 = 2. 


r= (e,e™,t) => r = (eé, —e™,1) => r” ee e 0) => r” = (e, ep 


r xr” = (—e™, e, 2). By Theorem 15, the torsion is 


|2o(r'xr).r"  (-e5,0,2).(6,-e 5,0  —1-1+0 _ -2 
|e x r”? ( (—e-*)? + (et)? + 2? ) pepe sed. c se eee oe 
; ; -2 1 
The torsion at t = O is (0) = — TL 575 
r = (cost,sint,sint) = r’ = (— sint, cost, cost) r” = (— cost, — sint, — sint) 


1 


r” = (sint, — cost, — cost). r' x r” = (0, —1, 1). By Theorem 15, the torsion is 


—(r'xr^):r"  (0,—1,1). (sint, — cost, — cost)  0--cost— cost _ 


(verce) 0 00 7 


lr’ x r7 [* 


The torsion at t = 0, or any value of t, is 0. 
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1.N=BxT > 


dN d dB dT 

ig d (B x T) = PE T+Bx Ws [by Formula 5 of Theorem 13.2.3] 
— —NxT-c-BxkN [by Formulas 3 and 1] 
— —r (N x T) - &(B x N) [by Property 2 of Theorem 12.4.11 ] 


But B x N = B x (Bx T)=(B-T)B-(B-B)T [by Property 6 ofTheorem 12.4.11 ] 


0-T T 


dN/ds = «(T x N) -KT 2 -KkT4 7B. 


72. a) r' 2 s'T > r=” T+s T =s” Ts Ty = s" T + k(s')? N by the first Frenet-Serret formula. 
(b) Using part (a), we have 
r' x r" = (s' T) x [s" T + «(s)? N] 
= [(s' T) x (s" T)]  [(s"T) x (&(s)? N)] [by Property 3 of Theorem 12.4.11 ] 
= (s's")(T x T) + k(s)?(T x N) = 04+ &(s')? B = k(s)? B 
(c) Using part (a), we have 
r” = [s" 'T -- k(s")? NY =s” T 4- s" T +k (sN --2ks's" N + k(s')? N' 
dN 


= s" T E s" — s' +K (s)? N + 2ks's" N + k(s')? E s' 


— s" I 4 s" s &N ++K (s)? N 4 2ks's" N + k(s"?(—& T + 7 B) [by Formulas 1 and 2] 


= [s — &?(s^)*] T + [3s's" + &'(s?] N + kr(s')? B 
(d) Using parts (b) and (c) and the facts that B - T = 0, B. N = 0, and B- B = 1, we get 


(r'xr").r" — k(s)?B-([s" — &?(s)?] T + [3s's" + &'(s)?] N--&r(s)? B). &(s)kr(s)? 
ORNA MALO PORA MR ROC a i Ee ee IBID NO E oN 
|e x r”? (s)? B|? [«(s’)3]? 

73. First we find the quantities required to compute &: 

r'(t) = (—asint,acost,b) =  r"'(t) =(—acost,—asint,0) = r’”(t) = (asint, —acost,0) 

[r' (£)| = y (—a sin t)? + (a cost)? +b? = Va? + b? 
i j k 
r'(t) x z"(t) 2| —asint acost b | —absinti— abcostj--a?k 


—acost —asint 0 


[r' (£) x r"(t)| = y (absint)? + (Cab cost)? + (a2)? = Va2b? + at = aya? + b? 
(r'(£) x r"(t)) - r” (t) = (absint)(asint) + (—ab cos t)(—a cost) + (a2)(0) = a?b 


[continued] 
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[r' (t) x r"(t)| a va? +b? a 


By Theorem 10, x(t) = ES = which is a constant. 


Ir OI" (Va F)? a? +B?’ 


By Theorem 15, the torsion is 


xr’) (absint, —ab cost, a?) - (asint, —a cost, 0) i ab " b gie 
T= ir’ x r"[? = (fe pat = a2(a? B = abo ich 1s also a constant. 


74. r = (sinht,cosht,t) = r’ = (cosht,sinht, 1), r” = (sinh, cosht, 0), r” = (cosht,sinht,0) = 


r' x r” = (— cosht, sinh t, cosh? t — sinh? t) = (-cosht,sinht,1) = 


x r"| |(— cosh t, sinh t, 1)| V/cosh? t + sinh? t + 1 1 1 


-dr 2 = n = 

||? — |(cosht, sinh t,1)|* — (cosh? t + sinh? t + 1)?? — cosh?t--sinh?t--1  2cosh?t’ 
| (r'xr").r" _ (—cosht,sinht,1) - (cosht,sinht,0) ^ —cosh?t-Fsinh?t ^ —1 

lr’ x r7 |? cosh? t + sinh? t +1 2 cosh? t 2cosh? t 


So at the point (0, 1,0), t = 0, and « = 4 and r = — 


Ir 


75. (a) At any point P on C where «(t) Z 0, the circle of curvature of C at P has center a distance 1/«(t) from P in the direction 


of the unit normal vector N(t). The position vector of P is r(t), so we get a position vector for the center of curvature by 


adding + No) to r(t): re(t) = r(t) + —N(t), k(t) z 0. 


K(t) (t) 
(b) r(t) = costi+sintj+tk r'(t) =—sinti+costj +k => |r’(t)| = Vsin?t+cos?t+ 1? = V2. 
r'(t) sint, cost 1 cost, sint 1 
Then T(t i+ j + k T'(t i j T'(t)| 2 —. 
(t) FIO) B AtA (t) Jai |T"(¢)| J 
T’(t) ; IT| 1//2 1 
N(t) = L—— ti— tj t)h= = = —. Th 
So N(t) "o cost i— sint j and x(t) FIO] V 5. Thus, 
r-(t) — r(t) + INO = costi +sintj + tk -- 2(— costi — sintj) = — costi — sintj + tk. 
K 
(c) The parabola y = a? can be parameterized x = t, y = t?, which gives the corresponding vector equation 
1 
r()-(,8) > r()-(,20 > |r(9| VITAE. Then T(t) = 2 2 1 2) > 


(0| VI+ 


T(t) = um (0,2) — EEO (1,2t) = TEXTILE [(1 + 4t?) (0,2) — 4t (1, 2t)] 
= OFEA TE (cabo > 
TO= gegen 18 FE = Ls. 
So N(t) = TU = Eres TA (—4t,2) = mE (—2t, 1) and 
w(t) = EL UAD Lag Ths, 
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E 1 opum 0+4 1 
re(t) arr al) (t,t?) + 5 Tae 2t, 1) 


= (t,t?) + (1 + 4t?) (-t, 3) = (-40, 1 + 30) 


To obtain a function form of the answer, note that x = —4t? t = (—2/4)1/8, so 


Ye = $+ 30? = $ + 3[(72/4) P = 3 4 3(@/4)?”. 


76. (a) If C is planar, then it lies in a plane that we can express in the form ax + by + cz = d, where a, b, c, and d are not all zero. 
(See Equation 12.5.8.) For any t, the point (x(t), y(t), z(t)) lies on the curve and hence on the plane, so the equation 
ax(t) + by(t) + cz(t) = d must be satisfied. 

Conversely, if there exist scalars a, b, c, and d, not all zero, such that ax(t) + by(t) + cz(t) = d for all t, then each 
point (x(t), y(t), z(t)) on C satisfies the equation ax + by + cz = d. By Exercise 12.5.83, this equation represents a 


plane, and hence C is planar. 


(b) By part (a) there exist scalars a, b, c, and d, not all zero, such that for all t, ax(t) + by(t) + cz(t) =d > 
(a, b,c) -r(t) = d. In addition, for all t, ax’ (t) + by'(t) + cz'(t)=0 =  (a,b,c)-r'(t) 20 = r is perpendicular 


1 
d t) . ; 
to the normal vector n — (a, b, c) of the plane containing C T(t) = aa is also perpendicular to n. 


Similarly, (a,b,c) - r"(t) 2 0. =  r"is perpendicularton = 


n- LIO \ NE ORE DE OV = aN.n— DO nS Qm 
T a (wr) ZO! «a gem)" o Ue =p et SD a 


hence N is perpendicular to n. So, since n = (a, b, c) is perpendicular to both T and N, it follows that B = T x N is 


parallel to n and hence is normal to the plane containing C. 


; " ,b, ; ; 
(c) By part (b), B is normal to the plane containing C and so B(t) = e for all t, that is, B is a constant vector. 
va c 


OBONO SU. ofra 
rOl FC) nui 


Therefore, B’(t) = 0 and 7(t) = 


(d) The projection of the curve r(t) = (t, 2t, t£?) in the zy-plane is the curve r(t) = (t, 2t, 0), which is the line with 
corresponding parametric equations x = t, y = 2t, z = 0. Therefore, the equation of the plane containing r(t) is y = 22, 


or 2x — y = 0, with normal vector n = (2, —1, 0). By part (b), B = E (2, —1,0). 


77. For one helix, the vector equation is r(t) = (10 cost, 10 sin t, 34t/(27)) (measuring in angstroms), because the radius of each 


helix is 10 angstroms, and z increases by 34 angstroms for each increase of 27 in t. Using the arc length formula, letting t go 


from 0 to 2.9 x 105 x 27, we find the approximate length of each helix to be 


2.9x108 x27 


8 8 
L= jen te *?" v'(£)| dt = P *?7 J/ (—10sint)? + (10cos£)? + (3$ y dt = 4/100 + (3$ ie t 
0 


= 2.9 x 108 x 274/100 + ES = 2.07 x 10'° A — more than two meters! 
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0 if r«0 
78. (a) For the function F(x) = 4 P(x) if 0<a<1  tobecontinuous, we must have P(0) = 0 and P(1) = 1. 
1 if 21 


For F” to be continuous, we must have P'(0) = P'(1) = 0. The curvature of the curve y = F(x) at the point (x, F(x)) 


E 
(1+ [F(z)]))?? 


Write P(x) = ax? + ba* + ca? + da? + ex + f. Then P'(x) = 5aa* + Ab? + 3ca? + 2d« + e and 


is K(x) = For k(x) to be continuous, we must have P"(0) = P"(1) = 0. 


P" (x) = 20ax? + 12ba? + 6ca + 2d. Our six conditions are: 


P(0-0 => f=0 Q) P()-1 > a+b+c+d+e+f=1 (2 
P'(0)=0 => e=0 (3) P'(1-20 => 5a+4b+3c+2d+e=0 (4) 
P'(Q—0 => d-0 (5 P"(1)=0 =>  20a--12b--6c--2d—0 (6) 


From (1), (3), and (5), we have d = e = f = 0. Thus (2), (4) and (6) become (7) a + b + c = 1, (8) 5a + 4b + 3c = 0, 
and (9) 10a + 6b + 3c = 0. Subtracting (8) from (9) gives (10) 5a + 2b = 0. Multiplying (7) by 3 and subtracting from 
(8) gives (11) 2a 4- b — —3. Multiplying (11) by 2 and subtracting from (10) gives a — 6. By (10), b — —15. 

By (7), c = 10. Thus, P(x) = 62? — 15z* + 102°. 


1.1 


(b) 


-0.5 EH L5 


-0.1 


13.4 Motion in Space: Velocity and Acceleration 


1. (a) I£ r(t) = x(t) i + y(t) j + z(t) kis the position vector of the particle at time ¢, then the average velocity over the time 
interval [0, 1] is 


r()-r(0) _ (45i +6.0j+3.0k) -(LTi- 983 3Tk) i4: 383 07k 


Mage nm eed 
1-0 1 
Similarly, over the other intervals we have 


r(1) = r(0.5) _ (4.54 + 6.0j +3.0k) (35i 723 33k) oi 94; 6k 


os dir up ee 
[0-5,1] w 1-0.5 0.5 

ede 20) E eSa e E E 
TNT E ce) (5.914 6.4) a EIUS NU 
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(b) We can estimate the velocity at t = 1 by averaging the average velocities over the time intervals [0.5, 1] and [1, 1.5]: 


v(1) ~ 3[(2i— 2.4j — 0.6 k) + (2.81 + 0.8j — 0.4k)] = 2.4i — 0.8j — 0.5k. Then the speed is 


|v(1)| = y (2.4)? + (—0.8)? + (—0.5)? ~ 2.58. 


2. (a) The average velocity over 2 < t < 2.4 is 


r(2.4) — r(2) 


aoa = 2.5 [r(2.4) — r(2)], so we sketch a vector in the same 


direction but 2.5 times the length of [r(2.4) — r(2)]. 


(b) The average velocity over 1.5 «€ t < 21s 

r(2) — r(1.5) 
2— 1.5 

same direction but twice the length of [r(2) — r(1.5)]. 


= 2[r(2) — r(1.5)], so we sketch a vector in the 


(c) Using Equation 2 we have v(2) — lim EGE) XU 


(d) v(2) is tangent to the curve at r(2) and points in the direction of 
increasing t. Its length is the speed of the particle at t = 2. We can 
estimate the speed by averaging the lengths of the vectors found in 
parts (a) and (b) which represent the average speed over 2 < t < 2.4 and 
1.5 € t € 2 respectively. Using the axes scale as a guide, we estimate the 


vectors to have lengths 2.8 and 2.7. Thus, we estimate the speed at t = 2 


to be |v(2)| zz $(2.8 + 2.7) = 2.75 and we draw the velocity vector v(2) 


with this length. 


YA 
3. r(t)=(-5t?,t) > Att = 2: W (-2, 2) 
v(t) = r'(t) = (t,1) v(2) = (-2,1) MS 
a(t) = r"(t) = (—1,0) a(2) = (1,0) a 
Iv(t)| = £31 


Notice that x = — iy^ so the path is a parabola. 

4. r(t) = UP, = Att=1: 
v(t) = r'(t) = (2t, —2/t°) v(1) = (2, —2) 
a(t) = r” (t) = (2,6/t*) a(1) = (2,6) 


|v (t)| = \/4t? + 4/t6 = 24/1? + 1/t8 


Notice that y = 1/x and x > 0, so the path is part of the 


hyperbola y = 1/z. 
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5. r(t) =3costi+2sint] => Att = 7/3: 
v(t) = —3sinti+2costj v(t) =—-38i4j 
a(t) 2 —3costi — 2sintj a(£) --$i- 3j 


|v(t)| = V/9sin? t + 4cos? t = V/5sin? t + Asin? t + Acog? t 


= y4 + 5sin?t 


Notice that z? /9 + y?/4 = sin? t + cos? t = 1, so the path is an ellipse. 


6 r(t) 2 efi ej > Att — 0: Án 
v(t) 5 e i4- 2e?! j v(0) 2i4 2j 
a(t) = e* i 4e? j a(0) =i+4j a(0) 
|v (t)| = Ve” + 4ett = e*/1 + 4e% v(0) 
2 2 2 (1,1) 
Notice that y = e” = (ef) = c^, so the particle travels along a parabola, E 
0 x 
but z = et, sox > 0. 


7. r(t) 2 ti - 2j - 2k Att=1: 
v(t) =i+ 2tj v(1) =i4+ 2j 
a(t) = 2j a(1) = 2j 


|v(£| = VI F 48 


Here z = t, y = t?’ y = a? and z = 2, so the path of the particle is a 


parabola in the plane z = 2. 


ZA 
8. r(t) =ti+2costj+sintk => Att = 0: 
v(t) = i—2sintj+costk v(0) =i+k 
a(t) = —2costj— sint k a(0) = —2j 


|v(t)| = V/1+ Asin? t + cos? t = /2 + 3sin? t 


Since y?/4 + 2? = 1, x = t, the path of the particle is an elliptical helix 


about the x-axis. 


9. r(t) = (P t, — t,t?) v(t) = r'(t) = (2t + 1,2? — 1,327), a(t) = v'(t) = (2,2,61), 


(2t 1-1)? Ot- 1)? + BP)? = VO +8 +2. 


10. r(t) = (2 cost, 3t, 2 sint) v(t) = r'(t) = (—2sint,3,2cost), a(t) = v'(t) = (—2cost,0, —2sint), 


|v(t)| = v 4sin? t+ 9 + 4cos? t = V13. 
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r(t) = /2tit+e’jt+e*k v(t) 2 r't) =V2i+ej—e*k, a(t)=v(t)=—ej+e‘'k, 
|v(t)| = V2 et +e% = (eè +e*2 = e +e. 

r(t) =tťi+2tj+lntk v(t) 2 r'(t) = 2ti--2j-- (1/t)k, a(t) = v'(t) = 2i— (1/t?) k, 
|v(£)) = V4 +44 (1/0?) = [2t + (1/0)? = |2t + (1/t)]. 

r(t) =e'(costi+ sintj+tk) =e'costi+e‘sintj+te’k => 


v(t) = r'(t) = [e* (— sint) + (cost)e'] i + [e* cost + (sint)e'] j + (tet + e)k 


= e'[(cost — sint) i + (sint + cost) j + (t+ 1) k] 


a(t) = v'(t) = [e*(— sint — cost) + (cost — sint)e'] i + [e (cost — sint) + (sint + cos t)e*] j 


+ [e -1+ (t+ Del] k 
= e'[-2sinti + 2cost j + (t+ 2) kJ 


|v(t)| = ye% (cost — sint)? + e?t (sint + cost)? + e% (t + 1)? 
= Ve?t,/cos? t + sin? t — 2costsint + sin? t + cos? t + 2sint cost + t? + 2t+1 


= ett? 20-3 


r(t) — (t^, sint — t cost, cost + tsint) => 


v(t) = r'(t) = (2t, cost — (—tsint + cost), — sint + tcost + sint) = (2t,tsint,tcost), 


a(t) = v'(t) = (2,tcost +sint, —tsint + cost), 


|v(t)| = V/4t? + t? sin? t + t? cos? t = V4 4- = V5? = 5t [since t > 0]. 


a(t)=2i+2tk = v(t) f a(t) dt = [(2i+ 2tk) dt = 2ti+t?k+C. Then v(0) = C but we were given that 


v(0) = 3i — j, so C = 3i—jand v(t) = 2ti+-?k + 3i—-j = (2t+3)i-j+e¢k. 
r(t) = f v(t) dt = f [(2t+3)i-j+tk] dt = (t? + 3t)i—tj+ 4#°k+D. Here r(0) = D and we were given that 


r(0) =j + k, so D = j + k and r(t) = (t? + 3t)i + (1 — t)j + ($0 + 1) k. 


a(t) =sinti+2costj+6tk = v(t)= f a(t) dt — f(sinti+2costj+6tk)dt = — costi+2sintj+3t? k + C. 


Then v(0) = —i + C but we were given that v(0) = —k, so —i + C = —k C=i-k 


and v(t) = (1 — cost) i + 2sintj + (3t? — 1) k. 


r(t) = f v(t) dt = f [(1 — cost) i + 2sintj + (3t? — 1) k] dt = (t — sint) i — 2costj + (t? — t) k + D. Here 
r(0) = —2j + D and we were given that r(0) = j — 4k, so D = 3j — 4k and 


r(t) = (t — sint) i + (3 — 2 cost) j + (t? — t — 4) k. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 13.4 MOTION IN SPACE: VELOCITY AND ACCELERATION 1319 


17. (a) a(t) = 2ti+sintj+cos2tk => (b) 


v(t) = f (2ti+sintj+cos2tk) dt = t° i — costj + isin2tk + C 


andi = v (0) = -j + C,soC =i +j 


0.6 
and v(t) = (t? +1) i+ (1 —cost)j+ į sin2t k. z ie 
0 
r(t) = f[(# +1) i+ (1— cost) j + 4 sin 2t k]dt ; zm 
200 
0 y 
= (4t +t) i+ (t— sint)j— $ cos2tk + D zo —200 ~ 10 


But j = r (0) = —4 k + D, so D =j + 4 k and r(t) = (40° + t)i+ (t- sint -1)j (| — 4 cos 2t) k. 


18. (a) a(t) =tit+eéjte‘k (b) 
v(t) 2 f (tite’j+e*k) dt=5Pi+ej—-etk+C 
and k = v (0) =j—k+C,soC = -j + 2k 
and v(t) = 3? i + (e — 1) j+ (2-e") k. 


r(t) = f [32 i+ (e* — 1)j + (2— e™)k] dt 


= {i+ (e —t)j+(e™+2t)k +D 


But j +k = r(0) = j + k + D, so D = 0 and r(t) = 18 i + (e' — t) j + (e™* + 2t) k. 


19. r(t) = (t°, 5t, t? — 16t) v(t) = (2t, 5, 2t — 16), |v(t)| = V4 + 25 + At? — 64t + 256 = /8t? — 64t + 281 


and £ |v(t)| = à(8? — 64t + 281)71/2(16t — 64). This is zero if and only if the numerator is zero, that is, 


1 
d 2 

f d d - ; : 
16t — 64 — 0 ort — 4. Since 3 |v(t)| < 0 for t < 4 and a |v(t)| > 0 fort > 4, the minimum speed of /153 is attained 


at t = 4 units of time. 


20. Since r(t) = t i + t? j +t? k, a(t) = r"(t) = 6ti+ 2j + 6tk. By Newton's Second Law, 


F(t) = ma(t) = 6mti+ 2m j + 6mtk is the required force. 


21. |F(t)| = 20 N in the direction of the positive z-axis, so F(t) = 20k. Also m = 4 kg, r(0) = O and v(0) = i— j. 


Since 20k = F(t) = 4 a(t), a(t) = 5k. Then v(t) = 5tk + cı where cı = i — j so v(t) = i — j + 5t k and the 


speed is |v(t)| = VI + 1+ 25€? = 250? + 2. Also r(t) = ti — tj + $t^ k + c2 and 0 = r(0), so c2 = 0 
and r(t) = ti-tj+ 2t?k. 
22. The argument here is the same as that in the proof of Theorem 13.2.4 with r(t) replaced by v(t) and r’(t) replaced by a(t). 
23. |v(0)| = 200 m/s and, since the angle of elevation is 60°, a unit vector in the direction of the velocity is 
(cos 60°)i + (sin 60?)j = 4i+ X3 j. Thus v(0) = 200( $i + 3$) = 100i + 100 4/3 j and if we set up the axes so that the 
projectile starts at the origin, then r(0) = 0. Ignoring air resistance, the only force is that due to gravity, so 


F(t) = ma(t) = —mg j where g ~ 9.8 m/s”. Thus a(t) = —9.8 j and, integrating, we have v(t) = —9.8tj + C. But 
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100i + 1004/3j = v(0) = C, so v(t) = 100i + (100 v3 — 9.8t) j and then (integrating again) 


r(t) = 100¢i+ (100 /3t — 4.9t?) j + D where 0 = r(0) = D. Thus the position function of the projectile is 


r(t) = 100¢i+ (100 /3t — 4.927) j. 


(a) Parametric equations for the projectile are x(t) = 100t, y(t) = 100 V3 t — 4.9t?. The projectile reaches the ground when 


y(t) 2 0(andt 0) = 100V3t— 4.91? = t(100 V3 — 4.9t) = 0 t 1008 ~~ 35.3 s. So the range is 


x (058 Jes 100 (35958 ) ~ 3535 m. 


(b) The maximum height is reached when y(t) has a critical number (or equivalently, when the vertical component 


of velocity is 0): y/(t) =0 = 100 3—9.8t = 0 t= 1903 f 17.7 s. Thus the maximum height is 
y (393) = 100 v3 (1398) - 4. (gt) ~ 1531 m. 


100v3 


(c) From part (a), impact occurs at t = s. Thus, the velocity at impact is 


v( %2) = 100i + [100 v3 — 9.s (398) j = 1001 — 100 V3j and the speed is 
|v (£) | = v10,000 + 30,000 = 200 m/s. 


24. As in Exercise 23, v(t) = 100i + (100 v3 — 9.8t) j and r(t) = 100ti + (100 /3t — 4.91?) j + D. 


But r(0) = 100j, so D = 100j and r(t) = 100¢i + (100 + 100 V/3t — 4.987) J. 


(à y —0 = 100+100V3t—4.9t? =0 or 4.9t? — 1004/3t — 100 = 0. From the quadratic formula we have 


49) e: 9.8 . Taking the positive t-value gives 


t= 100V8 + 31.900 31900 ~ 35.9 s. Thus the range is z = 100- 100V3 Y 31999 = 3592 m. 


(b) The maximum height is attained when w =0 => 100V/3-—9.8t=0 t = 103 ~ 17.7 s and the 


maximum height is 100 + 100 v3 (19933) — 4.9 ( 123 if ~ 1631 m. 


Alternate solution: Because the projectile is fired in the same direction and with the same velocity as in Exercise 23, 
but from a point 100 m higher, the maximum height reached is 100 m higher than that found in Exercise 23, that is, 


1531 m 4- 100 m — 1631 m. 


100v8 10034 VS1360 96 


(c) From part (a), impact occurs at t = s. Thus the velocity at impact is 


v (es ana J= = 100i + [100 v3 9.8 (eva vam JE = 100i — 31,960 j and the speed is 


|v| = /10,000 + 31,960 = \/41,960 ~ 205 m/s. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


25. 


26. 


27. 


28. 


29. 


SECTION 13.4 MOTION IN SPACE: VELOCITY AND ACCELERATION 1321 


As in Example 5, r(t) = (vo cos 45°)t i + [(vo sin 45° )t — igt] j-i [vo 2 ti + (voV2t — gt?) j]. The ball lands when 


2 
E s. Now since it lands 90 m away, 90 = x = ivo V2 mv 
g 


y=O(andt>0) > t= or vg = 90g and the initial 


velocity is vo = 4/90g ~ 30 m/s. 


Let o be the angle of elevation. Here vo = 400 m/s and from Example 5, the horizontal distance traveled by the projectile is 


2. 2. 
vo sin 2o We want 400° sin2a _ 3000 gp: 3000g 


As 
g g 400? 


~ 0.1838 = 2a z sin~!(0.1838) ~ 10.6? or 


2a ~ 180? — 10.6? = 169.4°. Thus two angles of elevation are a ~ 5.3? and a ~ 84.7°. 


As in Example 5, r(t) = (vo cos 36°)ti + [(vo sin 36°)t — igt?] j and then 


v(t) = r'(t) = (vo cos 36?) i + [(vo sin 36°) — gt] j. The shell reaches its maximum height when the vertical component 


of velocity is zero, so (vo sin 36?) — gt — 0 t= Hope. The vertical height of the shell at that time is 1600 ft, so 
g 

T VE 2 «42 ago 2 2 apo 

(uo sin 36°) (zm )- p (251 21600 = (5m 36 js mm 36 ) apn? ccs 
g g g 2 g 

à sin? 36? 1 2  3200(32 
BIEN oO 21600 ips 1900 uisa 1-932009: (C. LCL cd ue 
2g sin“ 36° sinf 36° sin 36° 


Here vp = 115 ft/s, the angle of elevation is a = 50°, and if we place the origin at home plate, then r(0) = 3j. 
As in Example 5, we have r (t) = -igtj + tvo + D where D = r(0) = 3j and vo = vo cos ari + vo sin aj, 
so r(t) = (vo cosa)ti+ [(vosina)t — $ gt + 3] j. Thus, parametric equations for the trajectory of the ball are 


x = (vocoso)t, y = (vosina)t — 1gt? +3. The ball reaches the fence when x = 400 => 


400 400 


(vo cos a)t = 400 t= vo COS @ ~ 715 cos 50° 


~ 5.41 s. At this time, the height of the ball is 
y = (vosina)t — $gt? + 3 ~ (115sin 50°)(5.41) — 4(32)(5.41)? + 3 ~ 11.2 ft. Since the fence is 10 ft high, the ball 
clears the fence. 


Place the catapult at the origin and assume the catapult is 100 meters from the city, so the city lies between (100, 0) 
and (600, 0). The initial speed is vo = 80 m/s and let 6 be the angle the catapult is set at. As in Example 5, the trajectory of 


the catapulted rock is given by r (t) = (80 cos 0)ti + [(80sin 0)t — 4.97] j. The top of the near city wall is at (100, 15), 


which the rock will hit when (80cos0)t = 100 => t= 5 and (80sin0)t — 4.9/2 = 15 => 
cos 


2 
80sin 0 - 5 4.9 2 —15 100 tan @ — 7.65625 sec? 0 = 15. Replacing sec? 0 with tan? 0 + 1 gives 
4 cos 0 4cos0 


7.65625 tan? 0 — 100 tan 0 + 22.65625 = 0. Using the quadratic formula, we have tan 0 ~ 0.230635, 12.8306 = 


0 = 13.0°, 85.5°. So for 13.0? < 0 < 85.5°, the rock will land beyond the near city wall. The base of the far wall is 


1 
located at (600, 0) which the rock hits if (80 cos 0)t = 600 t= 5 2 ri and (80sin0)t — 4.9? =0 => 
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15 
inĝ - ——— — 4. 
80 sin aT o( 


15 
2cos0 


2 
) =0 = 600tanð — 275.625sec?9=0 => 


275.625 tan? 0 — 600 tan 0 + 275.625 = 0. Solutions are tan 0 ~ 0.658678, 1.51819 = 0 ~ 33.4?, 56.6?. Thus the 
rock lands beyond the enclosed city ground for 33.4? < 0 < 56.6°, and the angles that allow the rock to land on city ground 
are 13.0? < 0 < 33.4?, 56.6? < 0 < 85.5°. If you consider that the rock can hit the far wall and bounce back into the city, we 


|. 15 m 
2cos0 


calculate the angles that cause the rock to hit the top of the wall at (600, 15): (80 cos 0)t = 600 d 


(80sin0)t — 4.917 =15 =  600tan0 — 275.625sec?0 = 15 = 275.625tan? 0 — 600 tan 0 + 290.625 = 0. 
Solutions are tan 0 zz 0.727506, 1.44936 = 0 ~ 36.0°, 55.4°, so the catapult should be set with angle 0 where 


13.0? «0 < 36.0, 55.4? < 0 < 85.5°. 


If we place the projectile at the origin then, as in Example 5, r(t) = (vo cosa)ti+ [(vo sina)t — 190] j and 
v(t) = (vo cosa) i + [(vo sina) — gt] j. The maximum height is reached when the vertical component of velocity is zero, so 


(vo sina) — gt = 0 ps usn , and the corresponding height is the vertical component of the position function: 
g 


: , 2 
: : Vo Sin a 1 Vo Sin a | eae, 
(vo sina)t — 4gt? = (vo sina) (==) — 3g ( ) = —vo sin“ a 
a g í g 2g 


: ; vo Sin a 
Half that time is t = — 


, when the height of the projectile is 


: , 2 
: 1.42 P vo sina | f vosino 
(vo sina)t — 5gt^ = (vo sina) ( 29 ) — $8 ( 2g ) 


1 : 
= — ve sin? 


2g 2g 


1 1 
a — gg "o sin? a = PI sin? a = (zd sin? a) 
or three-quarters of the maximum height. 


Here a(t) = —4j — 32kso v(t) = —4tj — 32t k + vo = —4tj — 32t k + 50i + 80k = 50i — 4tj + (80 — 32t) k and 


r(t) = 50ti — 2t? j + (80t — 1622) k (note that ro = 0). The ball lands when the z-component of r(t) is zero 


and t > 0: 80t — 16t? = 16t(5 — t) = 0 t — 5. The position of the ball then is 


r(5) = 50(5)i — 2(5)? j + [80(5) — 16(5)?] k = 250i — 50j or equivalently the point (250, —50, 0). This is a distance of 
v/250? + (—50)? + 0? = 65,000 ~ 255 ft from the origin at an angle of tan (3%) © 11.3? from the eastern direction 


toward the south. The speed of the ball is |v(5)| = |50i — 20j — 80k| = 4/50? + (—20)? + (—80)? = 4/9300 ~ 96.4 ft/s. 


Place the ball at the origin and consider j to be pointing in the northward direction with i pointing east and k pointing 
upward. Force = mass x acceleration = acceleration = force/mass, so the wind applies a constant acceleration of 

4 N/0.8 kg — 5 m/ s? in the easterly direction. Combined with the acceleration due to gravity, the acceleration acting on the 
ball is a(t) = 5i— 9.8k. Then v(t) = f a(t) dt = 5ti — 9.8t k + C where C is a constant vector. 


We know v(0) = C = —30 cos 30° j + 30sin30°k = —15 V3j+ 15k = C= —154/3j-- 15k and 
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v(t) = 5ti— 15 V3j + (15 — 9.8) k. r(t) = f v(t) dt = 2.5?1— 15V3tj+ (15t — 4.9?) k + D but r(0) = D = 0 


so r(t) = 2.5t7i— 15 /3tj + (15t — 4.9?) k. The ball lands when 15t — 4.9t? = 0 t = 0, t = 15/4.9 = 3.0612 s, 
so the ball lands at approximately r(3.0612) ~ 23.43 i — 79.53 j which is 82.9 m away in the direction S 16.4°E. Its speed is 


approximately |v(3.0612)| ~ |15.306i — 15 V/3j — 15 k| ~ 33.68 m/s. 


33. (a) After t seconds, the boat will be 5t meters west of point A. The velocity 20 


of the water at that location is <4, (5t) (40 — 5t) j. The velocity of the 


boat in still water is 5i, so the resultant velocity of the boat is 


v(t) = 5i+ 335 (50)(40 — 51) j = 5i + ($t — 41°) j. Integrating, we obtain ó 25 


r(t) = 5ti4 (ie à £)j + C. If we place the origin at A (and consider j -4 
to coincide with the northern direction) then r(0) — 0 = C = 0 and we have r(t) = 5ti + (2 — 450) j. 
The boat reaches the east bank when 5t = 40, that is, when t = 8 s, and it is located at 


r(8) = 5(8)i + ($(8? — 4(8)*) j = 40i + 16j. Thus the boat is 16 m downstream. 


(b) Let a be the angle north of east that the boat heads. Then the velocity of the boat in still water is given by 


5(cos a) i+ 5(sin a) j. At t seconds, the boat is 5(cos a)t meters from the west bank, at which point the velocity 


of the water is 2; [5(cos a)t][40 — 5(cos a)t] j. The resultant velocity of the boat is given by 


v(t) = 5(coso)i + [bsina + 335 (5t cosa)(40 — 5tcosa)] j = (5cosa)i+ (5sina + 3tcosa — £C cos? o) j. 


Integrating, r(t) = (5t cosa) i + (5t sina + ĝt? cosa — at cos? o) j (where we have again placed 


the origin at A). The boat will reach the east bank when 5t cosa = 40 => t= EUS = Ee 
5cosa cosa 


In order to land at point B(40, 0) we need 5t sin a + 34? cosa — iz) co?a=0 > 


RU ef 8 Y EN M" 1 . 
5 sina i cosa — ig cosa =0 > (40sina + 48 — 32) 20 > 
Cos a: cos a cosa cos a 


40sina + 16 = 0 sina = -$. Thus a = sin! (-8) = —23.6^, so the boat should head 23.6? south of 
east (upstream). The path does seem realistic. The boat initially heads 12 

upstream to counteract the effect of the current. Near the center of the river, 

the current is stronger and the boat is pushed downstream. When the boat 0 40 
nears the eastern bank, the current is slower and the boat is able to progress 

upstream to arrive at point B. -12 


34. As in Exercise 33(b), let a be the angle north of east that the boat heads, so the velocity of the boat in still water is given 
by 5(cos a) i + 5(sin a) j. At t seconds, the boat is 5(cos a)t meters from the west bank, at which point the velocity 


of the water is 3sin(z/40) j = 3sin[r - 5(cosa)t/40] j = 3sin(£tcoso) j. The resultant velocity of the boat 
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then is given by v(t) = 5(cosa) i + [5 sina +3 sin(Zt cos a) | j. Integrating, 


r (t) = (5tcosa)i+ [tsina EN 
T cosa 


cos(Ẹteosa)| j+C. 


24 
j+C=0 > C= 


T COS Q T COS Q 


If we place the origin at A then r(0)=0 => — jand 


24 
cos a 


cos(Ztcos o) + A 


r(t) = (5t cosa) i + E sina — ae 
T COS Y 


| j. The boat will reach the east bank when 


. In order to land at point B(40, 0) we need 


5tcosa = 40 => t= n 
cos @ 


2 24 
5tsina cos(Ztcos a) - —0 
T COS a 7T COS Q 
5( B ) sina 2 cos] £ ( B ) cosa I ae =0 : (40sina - S cos + =) =0 
cosa T COSA 8 \ cosa T COS Q COS Q T T 
. 48 : 6 TOME 6 : n 
40sina+ — =0 sina = 5r Thus o — sin 5 = —22.5^, so the boat should head 22.5° south of east. 
T T T 


35. If r'(t) = c x r(t), then r’(¢) is perpendicular to both c and r(t). Remember that r' (t) points in the direction of motion, so if 
r'(t) is always perpendicular to c, the path of the particle must lie in a plane perpendicular to c. But r' (t) is also perpendicular 
to the position vector r(t) which confines the path to a sphere centered at the origin. Considering both restrictions, the path 
must be contained in a circle that lies in a plane perpendicular to c, and the circle is centered on a line through the origin in the 


direction of c. 


36. (a) From Equation 7 we have a = v'T + &v?N. If a particle moves along a straight line, then & = 0 [see Section 13.3], so the 
acceleration vector becomes a = v’T. Because the acceleration vector is a scalar multiple of the unit tangent vector, it is 


parallel to the tangent vector. 


(b) If the speed of the particle is constant, then v’ = 0 and Equation 7 gives a = &v?NN. Thus the acceleration vector is 
parallel to the unit normal vector (which is perpendicular to the tangent vector and points in the direction that the curve is 


turning). 
37. r(t) = (P -1)i- 0j > r'(t) = 2ti- 30 j, 


Ir'(£)| = /(2t)? + (382)? = V FW =tV/44 9H [sincet 2 0], r"(t) 22i--6tj,  r'(t) x r"(t) = 6t? k. 


1 Ly! 2 3 a 2 
ME: ():r"() — (2t)(2) + (30)(0) _ 4t +18 _ 4-18 


ZO VIF WAF — Aq 98 
: d X 
or by Equation 8, ap =v’ = er; [tvi 902] =t- $ (44 987) as (18t) + (4+ dps -1 


= (4+9) 7? (o? +44 987) = (4+ 18t?) / VIF 98 


1 n 2 
and Equation 10 gives an = Eke 9] = o pr 


rO —— tVA4X98  V/AXx98 
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38. r(t) = 2? i4 (20 —21)j r'(t) = 4ti + (2t? — 2) j, 


|r’ (t)| = VI6 + (222 — 2)? = /4t* - 8? $4 = JJ A (P +1)? = 2(¢7 4 1), 


r"(t) = 4i--4tj, r'(t) x r"(t) = (8t? +8)k. Then Equation 9 gives 


r(t).r"(t) (40(4)--(20 — 2)(4t)  8St(? +1) d 
ee Se ee Equation 8, ar = v' = — [2(t? + 1)] = 4t 
ar ir (5) 2841) 01) or by Equation 8, ar = v di [2 + 1)] 

: f (t) xr” (Ol 8+1) 
and Equation 10 gives an = rO = XEF D = 4. 


39. r(t) = costi +sintj+tk r'(t)=-—sinti+costj+k, |r'(t)| = vsin? t+ cos? t+ 1 — V2, 


r"(t) = —costi— sintj, r'(t) x r”(t)= sinti— costj+ k. 


1 p" . ou 1 H \/sin? t + cos? t + 1 
Then TREES LG) r (f) _ sint cost sint cost O and pre [r^ (t) x r”) _ vsin“ t + cos bd V2 oy 
Ir’(t)| v2 Ir (£)] v2 v2 


40. r(t) =ti+2¢j+e”*k > r(t)=i+2¢j+2e”k, |r’(t)| = /1-4- 4e?* + 4e® = \/(1 + 2620)? = 14 2e, 


r'"(t) = 2e! j -- 4e? k, r'(t) x r"(t) = 4e% i — 4e?* j + 2e! k, 


[r (t) x r"(t)| = V/16e9* + 16e*t + 4e2* = |/4e?t (2€2t + 1)? = 2e' (2e? +1). Then 


in r(t).r'(t) _ 4e? +8e  4e%(1+2e™) - do d eee |r(t xr'"() _ 2e (2e +1) _ Det 
\r’(t)| 1+ 2e?t 1+ 2e? |r’ (t)| 1+ 2e?t : 


4. r(t) 2 Inti + (2 --30)j + 4vtk = r'(t) 2 (1/t)i + (2t -3)j + (2//t)k = 


r"(t) = (—1/t?)i + 2j — (1/t?/?) k. The point (0, 4, 4) corresponds to t = 1, where 


r’(1) =i+5j+2k, r'(1)2—ic-2j—k and r'(1)xr"(1)-— -—9i—j--7k. Thus at the point (0, 4, 4), 


r(1)-r’(1) —1+10-2 7 |r(1)xr'(1| 8101-49 [131 
ar = = = and aw = = = ; 
Ir^(1)| V1+25+4 30 Ir'(1)| v30 30 
42. rt) 2t o it ?j4 t? Kk r(t) ——t?i1—2t3j—3t€ ^k. —  r"(t) = 2t 3i 6t ^j-- 12t ^ k. The 


point (1, 1, 1) corresponds to t = 1, wherer'(1) = —i — 2j— 3k, r"(1)—2i--6j-- 12k, and 


1 L4 9... m 
r(1)xr'(1-2-6i-c6j—2k. Thusatthe point (1, 1,1), ar = EDO n ee 1. 9s and 


ir (| VI+4+9 Vid 
 jr(Dnxr'(D v36x36c4 [v6 [38 
w= Pa aaa Na YT 


43. The tangential component of a is the length of the projection of a onto T, so we sketch 
the scalar projection of a in the tangential direction to the curve and estimate its length to 
be 4.5 (using the fact that a has length 10 as a guide). Similarly, the normal component of 


a is the length of the projection of a onto N, so we sketch the scalar projection of a in the 


ay 


normal direction to the curve and estimate its length to be 9.0. Thus ar ~ 4.5 cm/s” and 


an © 9.0 cm/s?. 
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44. L(t) 2 mr(t) x v(t) => 
L'(t) = m[r'(t) x v(t) +r (t) x v'(t)] [by Formula 5 of Theorem 13.2.3] 
= mlv(t) x v(t) + r(t) x v/(] = mio + r(t) x a (t)] = 7) 
So if the torque is always 0, then L’(t) = 0 for all t, and so L(t) is constant. 


45. If the engines are turned off at time t, then the spacecraft will continue to travel in the direction of v(t), so we need a t such 


Ass 8t 
that for some scalar s > 0, r(t) + sv(t) = (6,4,9). v(t) 2 r'(t) =i+ pit TESE k 
ereraa eo 4 or 3+t+s=6 > s=3-t 
= S n = —3-— 
oras US BFI (+0)? : 
4 8(3 — t)t 24t — 120? — 4 n 2 
7 = LIÉ t --8U — 12t+3=0. 
MN peur gnat (31 = A 
—1 : ; : 
It is easily seen that t = 1 is a root of this polynomial. Also 2 + In 1 + 3 = 4, sot = 1 is the desired solution. 
46. (a) m dv = m Ve © Ev = ES dm ve. Integrating both sides of this equation with respect to t gives 
dt dt dt m dt 


t t v(t) m(t) 
[/ ay du — ve I Lam. du => if dv = ve f gm [Substitution Rule] => 
0 du o m du v(0) (0) m 


v(t) — v(0) = ve ln ni v(t) = v(0) — ve In A 

(b) |v(£)| = 2|ve|, and |v(0)| = 0. Therefore, by part (a), 2|ve| = | (2%) Ve 
2|ve| = n( 23) |vel. Note: m(0) > m(t) so that n( 2) > J => m(t)-e?m(0). 
Thus má = 1 — e7? is the fraction of the initial mass that is burned as fuel. 


APPLIED PROJECT Kepler's Laws 


1. With r = (rcos@)i+ (r sin 0) j and h = ak where a > 0, 


(a) h =r x r’ = |(r cos0) i + (rsin0)j] x (reso - sine =) i+ (r sind + reso Z) i 


do dO do 
D 1 : 2.2 Bp : 2,2 ci 
= |rr' cos sin 0 + r^ cos der rr cossin + r^ sin TIL T T 
(b) Since h = ak, a > 0, a = [h|. But by part (a), a = |h| = r? (d0 /dt). 


(c) A(t) 2 i [a Ir? do = 4 f A r? (d0 /dt) dt in polar coordinates. Thus, by the Fundamental Theorem of Calculus, 


2 2 Jt 
dA _ r? dO 
dt 2 dt 
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2 
(d) a = > T = L = constant since h is a constant vector and h = |h]. 


2. (a) Since dA/dt = $h, a constant, A(t) = ht + c1. But A(0) = 0, so A(t) = 4ht. But A(T ) = area of the ellipse = mab 
and A(T’) = $hT, so T = 2rab/h. 
(b) h?/ (GM) = ed where e is the eccentricity of the ellipse. But a = ed/(1 — e?) or ed = a(1 — e°) and 1 — e? = b?/@?. 


Hence h?/(GM) = ed = b?/a. 


4ra?b? a 4n? 
T? = —4 2 22 = 3 
©) he Ta? GM GM" 
2 
3. From Problem 2, T? = Ay T ~ 365.25 days x 24- 60? second & 3.1558 x 107 seconds. Therefore 
ay 


Be GMT? _ (6.67 x 107**)(1.99 x 10°°)(3.1558 x 107)? 


An^ ded x 3.348 x 10? m? — am~ 1.496 x 10!! m. Thus, the 
TU TU 


length of the major axis of the earth's orbit (that is, 2a) is approximately 2.99 x 10!! m — 2.99 x 10? km. 


Ar? 
4. W dapt th tion T? — 
e can at ap e equal lon GM 


a? from Problem 2(c) with the earth at the center of the system, so T is the period of the 


satellite's orbit about the earth, M is the mass of the earth, and a is the length of the semimajor axis of the satellite's orbit 
(measured from the earth's center). Since we want the satellite to remain fixed above a particular point on the earth's equator, 
T must coincide with the period of the earth's own rotation, so T = 24h = 86,400 s. The mass of the earth is 


1/3 
x 4.23 x 10’ m. If we 


2 1/3 2 zo: 24 

M = 5.98 x 10 kg, soa = T GM 2 (86,400) (6.67 x 107- )(5.98 x 107^) 
471? An? 

assume a circular orbit, the radius of the orbit is a, and since the radius of the earth is 6.37 x 10° m, the required altitude 


above the earth’s surface for the satellite is 4.23 x 107 — 6.37 x 10° ~ 3.59 x 10” m, or 35,900 km. 


13 Review 
TRUE-FALSE QUIZ 


1. True. If we reparametrize the curve by replacing u = t?, we have r(u) = ui + 2uj + 3u k, which is a line through the origin 


with direction vector i+ 2j+3k. 


2. True. Parametric equations for the curve are x = 0, y = t°, z = 4t, and since t = z/4 we have y = t? = (z/4)? or 


y= iz, x = 0. This is an equation of a parabola in the yz-plane. 


3. False. The vector function r(t) = (21,3 — t, 0) represents a line, but the line does not pass through the origin; the 
x-component is 0 only for t = 0, which corresponds to the point (0, 3, 0), not (0, 0, 0). 
4. True. See Theorem 13.2.2. 


5. False. By Formula 5 of Theorem 13.2.3, E [u(t) x v(t)] = u'(t) x v(t) + u(t) x v'(t). 
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6. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. (a) The corresponding parametric equations for the curve are x = t, 


CHAPTER 13 VECTOR FUNCTIONS 


False. For example, let r(t) = (cost, sin t). Then |r(t)| = y cos? t + sin?t=1 => 2 r(t)| = 0, but 


|r’(t)| = |(— sint, cost)| = J/(— sint)? + cos? t = 1. 


. False. & is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with respect to t. 
. False. The binormal vector, by the definition given in Section 13.3, is B(t) = T(t) x N(t) = — [N(t) x T(t)]. 


. True. At an inflection point where f is twice continuously differentiable we must have f" (x) = 0, and by Equation 13.3.11, 


the curvature is 0 there. 

True. From Equation 13.3.9 , &«(£) 20 = (|T'()) 20 <=  T'(t) = 0 forall t. But then T(t) = C, a constant vector, 
which is true only for a straight line. 

False. If r(t) is the position of a moving particle at time t and |r(t)| = 1 then the particle lies on the unit circle or the unit 
sphere, but this does not mean that the speed |r’ (t)| must be constant. As a counterexample, let r(t) = (t, VI — t?), then 
r'(t) = (1, -t/V/1 — t?) and |r(t)| = VE + 1 — t? = 1 but |r'(t)| = 14+ t?/(1 — t?) = 1/V1 — t? which is not 
constant. 

True. See Theorem 13.2.4. 

True. See the discussion preceding Example 8 in Section 13.3. 

False. For example, r1 (£) = (t,t) and ro(t) = (2t, 2t) both represent the same plane curve (the line y = x), but the tangent 
vector r1 (t) = (1, 1) for all t, while r5(t) = (2,2). In fact, different parametrizations give parallel tangent vectors at a point, 
but their magnitudes may differ. 

True. The projection in the zz-plane is given by r(t) = (cos 2t, 0, sin 2t). Since z? + z? = (cos 2t)? + (sin 2t)? = 1, the 
projection onto the xz-plane is a circle with radius 1. 

True. Note that the direction vector for both lines is d = (1, 2, 1), so the lines are parallel. Further, the point (0, 0, 1) is 


contained on both lines for t = 0 and t = 1, respectively. The lines are parallel and have a point in common; therefore, they 


are the same line. 


EXERCISES 


y = cos mt, z = sin nt. Since y? + z? = 1, the curve is contained in a 


circular cylinder with axis the x-axis. Since x = t, the curve is a helix. 


(b) r(t) =ti+cosatj+sinatk = 


r'(t) 2i— sin mtj +r cos stk 


r"(t)— —q? cos «tj — n? sin atk 
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. (a) The expressions 4/2 =t, (e’ — 1)/t, and In(t + 1) are all defined when2 —4 2 0 => tx2,t4z 0, 


andt+1>0 = t> —1. Thus the domain ofr is (—1,0) U (0, 2]. 


E USE ie, 
(b) lim r(t) = (iim y2 — t, lim —— lim Int + D) = (v2 0, lim 1 ,In(0 + D) 


= (v2, 1, 0) [using l'Hospital's Rule in the y-component] 


iit & pS eH 1, 1 te’—e'+1 1 
(c) r'(£) (4 2 t, dt t a Int l 1) 2 DE 2 ESI 


. The projection of the curve C of intersection onto the xy-plane is the circle 2” + y? = 16, z = 0. So we can write 


x = 4cost, y = Asint, 0 < t € 27. From the equation of the plane, we have z = 5 — x = 5 — Acost, so parametric 


equations for C are x = 4cost, y = 4sint, z = 5 — 4cost, 0 < t < 27, and the corresponding vector function is 


r(t) = 4costi+ 4sintj + (5 — 4cost) k, 0 € t < 2m. 


. The curve is given by r(t) = (2sint,2sin 2t, 2 sin 3t), so 4 
r'(t) = (2cost, 4cos2t, 6 cos3t). The point (1, v3, 2) corresponds to t = 2 
(or $ + 2E, k an integer), so the tangent vector there is r'(Ẹ) = (V3, 2, 0). z 04 


Then the tangent line has direction vector (V3, 2, 0) and includes the point 


(1, V3, 2), so parametric equations are x = 1 + V3 t, y = V3 + 2t, z = 2. E 4 


. fo (P i+tcos tj + sin atk) dt = (Jo è at) i+ (Jo teos mtdt) j+ (us sin mtdt) k 
= [443], i+ (sin ntlo -f 1 sin ridt) j+ [—+ cos ntlo k 
1 


=4it[Zrcos mi] + 2k=4i- Bjeik 


where we integrated by parts in the y-component. 


. (a) C intersects the zz-plane where y = 0 2t—1=0 t= EA so the point 


is (2- (39,0. 3) = (3,0, 72). 


1329 


(b) The curve is given by r(t) = (2 — £?,2t — 1, In t), so r'(t) = (—3t?, 2, 1/t). The point (1, 1, 0) corresponds to t = 1, so 


the tangent vector there is r'(1) — (—3,2, 1). Then the tangent line has direction vector (—3, 2, 1) and includes the point 


(1, 1, 0), so parametric equations are x = 1 — 3t, y = 1 + 2t, z = t. 


(c) The normal plane has normal vector r'(1) = (—3,2, 1) and equation —3(x — 1) + 2(y — 1) + z = 0 or 3x — 2y 


L= ds [r(t)| dt = fo v At? + 9t^ + 169 dt. Using Simpson’s Rule with f(t) = V4t? + 9t* + 1609 and n = 6 we 
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have At = ADS = i and 
Lez 5€ [f(0) - Af(3) - 2/(1) + 4f (8) + 2/(2) + 4f(8) + f(3)] 
=7|V0+0+0+4- JAY +9(4)*+16(4)° +2- V40F +90)? + 16(1)5 


+4: JA(3Y + 9(3)* + 16(3 + 2. 42)? + 9(2)7 + 16(2)5 


+4: yA +9(8)* + 16(8)° + VIB 9B)! + 168)" 


z~ 86.631 


8. r(t) = (2t°/?, cos 2t, sin 2t) r'(t)— (spa, 2 sin 2t, 2 cos 20) > 


[r’(t)| = VIt + 4(sin? 2t + cos? 2t) = VIt F 4. 
13 


Thus, L = fo JOEFAdt = f gui" du = p|] = 2 (13%? - 8). 


9. ri(t) = costi +sintj +tkandro(t) = (1 + t) i + t? j + t? k. The angle 6 of intersection of the two curves is the angle 


between their respective tangents at the point of intersection. For both curves, the point (1, 0,0) corresponds to t = 0. 


ri(t) =—sintitcost] +k = r{(0)=j+k,andr}(t) = i+ 2tj+3t?k r5(0) =i. 


ri (0) -r(0) = (j-- K)-1— 0. Therefore, the curves intersect in a right angle, that is, 0 = 90°. 


10. r(t) = e i + e! sintj + e* cost k. The parametric value corresponding to the point (1,0, 1) ist = 0. 


r'(t) = e*i-- e'(cost -- sint) j - e'(cost — sint)k. =  |r'(t)| =e',/1? + (cost + sint)? + (cost — sint)? = V3e" 


and s(t) = fn e"V3 du = V3(e' — 1) 1+ s= t=m(1 + 3s). 


Therefore, r(t(s)) = (1 + 45) i4 (1 + 4s) sin In(1 + de) (1 + das) cosIn(1 + 3s) k. 
11. (a) r(t) = (sin? t, cos? t, sin? t) => r)=83 sin? t cost, —3 cos? tsin t, 2 sint cos t), 
[r'(£)| = v9 sinf t cos? t + 9 cost t sin? t + Asin? t cos? t 
= ,/sin? t cos? t (9sin? t + 9cos? t + 4) =vV18sintcost [sinceeO<t<7/2 = — sint,cost > 0] 


r'(t) 1 


Then T(t) — = 
(t) Ir" (£)] V 13 sint cost 


(3 sin? t cost, —3 cos? t sin t, 2sint cost) = 5 (3 sint, —3 cost, 2). 


(b) T’(t) = Jz (3cost, 3sint, 0), |T’(t)| = Hz V 9 cos? t + 9 sin? t + 0 = ŽŽ, and 


13 vas 
T’(t) 1 : ; 
N(t) = TO? (3 cost, 3sint, 0) = (cost, sin t, 0). 


(c) B(t) = T(t) x N(t) = a (3sint, —3 cost, 2) x (cost, sint, 0) = - (—2sint, 2 cost, 3) 


E 
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CHAPTER 13 REVIEW 


Ime. — 3/vi3 3 
t) = = = = 3 csctsect 
(d) K( ) |r’ (t)| VIZ sink cost 13 sintcost or 13 csc t sec 
(e) «(f B'(t)- N(t) Jn (—2cost, —2sint, 0) - (cost, sin t, 0) —2cos? t — 2sin? t +0 
[' (t) y 13 sintcost 13 sint cost 
2 2 
= I3 sintcosi r ds csct sect 


See the instructions for Exercises 13.3.46—49. x = 3cost, y=4sint => i — —3sint, y=4cost => 


d = —3 cost, y = —Asint. 
fee ley — 8 _ |(—8sint)( 4&sint) (4cost)(—3cost)| - 12 l 
[£2 + y?]8/2 (9 sin? t + 16 cos? t)3/2 (9sin? t + 16 cos? t)3/2 

At (3, 0), t = O and « (0) = 12/(16)?? = 22 = &. At (0,4), t = Z and (3) = 12/9? = B= 4. 

4 of 3 0" 2 |y" | [1227] 12 
y =x", y = Az", y" = 12z^, and K(x) = [ESC DUE = (T+ 1655572: 99 nC) = iem 
y — x4 — r’, y = 4x? — 2x, y" = 127? — 2, and 0 55 

y 127? — 2 

«ream RGSS 7 Om? E 9 
So the osculating circle has radius i and center (0, -i). 
Thus, its equation is z? + (y + 1)? = i. mE 


r(t) = (sin 2t,t,cos2t) = r'(t) = (2cos2t,1, —2sin2t) — T(t)= Z (2cos2t,1, —2sin 2t) => 


T'(t) = P (—4sin 2t,0,—4cos2t) = N(t) = (— sin24,0, — cos 2t}. So N = N(z) = (0,0, — 1) and 


B=TxN= - (—1, 2, 0). So a normal to the osculating plane is (—1, 2, 0) and an equation is 


1(x — 0) + 2(y — T) + 0(z — 1) = O0 or z — 2y + 2r = 0. 


(a) The average velocity over [3, 3.2] is given by 


r(3.2) — r(3) 


32-3 5[r(3.2) — r(3)], so we draw a 


average 
velocity 
vector with the same direction but 5 times the length 


of the vector [r(3.2) — r(3)]. 


0 x 
_ yay — en, FB EA) — 23) 
(b) v(3) = r'(3) = lim h 
r'(3) ; ; dd j 
(c) T(3) = O| a unit vector in the same direction as 


r'(3), that is, parallel to the tangent line to the curve at 
r(3), pointing in the direction corresponding to 


increasing t, and with length 1. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1331 


1332 


17. 


18. 


19. 


20. 


21. 


CHAPTER 13 VECTOR FUNCTIONS 


r(f) =tlnti+tj+e™%k, v(t) 2 r'(t) 2 (1-Int)i-j- e *k, 


(1 + Int)? + 1? + (-e-*)? = 4/24 21n£ + (Int)? + e-?t, 


r(t) = (2? — 3)i+ 2tj v(t) =r'(t) = 4ti + 23, 


speed = |v(t)| = V16t? + 4 = 2/4t? + 1, and a(t) = v'(t) = r” (t) = 4i. 


Att = 1 we have r(1) i+ 2j, v(1) =4i4+ 2j, a(1) = 4i. 


1 


Notice that y/2 =t => a —2(y/2)? — 3 = Ly? — 3, so the path is a 


parabola. 


3t?k +C, but i 


v(t) = f a(t) dt = [(6ti-- 12? j — 6tk) dt = 32 i+ 407 j j+3k=v(0)=0+C, 
so C =i—Jj+3kand v(t) = (3? + 1)i+ (4? — 1)j + (3 — 32) k. 
r(t) 


But r(0) = 0, so D = 0 and r(t) = (#2 +t) i+ (t* — £t) j + (3t — t?) k. 


f v(t)dt = (t? + t)it (tê — t)j+ (3t — C) k +D. 


We set up the axes so that the shot leaves the athlete's hand 7 ft above the origin. Then we are given r(0) — 7j, 
|v(0)| = 43 ft/s, and v(0) has direction given by a 45° angle of elevation. Then a unit vector in the direction of v(0) is 
P (i+j) => v(0)= 5 (i +j). Assuming air resistance is negligible, the only external force is due to gravity, so as in 


Example 13.4.5 we have a = —g j where here g ~ 32 ft/s”. Since v'(t) = a(t), we integrate, giving v(t) = —gtj + C 


where C = v(0) = 42 (i +j) 


v(t) = t i+ (4 — st) j. Since r’(t) = v(t) we integrate again, so 


V2 
r(t) = 48¢i+ (&- igt)j +D. But D =r(0) =7j r(t) = 4ti+ (4 giu 7)j. 
(a) At 2 seconds, the shot is at r(2) — X0 ic (30) — 49(2)? + 7)j = 60.8 i + 3.8 j, so the shot is about 3.8 ft above 


the ground, at a horizontal distance of 60.8 ft from the athlete. 


(b) The shot reaches its maximum height when the vertical component of velocity is 0: = —-gt=0 > 
43 š : : EO: . 
t= Jig & 0.95 s. Then r(0.95) ~ 28.91 + 21.4j, so the maximum height is approximately 21.4 ft. 
g 
(c) The shot hits the ground when the vertical component of r(t) is 0, so St — 4 g?+7=0 => 


—16t? + St+7=0 > te211s. 


3 r(2.11) ~ 64.2i — 0.08 j, thus the shot lands approximately 64.2 ft from the 


athlete. 


Example 13.4.5 showed that the maximum horizontal range is achieved with an angle of elevation of 45 °. In this case, 
however, the projectile would hit the top of the tunnel using that angle. The horizontal range will be maximized with the 


largest angle of elevation that keeps the projectile within a height of 30 m. From Example 13.4.5 we know that the position 


function of the projectile is r(t) = (vo cosa)ti+ [(vosina)t — $gt?] j and the velocity is 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


CHAPTER 13 REVIEW 1333 


v(t) = r'(t) = (vo cosa) i + [(vo sina) — gt] j. The projectile achieves its maximum height when the vertical component of 


velocity is zero, so (vo sina) — gt = 0 t = XENA We want the vertical height of the projectile at that time to be 
g 


" g 2 
30m: (vosina) (20382) -4 (259) =30 > 
g 


(zs) E (zs) -290 ax ve sin? a 80 coa gc 30(2g)  60(9.8) 203075 = 
g 2 g 


sina = V0.3675. Thus the desired angle of elevation is a = sin ! V/0.3675 ~ 37.3°. 


vosin2a 40? sin(74.6?) 


x 157.4 m. 
9.8 du 


From the same example, the horizontal distance traveled is d — 


22. r(t) — ti 2tj 0? k, r(t)—i-2j-2tk, r"(t) 22k, |r'(t)| 2 V 1-- 4 - 4? = 4t? 4 5. 


Tina; = POO 4 nday- Ex el _ Mi-2i — 2v5.- 
[r' (t) V 4t? +5 |r’(t)| /At? +5 /At2 + 5 


23. (a) Instead of proceeding directly, we use Formula 3 of Theorem 13.2.3: r(t) = tR(t) => 
v — r'(t) 2 R(t) - t R'(t) = coswti-F sinwt j + tva. 
(b) Using the same method as in part (a) and starting with v = R(t) + t R'(t), we have 
a—v'—R'(t) - R'(t) -tR"(t) 2 2R'(t) -tR"(t) 2 2va o taa. 
(c) Here we have r(t) = e * coswti+ e * sinutj = e ' R(t). So, as in parts (a) and (b), 
v =r (t) 2e'*R' (t) -e'R(t) 2e *(R'(t) - R?()] = 


a = v! = e-![R"(t) — R'(£] — e*[R'(t) - R(t)] = e*[R"(t) - 2R'(t) + R(¢)] 


=e b'a,—2e va eR 


Thus, the Coriolis acceleration (the sum of the “extra” terms not involving a4) is —2e 'vate t R. 


l was 0 if «<0 
fle. d Bs 
D EPI ERA ELA MEE ome arc EET. c S 
' zZ 
Và-z ifr? 3% zi if 2» 
0 if «<0 
F" (æ) = 4-1/0—2?7? if0<e< 4 
: 1 
0 if £> 75 


since [a Lg» = (1g?) uy». g?(1 352) 3/25 (1 2)? 


Now lim /1—a2—-1- F(0)ad lim  V1—a2—--.— F(4). so F is continuous. Also, since 
z—0t a—(1/V2)~ 
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lim F'(zr) 20-— lim F’(x)and lim  F'(r)— —1-— lim _ F'(z), F' is continuous. But 
z—0T 207 z—(1//3)- z— (1/2)* 

lim F"(y) — —12z:0— lim F"(z), so F” is not continuous at x = 0. (The same is true at x = 2$ 
z—0T 207 


So F does not have continuous curvature. 


(b) Set P(x) = ax? + ba* + cx? + da? + ex + f. The continuity conditions on P are P(0) = 0, P(1) = 1, P'(0) = 0 and 


P'(1) = 1. Also the curvature must be continuous. For x < 0 and x > 1, K(x) = 0; elsewhere 


«a) = IP" 
CF [PG]? 


so we need P" (0) = 0 and P"(1) = 0. 


The conditions P(0) = P'(0) = P"(0) = 0 imply that d = e = f = 0. 


The other conditions imply that a + b + c = 1, 5a + 4b + 3c = 1, and 


10a + 6b + 3c = 0. From these, we find that a = 3, b = —8, and c = 6. 
Therefore P(x) = 32° — 8x* + 62°. Since there was no solution with 109735 E 


a = 0, this could not have been done with a polynomial of degree 4. 
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1. (a) r(t) = Reoswti+ Rsinwtj v — r'(t) = —wRsinwti + wRcoswtj, sor = R(coswti+ sinwt j) and 
v = o R(— sinwti + cosutj). v « r =wR?(—coswtsinwt + sinwt coswt) = 0, so v L r. Since r points along a 


radius of the circle, and v L r, v is tangent to the circle. Because it is a velocity vector, v points in the direction of motion. 


(b) In (a), we wrote v in the form wR u, where u is the unit vector — sin wt i + coswtj. Clearly |v| = wR |u| = wR. At 


: ; : us 2nR 2 
speed wR, the particle completes one revolution, a distance 27 R, in time T = PI mM 
w w 
dv 2 : 2 : : 2 . : : 2 i i " 
(c)a = g Te Rcoswti — w“ Rsinwtj = —w* R(cos wti + sin wt j), so a = —w^r. This shows that a is proportional 


to r and points in the opposite direction (toward the origin). Also, |a| = w? |r| = w? R. 


m (wR)? om Iv]? 


R R 


(d) By Newton's Second Law (see Section 13.4), F = ma, so |F| = m |a| 2 mRw? 


UR 


2 
ae by the equation |F| cos 0 = mg, we obtain tan 0 = Re? ° và = Rgtan0. 
g 


2. (a) Dividing the equation |F] sin 0 = 


(b) R = 400 ft and 0 = 12°, so vr = /Rgtand ~ V/400 - 32 - tan 12° ~ 52.16 ft/s ~ 36 mi/h. 
(c) We want to choose a new radius Ri for which the new rated speed is 3 of the old one: /Rig tan 12° = 3 /Hgtan12*. 


Squaring, we get Rigtan12° = $ Rg tan 12°, so Rı = $R = $(400) = 900 ft. 


d d 
= = [(vo sin a)t — i gt? = vo sina — gt; that is, when 


3. (a) The projectile reaches maximum height when 0 


t= Posi andy = (vosina) ( 
g 


; : 2 2 542 
to sin a 1 /vosina ug sin“ a oe : : : 
2 ) — ( a ) = 277 This is the maximum height attained when 


g g 2g 
the projectile is fired with an angle of elevation a. This maximum height is largest when a = 90°. In that case, sina = 1 


2 
f si leet 
and the maximum height is af 


: ; : 1 
(b) Let R — và / g. We are asked to consider the parabola x? + 2Ry — R? = 0 which can be rewritten as y = -3R zx? =. 


: x , ; —1 R E 
The points on or inside this parabola are those for which —R € z < Rand 0 € y < oR z^ PE When the projectile is 


fired at angle of elevation a, the points (x, y) along its path satisfy the relations x = (vo cosa) t and 


y = (vosina)t — it”, where 0 € t < (2vo sina)/g (as in Example 13.4.5). Thus 


(= sna 
vo cosa | ———— || = 
g 


2 2 
|x| € 20 sin2a S 2 = |R|. This shows that —R < x < R. 


: ; ; 2v0 si 
For t in the specified range, we also have y — t(vo sin a — i gt) = i «( i put ) > 0 and 
g 
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2 
: x g x g 2 1 2 
= D = (t EU REM ae t . Th 
y = (vosina) vocosa 2 (= ix (tana) x 2vg cos? m 2R cos? a T's anon Thiis 
-1 > R -1 2, 1 2 R 
— t Eom 
d (FR +2) mora TR agreg 
x 1 R_ 2x?(1—sec? a) + 2R (tana) « — R? 
= — | 1- —— t = 
sal a} uL 2 2R 
| -(tan?oa)z?--2R(tano)r - R?  —[(tano)z — RP <0 
n 2R i 2R - 
: DX wt 1 > R 
We have shown that every target that can be hit by the projectile lies on or inside the parabola y = — oR xe + 3 
; Dat 1 > R 1 a R 
Now let (a, b) be any point on or inside the parabola y = -3R w+ >" Then - E € a € Rand0 € b € -3R a^ + z 


We seek an angle a such that (a, b) lies in the path of the projectile; that is, we wish to find an angle a such that 


1 


bL-—————— 
2R cos? a 


-i1 
a? + (tan a) a or equivalently b = 2R (tan? a + 1)a? + (tana) a. Rearranging this equation we get 


2 2 
a tan? a — atana + (m + p) = 0 or à? (tana)? — 2aR(tan a) + (a? + 2bR) = 0 (x) . This quadratic equation 
for tan a has real solutions exactly when the discriminant is nonnegative. Now B? — 4AC > 0 © 


(-2aR) — 4a’ (a? + 2bR)>0 & 40?(R?—a?—-2bR)>0 & -c?-20R+R?>0 6 


b < =a (R?-a?) & b< cd a? + >. This condition is satisfied since (a, b) is on or inside the parabola 
1 ə R DN -— ; ; 
y= oR Lob 23 It follows that (a, 5) lies in the path of the projectile when tan o satisfies (x), that is, when 
2aR + ?(R? — a? — + /R? — 2bR — a? 
eee aR + \/4a?(R? — a? — 2bR) _ R R?—2b0R—a 
2a? a 
(c) If the gun is pointed at a target with height h at a distance D downrange, then 
tan a = h/D. When the projectile reaches a distance D downrange (remember 
h 
we are assuming that it doesn't hit the ground first), we have D = x = (vo cosa)t, 
D D A 142 gD? 
sot= Wem and y = (vo sina)t — 59t" = D tana — Dmm 


Meanwhile, the target, whose x-coordinate is also D, has fallen from height h to height 


gD? 


m oa Thus the projectile hits the target. 
0 


h— igt? = Dtana — 


4. (a) As in Problem 3, r(t) = (vo cosa)ti+ [(vo sina)t — igt] j, so x = (vo cos a)t and y = (vo sina)t — 1gt?. The 


difference here is that the projectile travels until it reaches a point where x > 0 and y = — (tan 0)x. (Here 0 < 0 € 5.) 
: f : (vo sin a) gx? gx? 
From the parametric equations, we obtain t = and y = ——————— — zzz = (tano)z — —4——;—. 
Uo COS Q Vo COS Q 2v cos? o 2v6 cos? a 
ge” 
Thus the projectile hits the inclined plane at the point where (tan a)x — Sosa —(tan 0)a. Since 
vé COS? aL 
ge” get 
= (tana + tan 0)x and z > 0, we must have —————— = tana + tan 0. It follows that 


2v2 cos? a 2v2 cos? a 
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2vj cos? 2 ; ; 
gn E (tana + tan 0) and t = ioo eM (tana + tan 0). This means that the parametric 
g vo COS à 
2 
ae (tana + tan 0) |. 


equations are defined for t in the interval |0, 


(b) The downhill range (that is, the distance to the projectile's landing point as 


measured along the inclined plane) is R(o) = x sec 0, where x is the 


coordinate of the landing point calculated in part (a). Thus 


R(a) = 2v cos? a (tah act tant e E 2v (=: cosa cos” zam) 
g cos 0 cos? 0 
2v 2j i 0 
x; MOE T Oc copas d cs 260 one sin EO) 
g cos? 0 g cos? 0 


R(a) is maximized when 


2 
0= R(a)= aug [- sina sin(a + 0) + cosa cos(a + 6)] 


g cos? 0 
2và 2v cos(2a + 0) 
m 0 a5 UD COSA gg 
g cos? 0 Fas ouapat Eol g cos? 0 
This condition implies that cos(2a+0)=0 => 2o -0—5 a= $(& - 6). 


(c) The solution is similar to the solutions to parts (a) and (b). This time the projectile travels until it reaches a point where 


x > Oand y = (tan 0)zx. Since tan 0 = — tan(—0), we obtain the solution from the previous one by replacing 0 with —0. 


The desired angle is a = 4 (4 + 0). 
(d) As observed in part (c), firing the projectile up an inclined plane with angle of inclination involves the same equations as 
in parts (a) and (b) but with 0 replaced by —0. So if R is the distance up an inclined plane, we know from part (b) that 


2v cosa sin(a — 0 Rg cos? 0 "X ROREM. . 
= ^2 ( ) v= zi - . vê is minimized (and hence vo is minimized) with 
2cosasin(a — 0) 


k g cos?(—0) 


respect to a when 


0= d ume Rg cos? 0 _ 7 (cosa cos (a — 0) — sin a sin (a — 0)) 
a 2 [cos a sin(a — @)|? 
_ —Rg cos? 0 __cos[a + (a -0)] | -Rg cos? 0 .. €os(2a — 0) 
7 2 [cosasin(a — 0)? — 2 [cos a sin(a — 8)]? 


a= (4 + 0). Thus the initial speed, and 


Since 0 < a < 3, this implies cos(2a — 0) = 0 2a—-0=F 


hence the energy required, is minimized for o, = 4 ($ +0). 


s = so + 2ti— įg j=3.5j+2ti-4gt?j = 


5. (a) a = —gj v = vo — gtj = 2i — gtj 
s — 2ti+ (3.5 — sgt) j. Therefore y = 0 when t = ,/7/g seconds. At that instant, the ball is 2 \/7/g 7 0.94 ft to the 


right of the table top. Its coordinates (relative to an origin on the floor directly under the table's edge) are (0.94, 0). A 


impact, the velocity is v = 2i — y/7g j, so the speed is |v| = ./4+ 7g ~ 15 ft/s. 
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. d dy/dt |—gt —g/7 —/ Jt 
(b) The slope of the curve when t = "Ls MUS au ari = —Y72. Thus cot 0 = Y 


and 0 zz 7.6°. 
(c) From (a), |v| = V4 4- 7g. So the ball rebounds with speed 0.8 /4 + 7g ~ 12.08 ft/s at angle of inclination 


2. 
90° — 0 ~ 82.3886°. By Example 13.4.5, the horizontal distance traveled between bounces is d = E where 
g 


vo & 12.08 ft/s and a e 82.3886°. Therefore, d ~ 1.197 ft. So the ball strikes the floor at about 


2 4/T/g + 1.197 ~ 2.13 ft to the right of the table's edge. 


6. By the Fundamental Theorem of Calculus, r’(t) = (sin($7t?) ,cos($7t?)), |r'(t)| = 1 and so T(t) = r'(t). 


Thus T’(t) = vt (cos(47t?) , — sin(47t?)) and the curvature is « = |'T’(t)| = J/(nt)?(1) = m |t. 


7. The trajectory of the projectile is given by r(t) = (v cosa)ti + [(v sin a)t — igt)] j. so 


v(t) = r'(t) = vcosai+ (vsina — gt) j and 


2 2 
(v cos a)? + (vsina — gt)? = yv? — (2vgsina)t + g?t? = j” (e — A (sin a) t+ 5) 


t= B sin a, so the distance traveled by the projectile is 


(2v/g) sina (2v/g) sina v 2 v? 
L(a) = f |v(t)| dt = I g (: — Tsina) + E cos? a dt 
A 2 2 
=g t— (v/g)sina (« tsina) | (2 cosa) 
2 g g 
2 2 2 
+ [(v/g) cosa] In| t P sina + t— sina + ? cosa 
2 g g g 


[using Formula 21 in the Table of Integrals] 


t pene (Gana) (ane) + (area) nf Zama- (o) + (o2) 
= —|—simno —sina} +{-—cosa]) —-|[—coso] In| -sina + —smno|--[-coso 
2|g g g g g g g 
2 2 2 2 2 
U. v. v vU 9 VU. vU 
+ -sing (sina) + (cose) — (cose) Inj ——sino + (: sina) + (cose) 
g "t g g g g g 


(2v/g) sina 


2 


g|v. v v 2 v. U QD X v v? 2 v. vU 
= sing: — + z COS aln| —sina + + -sina: z COS aln| —— sino + — 
2|g g g g g g g g g g 
2 2 : 2 2 E 
= enat Codes adn -(u/g)sina + v/g = omode Scossa i IBI 
g 2 — (v/g) sino + v/g 2g 1—sina 


We want to maximize L(o) for 0 < a < 7/2. 
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2 2 ; s 
1- 2 1 
(a) =~ cosa + > Qe Ga c ese sina In Ig 
l-4-sino (1— sina) 1—sina 


v? v? 2 2 . 1+sina 
= — cosa + >— | cos" a: — 2cosa sina In| ———— 
g 2 cos o 1—sin« 


v? v? y 1+sina v? A 1+sina 
= — cosa + — cosa |1 — sino ln| ———— = — cosa |2 — sina In{ ————_ 
g g 1 — sing g 1 — sing 


1 + sina 


L(a) has critical points for 0 < œ < 7/2 when L'(a)=0 — 2— sinam(1 CHA 


) = 0 [since cosa Z 0]. 
Solving by graphing (or using a CAS) gives a ~ 0.9855. Compare values at the critical point and the endpoints: 

L(0) = 0, L(1/2) = v? /g, and L(0.9855) ~ 1.20v?/g. Thus the distance traveled by the projectile is maximized 
for a ~ 0.9855 or ~ 56°. 


. As the cable is wrapped around the spool, think of the top or bottom of the 
cable forming a helix of radius R + r. Let h be the vertical distance 
between coils. Then, from similar triangles, 
2r . 2n(r+ R) 
h2—4r2 — h 
2nr(r + R) 
Tra RP =r? 


> Wr =nr(r+RP(R —4r?) > 


If we parametrize the helix by x(t) = (R + r) cost, y(t) = (R + r) sint, then we must have z(t) = [h/(2m)]t. 


The length of one complete cycle is 


L= "JEO 2 + y (t) + [z ®]? dt = [e+ ) aci acer 
0 


^(R4r) r? 2(R+r)? 
;72 1 
XR RORA) A m(R+r)? pe a ape 


The number of complete cycles is [L//4], and so the shortest length along the spool is 
h Ly) 2nr(R 4 T) L/T? (R +r)? — r? 
ei T(R+r)2—r2 22?(R 4- r)? 


. We can write the vector equation as r(t) = at? + bt + c where a = (a1, a2, a3), b = (b1, b2, b3), and c = (c1, c2, c3). 


Then r’(t) = 2t a + b which says that each tangent vector is the sum of a scalar multiple of a and the vector b. Thus the 
tangent vectors are all parallel to the plane determined by a and b so the curve must be parallel to this plane. [Here we assume 
that a and b are nonparallel. Otherwise the tangent vectors are all parallel and the curve lies along a single line.] A normal 
vector for the plane is a x b = (a2b3 — a3b2,a3bı — aib3,a1b2 — a201). The point (c1, c2, c3) lies on the plane (when 

t — 0), so an equation of the plane is 


(a2b3 = agbe)(x — C1) + (a3b1 Aa a1b3)(y a c2) + (arb — à3b1)(z a: C3) = 0 


or 


(a2b3 — a3b2)x + (a3b1 — aibs)y + (a102 — a2b1)z = a2b3cı — agbeci + a3b1c2 — a1b3c2 + aibec3 — azbic3 
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14.1 Functions of Several Variables 


__ Xy mE NEM. scd tel... 
0 (zc hyy D JEEP EE. 
() Für hm Y? Merc eom 24 
2. (a) g(x,y) = zsiny + ysin x g(1,0) = rsin0 + 0sinz = 7-0+0-0=0 
T T T s T T . f[! T 2 Tt n(V2 4 1) 
OPI) = geni + Gang = 5() Wave crm 


(c) g(0, y) = Osiny + ysin0=0+y-0=0 


(d) g(z, y +h) = zsin(y +h) + (y +h) sina 


3. (a) g(z,y) 2 x° ln(z +y) => g(3,1) 2 3*In(3-- 1) 2 91n4 
(b) In(z + y) is defined only when r +y >0 => y»-z. 


Thus, the domain of g is ((z,y) |y > —a}. 


(c) The range of ln(x + y) is R, so the range of g is R. 


4 (a) h(z,y) eV" => h(-2,5)—eV95-C?* = e“ =e 
(b) \/y — z? is defined only when y — 2? 20 > yz. 


Thus, the domain of h is {(a, y) | y > x°}. 


(c) We know \/y—22>0 = eV¥-** > 1, Thus, the range of ^ is [1, oo]. 


5. (a) F(z,y,z) = yy — Ve — 22 F(3,4,1) = /4—4/3—2() =2-1=1 
(b) ,/y is defined only when y > 0. Vx — 2z is defined only when x — 2z > 0 => z< ic. Thus, the domain is 


{(x,y, z) | v > 22, y > 0), which is the set of points on or below the plane z = 3x and on or to the right of the zz-plane. 


6. (a) f(x,y,z) =In(z x? 4 y) f(4, 3,6) =In(6 4? + ( 3) = In (6 — V25) =Inl=0 


(b) In(z — 2? E y? ) is defined only when z — v/2? +4? >0 e z>Vfe+y => 2 >r’ +y. Thus, the 


domain is {(a, y, z) | z > \/x? + y? V, which is the set of points inside the top half of the cone 2? = zx? + y?. 
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7. f(x,y) = Vx — 2-- /y — 1. Vx — 2 is defined only when x — 2 > 0, or i 
x > 2, and yy — 1 is defined only when y — 1 > 0, or y > 1. So the 
domain of f is {(x,y) | v 22, y > 1). 1 
0 |2 x 
8. f(x,y) = Va —3y. Wax — 3y is defined only when x — 3y > 0, or P» x=3y 


x > 3y. So the domain of f is { (x,y) | x > 3y} or equivalently 


{(z,y) ly < 32}. 


9. g(x,y) = Va + \/4 — 4a? — y?. Vz is defined only when x > 0. 


V/A — Az? — y? is defined only when 4 — 42? —y? >0 © 


1 > 2x?+4y’. So the domain of q is ((z,y) | £? + 1? < 1,2 > 0}. 


10. g(x,y) = ln(x? + y? — 9). In(z? + y? — 9) is defined only when 
e+y?—-9>0 e «?+y? » 9. So the domain of g is 


(y) | £? +y? > 9). 


11. ger y) = T. gis not defined if +y = 0 € y= -r (and 


is defined otherwise). Thus, the domain of g is ((z, y) | y # —z}, the set of 


all points in R? that are not on the line y = —a. 
In(2 — x) : YA i 
12. g(x,y) = [ogg In(2 — x) is defined only when 2- x 50 e i 
1 | 
x < 2. In addition, g is not defined if 1 — x? —4? 20 © 2?+y?=1. "d p 
MP — p 
=r 0 1 2 
Thus, the domain of g is { (x, y) | £ < 2, £? + y? # 1}, the set of all = : 
—1 4 
points to the left of the line x = 2 and not on the unit circle. 4 
I 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 
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plz, y) = MT. \/ zy is defined only when xy > 0. Further, p is defined 


only when x +140 x 1. So the domain of p is 


{(x,y) | zy 2 0, £ # -1) 


f(x,y) = sin ^! (x + y). sin! (x + y) is defined only when 
-l<at+y<1 € -1—-zrzzytl-rz.Thus,the domain of f is 


{(z,y) | —1 — x < y € 1 — x}, which consists of those points on or 


between the parallel lines y = —1— x andy = 1 — x. 
f(x,y,z) = VA — x? + /9 — y? + V1— z?. f is defined only 


when4—2? 250 & -2«xrcX2,ad9—4?»0 © 
—3<y<3,and1—22>0 = —1< z < 1. Thus, the domain 


of fis {(x,y, z) | -2 < x < 2, =3 Sy S38, -1 <z <1}, 


which is a solid rectangular box with vertices (+2, +3, +1) 


(all 8 combinations). 


f(x,y,z) = In(16 — 4x? — 4y? — 22). f is defined only when 


2 2 2 


16 — 42? — dy? — 2? Z 4% act <1. Thus, 
x y —z >0 7 + 1 + 16 < us 
a? yp 2 
D = 4 (x,y,z) — + =— + — < 1p, that is, the points inside the 
4 4 16 
soy 2 
llipsoid — + — + — — 1. 
ellipsoi 1 T 4 16 


(a) f(160, 70) = 0.1091(160)°-4?°(70)°-7?° ~ 20.5, which means that the surface area of a person 70 inches (5 feet 10 


inches) tall who weighs 160 pounds is approximately 20.5 square feet. 
(b) Answers will vary depending on the height and weight of the reader. 
P(120, 20) = 1.47(120)9:65 (20)9-35 z 94.2, so when the manufacturer invests $20 million in capital and 120,000 hours of 
labor are completed yearly, the monetary value of the production is about $94.2 million. 


(a) From Table 1, f(—15, 40) = —27, which means that if the temperature is —15°C and the wind speed is 40 km/h, then the 


air would feel equivalent to approximately —27°C without wind. 


(b) The question is asking: when the temperature is —20? C, what wind speed gives a wind-chill index of —30? C? From 
Table 1, the speed is 20 km/h. 
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(c) The question is asking: when the wind speed is 20 km/h, what temperature gives a wind-chill index of —49? C? From 


Table 1, the temperature is —35? C. 


(d) The function W = f (—5, v) means that we fix T at —5 and allow v to vary, resulting in a function of one variable. In 
other words, the function gives wind-chill index values for different wind speeds when the temperature is —5? C. From 
Table 1 (look at the row corresponding to T = —5), the function decreases and appears to approach a constant value as v 
increases. 

(e) The function W = f(T', 50) means that we fix v at 50 and allow T to vary, again giving a function of one variable. In 
other words, the function gives wind-chill index values for different temperatures when the wind speed is 50 km/h . From 


Table 1 (look at the column corresponding to v — 50), the function increases almost linearly as T' increases. 


20. (a) From Table 3, f (95, 70) = 124, which means that when the actual temperature is 95°F and the relative humidity is 70%, 


the perceived air temperature is approximately 124? F. 
(b) Looking at the row corresponding to T = 90, we see that f(90,h) = 100 when h = 60. 
(c) Looking at the column corresponding to h = 50, we see that f (T, 50) = 88 when T = 85. 


(d) I = f(80, h) means that T is fixed at 80 and h is allowed to vary, resulting in a function of h that gives the humidex values 
for different relative humidities when the actual temperature is 80°F. Similarly, J = f (100, h) is a function of one 
variable that gives the humidex values for different relative humidities when the actual temperature is 100?F. Looking at 
the rows of the table corresponding to T = 80 and T = 100, we see that f (80, h) increases at a relatively constant rate of 
approximately 1°F per 10% relative humidity, while f (100, h) increases more quickly (at first with an average rate of 
change of 5?F per 10% relative humidity) and at an increasing rate (approximately 12°F per 10% relative humidity for 
larger values of h). 

21. (a) According to Table 4, f (40, 15) = 25, which means that if a 40-knot wind has been blowing in the open sea for 15 hours, 


it will create waves with estimated heights of 25 feet. 


(b) h = f (30,t) means we fix v at 30 and allow t to vary, resulting in a function of one variable. Thus here, h = f (30, t) 
gives the wave heights produced by 30-knot winds blowing for t hours. From the table (look at the row corresponding to 
v = 30), the function increases but at a declining rate as t increases. In fact, the function values appear to be approaching a 


limiting value of approximately 19, which suggests that 30-knot winds cannot produce waves higher than about 19 feet. 


(c) h = f (v, 30) means we fix t at 30, again giving a function of one variable. So, h = f (v, 30) gives the wave heights 
produced by winds of speed v blowing for 30 hours. From the table (look at the column corresponding to t = 30), the 
function appears to increase at an increasing rate, with no apparent limiting value. This suggests that faster winds (lasting 


30 hours) always create higher waves. 
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22. (a) The cost of making x small boxes, y medium boxes, and z large boxes is C = f(x,y,z) = 8000 + 2.5” + 4y + 4.52 
dollars. 
(b) f(3000, 5000, 4000) = 8000 + 2.5(3000) + 4(5000) + 4.5(4000) = 53,500 which means that it costs $53,500 to make 
3000 small boxes, 5000 medium boxes, and 4000 large boxes. 


(c) Because no partial boxes will be produced, each of x, y, and z must be a positive integer or zero. 


23. The graph of f has equation z = y, a plane which 24. The graph of f has equation z = x, a parabolic cylinder. 
intersects the yz-plane in the line z = y, x = 0. The zi 
portion of this plane in the first octant is shown. 


Z 


25. z = 10 — 4x — 5y or 4x + 5y + z = 10, a plane with 26. z = cos y, a cylinder. 
intercepts 2.5, 2, and 10. 


Z 


27. z = sing, a cylinder. 28. z = 2 — x° — y?, a circular paraboloid opening 


z downward with vertex at (0, 0, 2). 
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29. z =a? + Ay? + 1, an elliptic paraboloid opening upward 30. z = \/4a? + y? so Ax? + y? = 2? and z > 0, the top 
with vertex at (0,0, 1). half of an elliptic cone. 


2 2 
31. z = J/4 — 4x? — y? so de? ty? +2 =A ora? t I =1 ZA 


and z > 0, the top half of an ellipsoid. 


1 
32. (a) f(x,y) = ies The trace in = 0isz — ity’ and the trace in y = 0 is z = re The only possibility is 
graph III. Notice also that the level curves of f are 1x 3 Ty = r +y? = i — 1, a family of circles for 
k « 1. 
(b) f(x,y) = The trace in x = 0 is the horizontal line z = 1, and the trace in y = 0 is also z = 1. Both graphs I 


1+ z2y?' 
and II have these traces; however, notice that here z > 0, so the graph is I. 

(c) f(x,y) = In(a? + y?). The trace in z = 0 is z = In y?, and the trace in y = 0 is z = Ina”. The level curves of f are 
In(z?--4?) 2k. & a? +y? = eh, a family of circles. In addition, f is large negative when x” + y? is small, so this is 
graph IV. 

(d) f(x, y) = cos /z? + y?. The trace in x = 0 is z = cos / y? = cos |y| = cos y, and the trace in y = 0 is 
z = cos V x? = cos |x| = cos x. Notice also that the level curve f(x,y) = 0 is cos yx? +y? —0 e 


r? +y? = (3 + nt)”, a family of circles, so this is graph V. 
(e) f(x,y) = |xy|. The trace in x = 0 is z = 0, and the trace in y = 0 is z = 0, so it must be graph VI. 


(£) f(x, y) = cos(zy). The trace in x = 0 is z = cos 0 = 1, and the trace in y = 0 is z = 1. As mentioned in part (b), these 
traces match both graphs I and II. Here z can be negative, so the graph is II. (Also notice that the trace in x — 1 is 


z = cos y, and the trace in y = 1 is z = cos x.) 
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35. 


36. 


37. 
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The point (—3, 3) lies between the level curves with z-values 50 and 60. Since the point is a little closer to the level curve with 
z = 60, we estimate that f(—3,3) ~ 56. The point (3, —2) appears to be just about halfway between the level curves with 
z-values 30 and 40, so we estimate /(3, —2) ~ 35. The graph rises as we approach the origin, gradually from above, steeply 


from below. 


(a) C (Chicago) lies between level curves with pressures 1012 and 1016 mb, and since C appears to be located about 
one-fourth the distance from the 1012 mb isobar to the 1016 mb isobar, we estimate the pressure at Chicago to be about 
1013 mb. N lies very close to a level curve with pressure 1012 mb so we estimate the pressure at Nashville to be 
approximately 1012 mb. S appears to be just about halfway between level curves with pressures 1008 and 1012 mb, so we 
estimate the pressure at San Francisco to be about 1010 mb. V lies close to a level curve with pressure 1016 mb but we 
can't see a level curve to its left so it is more difficult to make an accurate estimate. There are lower pressures to the right 
of V and V is a short distance to the left of the level curve with pressure 1016 mb, so we might estimate that the pressure at 
Vancouver is about 1017 mb. 

(b) Winds are stronger where the isobars are closer together (see Figure 13), and the level curves are closer near S than at the 


other locations, so the winds were strongest at San Francisco. 


The point (160, 10), corresponding to day 160 and a depth of 10 m, lies between the isothermals with temperature values 
of 8 and 12°C. Since the point appears to be located about three-fourths the distance from the 8? C isothermal to the 12°C 
isothermal, we estimate the temperature at that point to be approximately 11°C. The point (180, 5) lies between the 16 and 


20°C isothermals, very close to the 20°C level curve, so we estimate the temperature there to be about 19.5°C. 


If we start at the origin and move along the x-axis, for example, the z-values of a cone centered at the origin increase at a 
constant rate, so we would expect its level curves to be equally spaced. A paraboloid with vertex the origin, on the other hand, 
has z-values which change slowly near the origin and more quickly as we move farther away. Thus, we would expect its level 
curves near the origin to be spaced more widely apart than those farther from the origin. Therefore contour map I must 


correspond to the paraboloid, and contour map II the cone. 


Near A, the level curves are very close together, indicating that the terrain is quite steep. At B, the level curves are much 


farther apart, so we would expect the terrain to be much less steep than near A, perhaps almost flat. 


ya 
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39. The level curves of B(m, h) = M are =k m = kh? or hh 


4. 


H ie k=18.5 
1 k=25 
equivalently h = ym/k = m since m > 0, h > 0. We draw the B 


level curves for k = 18.5, 25, 30, and 40. 


The shaded region corresponds to BMI values between 18.5 and 25, 


o S S S S S A 


20 40 60 80 100 120140 ™ 


those considered optimal. For a mass of 62 kg and a height of 152 cm 


(1.52 m), the BMI is B(62, 1.52) = £z 26.8, which is outside the optimal range. 


1.522 


. From Exercise 39, the body mass index function is B(m, h) — m/h?. The BMI for a person 200 cm (2.0 m, about 6 ft 7 in) 


tall and with mass 80 kg (about 176 Ib) is B(80, 2.0) = 80/(2.0)? = 20. An 


B=20 


2.54 
The level curve B(m,h) = 20 < m = 20h? is shown in the graph. s 
A person 1.5 m tall (about 4 ft 11 in) has a BMI on the same level 1.54 (64.8, 1.8) 


(45, 1.5) 
curve if their mass is m = 20(1.5)? = 45 kg (about 99 Ib), and a person 14 


1.8 m (about 5 ft 11 in) tall would have mass m = 20(1.8)? = 64.8 kg 


0 + + + t + t + > 
(about 143 Ib). (See the graph.) EA oc c 4 
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45. The level curves are z? — y? = k. When k = 0 the level 


curve is the pair of lines y = 4 


tx, and when k Æ 0 the 


level curves are a family of hyperbolas (oriented 


differently for k > 0 than for k « 0). 


47. The level curves are /z + y = k or y = —/z + k, a 


family of vertical translations of the graph of the root 


function y = — yz. 


> 


y 


49. The level curves are ye” = k or y = ke ^,a family of 


exponential curves. 


Y 
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46. The level curves are zy = k or y = k/x. When k 40 
the level curves are a family of hyperbolas. When k = 0 


the level curve is the pair of lines x = 0, y = 0. 


=“ (a i 
= a : 
Nf 


48. The level curves are In(z? + 4y?) = k or z? + 4y? = e", 


a family of ellipses. 


50. The level curves are y — arctan x = k or 
y = (arctan x) + k, a family of vertical translations of 


the graph of the inverse tangent function y = arctan x. 
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51. The level curves are 4/z? +y? =k or x? +y? =k? 52. For k Æ 0 and (x,y) Z (0,0), k = ai 
(k > 0), a family of circles centered at the origin with y 5 1 
Hy al e a? + ( - i) = jgz’ 2 family 


radius k?/?, 
of circles with center (0, x) and radius x (without the 


origin). If k = 0, the level curve is the x-axis. 


53. The contour map consists of the level curves k = x? + 9y?, a family of 
ellipses with major axis the x-axis. (Or, if k = 0, the origin.) 


The graph of f(x, y) is the surface z = x” + 9y”, an elliptic paraboloid. 


> 


y 


If we visualize lifting each ellipse k = z? + 9y? of the contour map to the plane 


z = k, we have horizontal traces that indicate the shape of the graph of f. 


The contour map consists of the level curves k = 4/36 — 9z? — 4y? 


9z? + Ay? = 36 — k?, k > 0,a family of ellipses with major axis the 
y-axis. (Or, if k = 6, the origin.) 


= se L 


[continued] 
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The graph of f (x, y) is the surface z = 4/36 — 9x? — 4y?, or equivalently the upper half of the ellipsoid 


9x? + Ag? + z? = 36. If we visualize lifting each ellipse k = 4/36 — 9x? — 4y? of the contour map to the plane z = k, 


we have horizontal traces that indicate the shape of the graph of f. 


The isothermals are given by k = 100/(1 + z? + 2y?) or 
x? + 2y? = (100 — k)/k [0 < k < 100], a family of ellipses. 


. f c 
The equipotential curves are k = or 


T? — g2? y 
2 
r Hy -5D- (<) , a family of circles (k > c/r). 


Note: As k — oo, the radius of the circle approaches r. 


f(x,y) = ay" -x 


yA 
Ss 
af x — We 


The traces parallel to the yz-plane (such as the left-front trace in the graph above) are parabolas; those parallel to the xz-plane 


(such as the right-front trace) are cubic curves. The surface is called a monkey saddle because a monkey sitting on the surface 


near the origin has places for both legs and tail to rest. 


f(z,y) = zy? — ya? 


The traces parallel to either the 
yz-plane or the zz-plane are 


cubic curves. 
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59. f(z,y) = e- G^ t8 (sin(z?) + cos(y?)) 
z L M 
ANM 3 
S 
60. f(x,y) = cosx cosy 
The traces parallel to either the 
HERR 
yz- or zz-plane are cosine curves GB BRGY 
with amplitudes that vary 2) (c 
from 0 to 1. N rz 
61. z — sin(zy) (a) C (b) II 
Reasons: This function is periodic in both x and y, and the function is the same when z is interchanged with y, so its graph is 
symmetric about the plane y = x. In addition, the function is 0 along the x- and y-axes. These conditions are satisfied only by 
C and II. 
62. z = e” cosy (a) A (b) IV 
Reasons: This function is periodic in y but not x, a condition satisfied only by A and IV. Also, note that traces in x = k are 
cosine curves with amplitude that increases as x increases. 
63. z = sin(x — y) (a) F (b)I 
Reasons: This function is periodic in both x and y but is constant along the lines y = x + k, a condition satisfied only 
by F and I. 
64. z = sing — sin y (a) E (b) III 
Reasons: This function is periodic in both x and y, but unlike the function in Exercise 63, it is not constant along lines such as 
y = x + T, so the contour map is III. Also notice that traces in y = k are vertically shifted copies of the sine wave z = sin z, 
so the graph must be E. 
6.2—(1—2?)1—4?)  (aB  (b)VI 
Reasons: This function is 0 along the lines x = +1 and y = +1. The only contour map in which this could occur is VI. Also 
note that the trace in the z2-plane is the parabola z = 1 — x? and the trace in the yz-plane is the parabola z = 1 — y”, so the 
graph is B. 
z—9 
66. z = — D b) V 
z=; aa OD 0 


Reasons: This function is not periodic, ruling out the graphs in A, C, E, and F. Also, the values of z approach 0 as we use 


points farther from the origin. The only graph that shows this behavior is D, which corresponds to V. 
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k = 2y — z + lisa family of parallel planes with normal vector (0, 2, —1). 
k = x 4- y? — z? isa family of hyperbolic paraboloids with saddle point (k, 0, 0). 


Equations for the level surfaces are k = x? + y? — z?. For k = 0, the equation becomes z? = x? + y? and the surface is a 
right circular cone with center the origin and axis the z-axis. For k > 0, we have a family of hyperboloids of one sheet with 


axis the z-axis. For k < 0 we have a family of hyperboloids of two sheets with axis the z-axis. 

k = x? + 2y + 32? is a family of ellipsoids with major axis the x-axis for k > 0 and the origin for k = 0. 

(a) The graph of g is the graph of f shifted upward 2 units. 

(b) The graph of g is the graph of f stretched vertically by a factor of 2. 

(c) The graph of g is the graph of f reflected about the zy-plane. 

(d) The graph of g(x, y) = — f(x, y) + 2 is the graph of f reflected about the zy-plane and then shifted upward 2 units. 
(a) The graph of g is the graph of f shifted 2 units in the positive x-direction. 

(b) The graph of g is the graph of f shifted 2 units in the negative y-direction. 


(c) The graph of g is the graph of f shifted 3 units in the negative x-direction and 4 units in the positive y-direction. 


f(x,y) = 3x — z* — 4y? — 10xy 


A x 


fN 


van 


| a 


Three-dimensional view Front view 
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It does appear that the function has a maximum value, at the higher of the two “hilltops.” From the front view graph, the 
maximum value appears to be approximately 15. Both hilltops could be considered local maximum points, as the values of f 
there are larger than at the neighboring points. There does not appear to be any local minimum point; although the valley shape 


between the two peaks looks like a minimum of some kind, some neighboring points have lower function values. 


f(a,y) = aye 


Three-dimensional view Front view 


The function does have a maximum value, which it appears to achieve at two different points (the two “hilltops”). From the 
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front view graph, we can estimate the maximum value to be approximately 0.18. These same two points can also be 
considered local maximum points. The two “valley bottoms" visible in the graph can be considered local minimum points, as 


all the neighboring points give greater values of f. 


75. 10 f(x,y) = 3 — 7 . As both x and y become large, the function values 


appear to approach 0, regardless of which direction is considered. As 


(x,y) approaches the origin, the graph exhibits asymptotic behavior. 


From some directions, f(x, y) — oo, while in others f(x,y) — —oo. 


(These are the vertical spikes visible in the graph.) If the graph is 


examined carefully, however, one can see that f(x,y) approaches 0 


-25 0 along the line y = — zx. 


. The graph exhibits different limiting values as x and y 


f(x,y) = 


become large or as (x, y) approaches the origin, depending on the direction 


76. ——— 
x2 + y? 


NN 
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A 


being examined. For example, although f is undefined at the origin, the 


SS 
5 rae 


function values appear to be i along the line y = x, regardless of the distance 


aS 


-0.5 z from the origin. Along the line y = —zx, the value is always -i. Along the 
5 x axes, f(x, y) = 0 for all values of (x, y) except the origin. Other directions, 
ps 0 5 ; "Pr 
y heading toward the origin or away from the origin, give various limiting 


values between -i and i. 


77. f(x,y) = er ty First, if c = 0, the graph is the cylindrical surface 


z= (whose level curves are parallel lines). When c > 0, the vertical 
trace above the y-axis remains fixed while the sides of the surface in the 


x-direction “curl” upward, giving the graph a shape resembling an 


elliptic paraboloid. The level curves of the surface are ellipses centered at 


the origin. 


For 0 < c < 1, the ellipses have major axis the x-axis and the eccentricity increases as c — 0. 


c = 0.5 (level curves in increments of 1) 


[continued] 
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For c — 1 the level curves are circles centered at the origin. 


1 


v 
(A 


c — 1 (level curves in increments of 1) 


When c > 1, the level curves are ellipses with major axis the y-axis, and the eccentricity increases as c increases. 


c — 2 (level curves in increments of 4) 
For values of c < 0, the sides of the surface in the x-direction curl downward and approach the xy-plane (while the vertical 
trace x = 0 remains fixed), giving a saddle-shaped appearance to the graph near the point (0, 0, 1). The level curves consist of 
a family of hyperbolas. As c decreases, the surface becomes flatter in the x-direction and the surface’s approach to the curve in 


the trace x = 0 becomes steeper, as the graphs demonstrate. 


—1.2 


c — —0.5 (level curves in increments of 0.25) 


c — —2 (level curves in increments of 0.25) 
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78. z= (az? + by?)e-* -v. There are only three basic shapes which can be obtained (the fourth and fifth graphs are the 


reflections of the first and second ones in the xy-plane). Interchanging a and b rotates the graph by 90° about the z-axis. 
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If a and b are both positive (a 4 b), we see that the graph has two maximum points whose height increases as a and b increase. 
If a and b have opposite signs, the graph has two maximum points and two minimum points, and if a and b are both negative, 


the graph has one maximum point and two minimum points. 


79. z = a? +y? + cay. When c < —2, the surface intersects the plane z = k Æ 0 ina hyperbola. (See the following graph.) 
It intersects the plane x = y in the parabola z = (2 + c)z?, and the plane x = —y in the parabola z = (2 — c)z?. These 


parabolas open in opposite directions, so the surface is a hyperbolic paraboloid. 


When c = —2 the surface is z = z? + y? — 2zy = (x — y)’. So the surface is constant along each line x — y = k. That 


is, the surface is a cylinder with axis x — y = 0, z = 0. The shape of the cylinder is determined by its intersection with the 


[continued] 
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plane x + y = 0, where z = 4a, and hence the cylinder is parabolic with minimums of 0 on the line y = x. 


=2. 


c——5,2—2 


When —2 < c < 0, z > 0 for all x and y. If x and y have the same sign, then 
ety + cry > r? +y? — 2ry = (x — y)? > 0. If they have opposite signs, then cxy > 0. The intersection with the 
surface and the plane z = k > 0 is an ellipse (see graph below). The intersection with the surface and the planes x = 0 and 
y = 0 are parabolas z = y? and z = x? respectively, so the surface is an elliptic paraboloid. 

When c > 0 the graphs have the same shape, but are reflected in the plane x = 0, because 
x£? +y? + czy = (—a)? + y? + (—c)(—«)y. That is, the value of z is the same for c at (a, y) as it is for —c at (—x, y). 


2 


—2 2: Zz 0 
—20 
E > Sea 
M E E D) 35 0, 2 
e—-—1,2—2 c — 10 


So the surface is an elliptic paraboloid for 0 < c < 2, a parabolic cylinder for c = 2, and a hyperbolic paraboloid for c > 2. 


80. First, we graph f(x, y) = /z? + y?. 


[continued] 
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Graphs of the other four functions follow. 


N 


ESL VL 


f(x,y) = sim( a? x y?) 


Notice that each graph f(x,y) = g (s / x2 + y? ) exhibits radial symmetry about the z-axis and the trace in the xz-plane for 


Vere 


x > Ois the graph of z = g(x), x > 0. This suggests that the graph of f(x,y) = o( Ve? +y? ) is obtained from the graph 


of g by graphing z = g(x) in the zz-plane and rotating the curve about the z-axis. 


81. (a) P = bL° K! % 


P 


=> L-beK 9 


K 


nz =Inb+ain(=) 


(b) We list the values for In(L/K) and In(P/ K) for the years 1899-1922. (Historically, these values were rounded to 


2 decimal places.) 


P op 
K K 


| Year | x =In(L/K) | y 2 In(P/K) | Year | x =In(L/K) | y 2 In(P/K) 
1899 0 0 1911 —0.38 —0.34 
1900 —0.02 —0.06 1912 —0.38 —0.24 
1901 —0.04 —0.02 1913 —0.41 —0.25 
1902 —0.04 0 1914 —0.47 —0.37 
1903 —0.07 —0.05 1915 —0.53 —0.34 
1904 —0.13 —0.12 1916 —0.49 —0.28 
1905 —0.18 —0.04 1917 —0.53 —0.39 
1906 —0.20 —0.07 1918 —0.60 —0.50 
1907 —0.23 —0.15 1919 —0.68 —0.57 
1908 —0.41 —0.38 1920 —0.74 —0.57 
1909 —0.33 —0.24 1921 —1.05 —0.85 
1910 —0.35 —0.27 1922 —0.98 —0.59 


[continued] 
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After entering the (x, y) pairs into a calculator or CAS, the resulting least squares regression line through the points is 
approximately y = 0.751362 + 0.01053, which we round to y = 0.75z + 0.01. 

(c) Comparing the regression line from part (b) to the equation y = In b + oz with x = In(L/K) and y = In(P/K), 
we have a = 0.75 and lnb = 0.01 = b= e99! z 1.01. Thus, the Cobb-Douglas production function is 


P= bL K1-2 = 1.01L°°7 «925. 


14.2 Limits and Continuity 


1. In general, we can't say anything about f(3, 1)! i Š f(x,y) = 6 means that the values of f (x, y) approach 6 as 
x,y) (3, 


(x, y) approaches, but is not equal to, (3, 1). If f is continuous, we know that i nm if f(x,y) = f(a,6), so 
T.,y)—4a, 


f(z,y) = f(3,1) — 6. 


(orat) 
2. (a) The outdoor temperature as a function of longitude, latitude, and time is continuous. Small changes in longitude, latitude, 
or time can produce only small changes in temperature, as the temperature doesn't jump abruptly from one value to 
another. 
(b) Elevation is not necessarily continuous. If we think of a cliff with a sudden drop-off, a very small change in longitude or 
latitude can produce a comparatively large change in elevation, without all the intermediate values being attained. 


Elevation can jump from one value to another. 


(c) The cost of a taxi ride is usually discontinuous. The cost normally increases in jumps, so small changes in distance traveled 


or time can produce a jump in cost. A graph of the function would show breaks in the surface. 


3. We make a table of values of 


for a set 


of (x, y) points near the origin. 


As the table shows, the values of f(a, y) seem to approach —2.5 as (x, y) approaches the origin from a variety of different 


directions. This suggests that i un f(x,y) = —2.5. Since f is a rational function, it is continuous on its domain. f is 
x,y)— (0,0 


_ 070? + 0707-5 _ 


defined at (0, 0), so we can use direct substitution to establish that lim f(x,y) =— >, verifying 


enoto! =O 0 


our guess. 
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bd DU pue 
2ry 


0.667 | 0.000 | —0.667 | —0.667 


points near the origin. 


0.667 | 0.000 | —0.667 | —0.444 


0.000 | 0.000 


—0.667 | 0.000 


—0.545 | —0.667 | —0.667 | 0.000 


0.2 D 
—0.667 | —0.706 | —0.545 | 0.000 0.545 | 0.706 | 0.667 


It appears from the table that the values of f(x, y) are not approaching a single value as (x, y) approaches the origin. For 


verification, if we first approach (0, 0) along the x-axis, we have f(x, 0) = 0, so f(x, y) — 0. But if we approach (0, 0) along 


2g" 2 
the line y = x, f(z, xz) = E 7 asd 3 (x Æ 0), so f(x,y) ^ Z. Since f approaches different values along different paths 


to the origin, this limit does not exist. 
5. f(x,y) = a?y? — 4y? is a polynomial, and hence continuous, so we can find the limit by direct substitution: 
lim — f(z,y) = f(3,2) = (3) Q)* — 42)* = 56. 


(2,9)—(3,2) 


6. f(x,y) = z?y + 3zy? + 4is a polynomial, and hence continuous, so we can find the limit by direct substitution: 
y y y 


"HL NM f(a,y) = f(5, 2) = 58?(-2) + 3(5)(-2)? + 4 = 14. 


2 3 
7. f(x,y) = "ERE is a rational function, and hence, continuous on its domain. (—3, 1) is in the domain of f, so we can 
r— 


-3*0)- (=3)(1)* 12 


find the limit by direct substitution: LE f(z,y)- f(-3,1) = S31 59 == e —6. 
xy + xy? ; ; ; ; ; ; - ; 
8. f(x,y) = —5— —- is a rational function, and hence, continuous on its domain. (2, —1) is in the domain of f, so we can 
z — Y 


find the limit by direct substitution: lim x,y) = f(2,—1) = : 
E a). (V) = £051) (2)? — (-1)? 3 


9. x — y is a polynomial and therefore continuous. Since sin t is a continuous function, the composition sin(x — y) is also 


continuous. The function y is a polynomial, and hence continuous, and the product of continuous functions is continuous, so 


f(x,y) = ysin(x — y) is a continuous function. Then, in jd f(x,y) = f(x, =) = sin (x — %) =$sin§ = §. 
rz,y)—(m,m 


10. 2x — y is a polynomial and therefore continuous. Since \/t is continuous for t > 0, the composition Zx — y is continuous 


where 2x — y > 0. The function e" is continuous everywhere, so the composition f(x, y) = eV^" " is a continuous function 


SESE O eea g and y= Athen 2e Dusne mn fen) = £(,2) = ev 0? = e 
2,9)—(3,2 
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2g: 372 2,2 2,2 
ry — ay z^y' (y— x) ry . 
r, y) = = = = for x — 0; in particular, (x, 1, 1). Thus, 
f(x,y) y m EN Eum y p (x,y) 7 (1,1) 
zy? ) (a? 1 
lim L,Y) = lim =--x. 
(2,9) (141) Fev) (æy) (1,1) ( Ty 1+1 2 
cosy —sin2y cosy — 2sin y cosy 1—2siny ; : 
f(z, y) = = = a a = — ~ for cosy + 0; in particular, (x, y) 4 (7, 7/2). Thus, 
COS £ COS y COS x COS y cos £ 
; 1—2siny  1-—2sin(z/2  -1 
lim T,y)— = = =]; 
(z,y)—(1,7/2) f(z,y) (z,y)—(m,n/2) COST COST —1 
2 
f(x,y) = — 4. First approach (0, 0) along the x-axis. Then f(a, 0) 0/x? = 0 for x Æ 0, so f(x,y) > 0. Now 


z? +y 


approach (0, 0) along the y-axis. Then f (0, y) = y?/y? = 1 for y £ 0, so f(x,y) — 1. Since f has two different limits 


along two different lines, the limit does not exist. 


2ry 
x? + 3y? 


f(x,y) = . First approach (0, 0) along the x-axis. Then f(x,0) = 0/2? = 0 for x 4 0, so f(x,y) — 0. Now 


approach (0, 0) along the line y = x. Then f(x, a) = 22?/4a? = 1/2 for x Æ 0. Since f has two different limits along two 


different lines, the limit does not exist. 


(z +y)? 
x2 +y? 


f(x,y) = . First approach (0, 0) along the x-axis. Then f(x,0) = x?/ax? = 1 for x £0, so f(x,y) — 1. Now 


approach (0, 0) along the line y = x. Then f(x, £) = 4z?/(2z?) = 2 for x Æ 0, so f(a, y) — 2. Since f has two different 


limits along two different lines, the limit does not exist. 


a? + zy? 
x4 + y? 


f(x,y) = . First approach (0, 0) along the y-axis. Then f(0, y) = 0/y? = 0 for y Æ 0, so f(x,y) — 0. Now 


Or std 2 
+ 1 1 . 
approach (0, 0) along the line y = x. Then f(x, x) = = x S = yh zi m for x Æ 0, so f(x,y) — 1. Since f 


has two different limits along two different lines, the limit does not exist. 


2 42 
f(x,y) = ae First approach (0, 0) along the y-axis. Then f (0, y) = 0/y* = 0 for y 4 0, so f(x,y) — 0. Now 
T y 
; x sin? x 1 /sinz\? : 
approach (0, 0) along the line y = x. Then f(x, x£) = EXC RERO for x Æ 0, so by Equation 3.3.5, 
xv x 


f(x,y) + $(1)? = 1. Since f has two different limits along two different lines, the limit does not exist. 


— f —1 
f(x,y) = rar First approach (1, 1) along the line x = 1. Then f(1, y) = Tm = —1for y Z 1, so 
x,y) — —1. Now approach (1, 1) along the line y = x. Then f(z,x) = = ies +Ina £0. So 
id 1—z-lnzx 


f(x,y) — 0. Since f has two different limits along two different lines, the limit does not exist. 
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19. xy — zy? + 3 is a polynomial and therefore continuous. t? is also a polynomial and therefore continuous. so the composition 


(z?y — zy? + 3)? is continuous. Thus, T m Qv — zy? +3)? = [((-1P (72) - (-1)(-2)? + 3}? = 5? = 125. 
Lyle: 


20. e7” is a composition of continuous functions and therefore continuous. sin xy is also a composition of continuous functions 


and therefore continuous. Thus, the product e^? sin zy is continuous, and e?" sin zy = e"/? sin z= en, 


lim 
(x,y) (7.1/2) 


—2 
21. f(x,y) = mo is a rational function and continuous on its domain. (2,3) is in the domain of f, so 
: 3(2) — 2(3) _ 0 
l = = 5 = 0. 
ors fs, y) 4(2)? = 32 T 
2r— y 2r— y 1 ; 1 1 
22. = SS = for 2r — 0. Thus, lim zy) = = = =. 
zy? cosy 


23. Let f(x,y) = . Then f(z,0) = 0 for x 4 0, so f(x,y) — Oas (x, y) — (0,0) along the x-axis. Approaching 


x? + yt 


(0, 0) along the y-axis or the line y = z also gives a limit of 0. But f (y^, y) Z 


yv zou = yt sel | cosy fory £ 0, 
(y?)? +y 2y 2 


so f(x,y) — $ cos0 = 4 as (x,y) — (0,0) along the parabola x = y?. Thus the limit doesn't exist. 


z? — y? (x — y) x? + zy +y?) 
24. = = =ax2—yf 0, 0). [Note that x? ? — 0 only wh 
f(x,y) x2 + ary + y? x2 + ay + y? T y for (x,y) 4 (0, ) [Note at x +ry +y only when 
x,y) = (0, 0).] Thus lim x,y) = lim x—y)=0-0=0. 
(2,9) = 6,0] Gia? y) EU y) 
25 zy ety? z? +y? +1+1 


lim ———— — lim ———— —————— 
(w,y)>(0,0) 4/£? +y? +1—1 (0) (60) J/z? +y? -1—1 r? +y? +1+1 


(2? + y?) (a? +9? FI +1) 
= lm ——\ = - lim (Va? xy F141) =2 


00 (#,y) (0,0) x+y? 00 (@,y)—(0,0) 


4 


26. f(x,y) = 


=z ys On the x-axis, f(z,0) = 0 for z Æ 0, so f(x,y) — 0 as (x,y) — (0,0) along the x-axis. Approaching 


(0, 0) along the curve x = yf gives f (y^, y) = y?/2y? = 4 for y 4 0, so along this path f(x,y) — 4 as (x,y) — (0,0). 


Thus the limit does not exist. 


27. x + z is a polynomial and therefore, continuous. vt is continuous on its domain. Thus, the composition is continuous at 


(6, 1, —2). cos ry is continuous, so the product of vx + z and cos zy is also continuous. Then 


lim Vx -- zcosmy = 4/6 + (—2) coss = —2. 


(x,y,z) (6,1,—2) 
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32. 


33. 
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ry +yz 
x2 + y2 + 22° 


f(z,y,2) = Then f(x,0,0) = 0/x? = 0 for x Z 0, so as (a, y, z) — (0,0, 0) along the z-axis, 


f(a,y,z) ^ 0. But f(x, 2,0) = z?/(22?) = 1 for x Æ 0, so as (x,y, z) — (0, 0,0) along the line y = x, z = 0, 


m 
f (x,y,z) — 4. Thus the limit doesn't exist. 


ryt yz? +027 


x? +y2+ 24 a 


f(x,y,z) = Then f(z,0,0) = 0/z? = 0 for x Æ 0, so as (x, y, z) — (0,0, 0) along the x-axis, 


f(x,y, z) > 0. But f(x, £,0) = x? /(2x?) = 4 for x Æ 0, so as (x,y,z) — (0,0, 0) along the line y = x, z = 0, 
f(x,y, z) — 4. Thus the limit doesn’t exist. 


3 


ra 
PARI Then f(z,0,0) = z4 /xf = 1forz Æ 0, so f(x,y,z) > las (x,y,z) > (0,0,0) along the 


f(a, y, z) = 


x-axis. But f (0, y, 0) = y? /(2y°) = 4 for y £ 0, so f(x,y, z) > 4 as (x,y, z) — (0,0,0) along the y-axis. Since f has 


two different limits along two different lines, the limit does not exist. 


1 1 
-1 < sin( 5 i=) <1 > -ay< zysin( =) < xy for xy > 0. If xy < 0, we have 


1 
—xry > xysin > xy. In either case, lim zy = 0 and lim —xy) = 0. Thus, 
ia (a Lr) S9 (24)5(0,0) I mem y 


1 
lim  zysin — 0 by the Squeeze Theorem. 
(2,9) (0,0) A (= 3 x a 


f(x,y) = 4 We can see that the limit along any line through (0, 0) is 0, as well as along other paths through 


(0,0) such as z = y? and y = z?. So we suspect that the limit exists and equals 0; we use the Squeeze Theorem to prove our 


assertion. Since |y| € \/x? + y?, we have —lwW X landso0 < ae < |z|. Now |z| — Oas (x, y) — (0,0), 
/ 2 +y? x2 +y? 


ry 


so —Oandhence lim  f(z,y) — 0. 


(x,y) (0,0) 


A 


We use the Squeeze Theorem to show that lim — = 
(,y)>(0,0) z* + y 


A 4 


|x| yt ; y lz| y zy 
0< ty < |x] since 0 < pug < 1, and |x| — 0 as (x,y) — (0,0), so Pun —0 "aT —0 
as (x,y) — (0,0). 
ay? 2? 
We use the Squeeze Theorem to show that im = z az 
(æ,y,z)—>(0,0,0) T2 + y? + z? 
2,2.2 2 2,22 
T YZ 2,2 a; z 2,2 LYZ 
is Fyt < £ y since 0 < 23344412 < 1, and x y — 0as (x,y,z) — (0, 0, 0), so "raw x — 


as (x,y,z) — (0,0, 0). 
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35. From the ridges on the graph, we see that as (x, y) — (0,0) along the 


i 1 2 2 3. 4 2 
s lines under the two ridges, f(x,y) = c a a y 


approaches 


1 A 


different values. Since the function approaches different values 


0.5 
Ox depending on the path of approach, the limit does not exist. 


36. From the graph, it appears that as we approach the origin along the lines 


3 


x = 0 or y = 0, the function f(x,y) = is everywhere 0, whereas 


x2 + y® 


z0 1 if we approach the origin along a certain curve it has a constant value of 


0 x about 4. [In fact, f(y?, y) = y$/(2y9) = 4 for y £0, so f(x,y) — 4 as 


(x,y) — (0,0) along the curve x = y?.] Since the function approaches 


different values depending on the path of approach, the limit does not exist. 


37. h(x, y) = g(f (a, y)) = (2x + 3y — 6)? + /2x F 3y — 6. Since f is a polynomial, it is continuous on R? and g is 
continuous on its domain {t | t > 0}. Thus, ^ is continuous on its domain 
{(z,y) | 22 + 3y — 6 > 0} = { (a, yivz -2r + 2}, which consists of all points on or above the line y = -2r + 2. 
38. h(x, y) = g( f(z, y)) = yy +In SEE f is a rational function, so it is continuous on its domain. Because 
5 jy =g y EBENE 1 + xy? s ^ 3 


1 + z?y? > 0, the domain of f is R?, so f is continuous everywhere. g is continuous on its domain (t | t > 0}. Thus, h is 


ir T > o] = {(x,y) | xy < 1}, which consists of all points between (but not on) 


ti its d i —Z 
continuous on its domain { (ew) | T+ ay 


the two branches of the hyperbola y = 1/z. 


39. From the graph, it appears that f is discontinuous along the line y = zx. 
If we consider f(x, y) = e!/ "79? as a composition of functions, 
g(x,y) = 1/(x — y) is a rational function and therefore continuous except 
wherez —y —0 © y= r. Since the function h(t) = e is continuous 
everywhere, the composition h(g(x,y)) = e€» = f(x, y) is 
continuous except along the line y = x, as we suspected. 

40. We can see a circular break in the graph, corresponding approximately to 
the unit circle, where f is discontinuous. Since f(x,y) = Ser is 


a rational function, it is continuous except where 1 2? —y? —0 © 


£? + y? = 1, confirming our observation that f is discontinuous on the 


circle x? + y? = 1. 
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The functions xy and 1 + e^ are continuous everywhere, and 1 + e^ ^? is never zero, so F(x, y) = 4 zi is continuous 


GE SL. 

1+ e” 

on its domain R?. 

F(x,y) = cos /14- r — y = g(f(x,y)) where f(x,y) = V/1-F — y, continuous on its domain 

((z,y)| 1+z-— y 20) = ((z,uy) | y < x + 1}, and g(t) = cost is continuous everywhere. Thus F is continuous on its 
domain ((z, y) | y € x - 1). 

14-22 4.3? 
1- z? -— y? 


{(a,y)|1—2? -— y? £0} = ((m,y) | à? +y? z 1). 


F(x,y) = is a rational function and thus is continuous on its domain 


ud y 
. The functions e^ + e" and e?" — 1 are continuous everywhere, so H(z, y) = e is continuous except where 
EEY = 
e"—1-0 zy —0 x =0 or y = 0. Thus H is continuous on its domain {(x, y) | x #0, y # 0}. 


V/ is continuous on its domain ((z, y) | x > 0} and 4/1 — x? — y? is continuous on its domain 
{(x,y) | 1-2? — y? 20) = {(2,y) | à? + y? € 1}, so the sum G(z, y) = VT + /1— x? — y? is continuous for x > 0 


and z? + y? < 1, that is, { (2, y) |z? +y <1, z> 0}. This is the right half of the unit disk. 


G(a,y) = In(1 + x — y) = g(f (x, y)) where f(x,y) = 1+ x — y, a polynomial and hence continuous on R?, 
and g(t) = Int, continuous on its domain {t | t > 0}. Thus G is continuous on its domain 

[(m,y)| 1-2-z—9 > 0} = ((z,y) | y < x + 1), the region in R? below the line y = x + 1. 

f(z,y,z) = h(g(z,y, z)) where g(a, y, z) = x? + y? + z?, a polynomial that is continuous 

everywhere, and h(t) = arcsint, continuous on [—1, 1]. Thus f is continuous on its domain 


{(z,y,z) | =1 < £? +y? +2? <1} = {(x,y,z) | £? +y? +2 € 1), so f is continuous on the unit ball. 


Vy — 2? is continuous on its domain { (x, y) | y — r? > 0} = {(z,y) | y= a?) and In z is continuous on its domain 
{z | z > 0}, so the product f(x,y,z) = \/y — x? In z is continuous for y > x? and z > 0, that is, 
[my 2) yz a5 z > 0). 


ov df (ey) # (0,0) 


f(x,y) = 4 2x? +y? The first piece of f is a rational function defined everywhere except at the 
1 if (x,y) = (0,0) 


origin, so f is continuous on R? except possibly at the origin. Since x? < 2x? + y?, we have |a? y9/ (22? + y^)| < |y? |. 


2,3 
We know that |y?| — 0 as (x, y) — (0,0). So, by the Squeeze Theorem, lim x,y) = lm 0E = 0. 
v? (x,y) > (0,0) y q ann a y) (,9)—(0,0) 2x? + y? 
But f (0,0) = 1, so f is discontinuous at (0, 0). Therefore, f is continuous on the set ((z, y) | (x, y) 4 (0,0)). 
x : 
—«L if (x,y) # (0,0) 
flay) =< +ryty The first piece of f is a rational function defined everywhere except 
0 if (x,y) = (0,0) 


at the origin, so f is continuous on R? except possibly at the origin. f(a,0) = 0/2? = 0 for z Æ 0, so f(x,y) — 0 as 
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(x,y) — (0,0) along the a-axis. But f(a, x) = 2?/(3a7) = à for x # 0, so f(x,y) > $ as (x, y) — (0,0) along the 


line y = x. Thus no T f(x,y) doesn't exist, so f is not continuous at (0, 0) and the largest set on which f is continuous 
z,y) >Y, 


is {(x,y) | (x,y) # (0, 0)}. 


3:553 3 "S 
5. lim X74 = lim (PEE FTN lim (r cos? 0 + r sin? 0) = 0 
(x,y)— (0,0) ge? + y? rot r? root 
52 lim (a? +y?)In(a? +y?) = lim r?Inr? = lim aie lim (1/r*)(2r) [using l'Hospital's Rule] 
` (2,4)—(0,0) r—0* root l/r? rot  —2/r? 
= lim (—7?) «0 
r—07T 
2 2 2 2 
] e?*-9» —] . e^ —1 . e^t (—2r) M - 
53. en oo ELTA dn pee jum ED xm [using l'Hospital's Rule] 
= lim -e" = —e = —1 
r—07 
54. 1. lim a =a: Given £ > 0, we need 6 > O such that if 0 < \/(x — a)? + (y — b)? < 6, then |x — al < e. 
zr,y)—(\a, 
But |x — a| € y(x — a)? + (y — b)? < 6, so choose e = ô. Then |x — a| € y (x — a)? + (y — b)? < ô = €. 
Thus, lm «=a. 
(x,y) (a,b) 
2. lim 53 = b: Given € > 0, we need ô > 0 such that if 0 < 4/(x — a)? + (y — b)? < ô, then |y — b| < e. 
zx.y)—(a, 
But |y — b| € y(x — a)? + (y — b)? < ô, so choose e = ô. Then |y — b| < y (z — a)? + (y— b)? < 8 =e. 
Thus, lim y=b. 
(2,y)— (a,b) 
3. lim eo c: Given € > 0, we need ô > 0 such that if 0 < \/(x — a)? + (y — b)? < 6, then |c — c| < e. 
zx.y)—(a, 
But |c — c| = 0, so this will be true no matter what ô we choose. 
E 2 2 : 2 
55. lim sin(z +y) = lim sinl y hich is an 
(ey)(0,0) £? +y? r—ot 
indeterminate form of type 0/0. Using l'Hospital's Rule, we get : 
(2 2 5 
lim Sa lim AE lim cos(r?) = 1. 0 
root r2 r—0* 2r r—04 “4 
bx “3> s l ie 
Or: Use the fact that lim =" = 1. y 2 2 T 
650 0 44 
sin x ; 
Z if (2,y) # (0,0) 
86. f(x,y) = 4 "V 


1 if (x,y) = (0,0) 


From the graph, it appears that f is continuous everywhere. We know 


xy is continuous on R? and sint is continuous everywhere, so sin zy 0 


A SS xy XS 
RRR 
RY 
RVs 


$c 
OSS 


ry 


A : sin ; : 
is continuous on R? and ——— is continuous on R? except 
x 
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possibly where xy = 0. To show that f is continuous at those points, consider any point (a, b) in R? where ab = 0. Because 
xy is continuous, zy — ab = 0 as (x,y) — (a,b). If we let t = zy, then t — 0 as (x,y) — (a,b) and 


sin xy . sint : : : : 2 
= = 1 by Equation 3.3.5. Thus lim x,y) = f(a, b) and f is continuous on R*. 
(z,y)(a,b) TY 150 t Tw (2,3) (a,b) 1858) TR 


0 ify<0 o y>a* 
57. (a) f(x,y) = i Consider the path y = ma“, 0 < a < 4. [The path does not pass through 
1 if0<y<a* 


(0,0) if a < 0 except for the trivial case where m = 0.] If mz? < 0 then f(x, mz?) = 0. If mzx^ > 0 then 


mr? =|max*| = |m| |z^| and mz? > a^. & |m||z^| 2z* & <|m| & |a|*~* € |m| whenever x? is 


lze] 
defined. Then mz? > z^ & |a| € |m|V/ 6-9 so f(x, mz?) = 0 for |z| < |m|!/“4~ and f(x,y) — 0 as 


(x,y) — (0,0) along this path. 


(b) If we approach (0, 0) along the path y = z?, z > 0 then we have f(x, x?) = 1 for 0 < x < 1 because 0 < 2? < z^ there. 
Thus f(x,y) — las (x,y) — (0,0) along this path, but in part (a) we found a limit of 0 along other paths, so 


E 5 f(x,y) doesn't exist and f is discontinuous at (0, 0). 
L,Y) WV, 


(c) First we show that f is discontinuous at any point (a, 0) on the x-axis. If we approach (a, 0) along the path x = a, y > 0 
then f(a,y) = 1 for0 < y < a^,so f(x,y) — 1as (x,y) — (a, 0) along this path. If we approach (a, 0) along the path 
xz =a, y < Othen f(a,y) = 0 since y < Oand f(x,y) — 0 as (x,y) — (a,0). Thus the limit does not exist and f is 
discontinuous on the line y = 0. f is also discontinuous on the curve y = x^: For any point (a, a^) on this curve, 
approaching the point along the path x = a, y > a* gives f (a, y) = 0 since y > at, so f(x,y) — Oas (x,y) — (a,a*). 
But approaching the point along the path z = a, y < a^ gives f(a,y) = 1 for y > 0, so f(x,y) > las (x,y) — (a, a?) 


and the limit does not exist there. 


58. Since |x — aj? = |x|? + |a]? — 2|x||a|cos@ > |x|? + |a — 2|x| |a] = (|x| — |a|)?, we have ||x| — |al| € |x — al. Let 


€ > 0 be given and set ô = £. Then if 0 < |x — a| < ô, 


|x| — |al| € |x — a| < 6 =e. Hence limx—a |x| = |a| and 


f (x) = |x| is continuous on R”. 


59. f(x) = c- x. Let £ > 0 be given. We need to find ô > 0 such that if 0 < |x — a| < ô, then 
|f (x) - f (a)| = |c -x — c -a| «e. But |e - x — c - a| = |c- (x — a)| and |c- (x — a)| < |e| |x — a| by Exercise 12.3.61 
(the Cauchy-Schwartz Inequality). Set ô = £/ |c]. Then if 0 < |x — a| < ô, 


|f (x) - f (a)| 2]e-x—- c. a| € le||x — a| < |e] = |e] (e/ |e]) = £. So f is continuous on R”. 
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14.3 Partial Derivatives 


1. By Definition 4, fr(92, 60) = lim 


f(92 + h, 60) — f (92,60) 


h , which we can approximate by considering h = 2 and 


f(94,60)— f(92,60) 111—105 — 


3, 
2 2 


h = —2 and using the values given in Table 1: fr(92,60) ~ 


90 = 2 100 — 1 ; j 
fr (92,60) = 1090,00) — (92.00) = a = 2.5. Averaging these values, we estimate fr (92, 60) to be 
approximately 2.75. Thus, when the actual temperature is 92°F and the relative humidity is 60%, the apparent temperature 
rises by about 2.75°F for every degree that the actual temperature rises. 


f(92, 60 + h) — f(92, 60) 


h which we can approximate by considering h = 5 and h = —5: 


Similarly, frr (92,60) = lim 


2,65) — f (92 = = = 
f (92,60) f (92, 65) : f(92,60) 108 z 105 _ 0.6, fa (92,60) ~ joe th) - (02:90) Hu D Hu 


0.4. 


Averaging these values, we estimate fy (92, 60) to be approximately 0.5. Thus, when the actual temperature is 92°F and the 


relative humidity is 60%, the apparent temperature rises by about 0.5°F for every percent that the relative humidity increases. 


. (a) Oh/Ov represents the rate of change of h when we fix t and consider h as a function of v, which describes how quickly the 


wave heights change when the wind speed changes for a fixed time duration. 0h/Ot represents the rate of change of h 
when we fix v and consider h as a function of t, which describes how quickly the wave heights change when the duration 


of time changes, but the wind speed is constant. 


f (40 + h, 15) — f (40,15) 
h 


(b) By Definition 4, f, (40, 15) = jim which we can approximate by considering 


(50,15) — f(40,15) 36-25 | 
10 10 


h = 10 and h = —10 and using the values given in the table: f, (40,15) = 1.1, 


f (30,15) — f(40,15) — 16 — 25 
—10 —10 
a 40-knot wind has been blowing for 15 hours, the wave heights should increase by about 1 foot for every knot that the 


f (40,15 + h) — f (40, 15) 
h 

f (40,20) — f(40,15)  28—25 _ 

5 LEES an 


fv (40, 15) & = 0.9. Averaging these values, we have f,, (40,15) ~ 1.0. Thus, when 


wind speed increases (with the same time duration). Similarly, f:(40, 15) = lim which we 


can approximate by considering h = 5 and h = —5: f+(40,15) = 0.6, 


fe(40, 15) ~ O10) 160.5) E EDS 


40-knot wind has been blowing for 15 hours, the wave heights increase by about 0.7 feet for every additional hour that the 


= 0.8. Averaging these values, we have f;(40, 15) ~ 0.7. Thus, when a 


wind blows. 
(c) For fixed values of v, the function values f (v, t) appear to increase in smaller and smaller increments, becoming nearly 
constant as t increases. Thus, the corresponding rate of change is nearly 0 as t increases, suggesting that 


Jim (9h/8t) = 0. 
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3. (a) OT /Ox represents the rate of change of T when we fix y and t and consider T as a function of the single variable x, which 
describes how quickly the temperature changes when longitude changes but latitude and time are constant. OT / Əy 
represents the rate of change of T when we fix x and t and consider T as a function of y, which describes how quickly the 
temperature changes when latitude changes but longitude and time are constant. OT'/Ot represents the rate of change of T 
when we fix x and y and consider T as a function of t, which describes how quickly the temperature changes over time for 


a constant longitude and latitude. 


(b) f; (158, 21, 9) represents the rate of change of temperature at longitude 158° W, latitude 21°N at 9:00 am when only 
longitude varies. Since the air is warmer to the west than to the east, increasing longitude results in an increased air 
temperature, so we would expect f; (158, 21, 9) to be positive. f, (158, 21, 9) represents the rate of change of temperature 
at the same time and location when only latitude varies. Since the air is warmer to the south and cooler to the north, 
increasing latitude results in a decreased air temperature, so we would expect f, (158, 21, 9) to be negative. f;(158, 21,9) 
represents the rate of change of temperature at the same time and location when only time varies. Since typically air 
temperature increases from the morning to the afternoon as the sun warms it, we would expect f;(158, 21, 9) to be 


positive. 
4. (a) If we start at (1, 2) and move in the positive x-direction, the graph of f increases. Thus f; (1, 2) is positive. 


(b) If we start at (1, 2) and move in the positive y-direction, the graph of f decreases. Thus f,(1, 2) is negative. 


5. (a) The graph of f decreases if we start at (—1, 2) and move in the positive x-direction, so f; (— 1, 2) is negative. 
(b) The graph of f decreases if we start at (—1, 2) and move in the positive y-direction, so fy(—1, 2) is negative. 


6. f..(2, 1) is the rate of change of f at (2, 1) in the x-direction. If we start at (2, 1), where f (2, 1) = 10, and move in the 
positive x-direction, we reach the next contour line [where f(x, y) = 12] after approximately 0.6 units. This represents an 
average rate of change of about E If we approach the point (2, 1) from the left (moving in the positive x-direction) the 
output values increase from 8 to 10 with an increase in x of approximately 0.9 units, corresponding to an average rate of 
change of 2. A good estimate for f; (2, 1) would be the average of these two, so f. (2, 1) ~ 2.8. Similarly, f, (2, 1) is the 
rate of change of f at (2, 1) in the y-direction. If we approach (2, 1) from below, the output values decrease from 12 to 10 with 
a change in y of approximately 1 unit, corresponding to an average rate of change of —2. If we start at (2, 1) and move in the 
positive y-direction, the output values decrease from 10 to 8 after approximately 0.9 units, a rate of change of =. Averaging 


these two results, we estimate f,(2,1) ~ —2.1. 


7. f(x,y) = 16 — 4a? — y? fe(x,y) = —8zx and fj(z,y) 2 —-2y =  fr(1,2) = —8and f,(1,2) = —4. The graph 


of f is the paraboloid z = 16 — Ax? — y? and the vertical plane y = 2 intersects it in the parabola z = 12 — 4x”, y = 2 
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(the curve C, in the first figure). The slope of the tangent line 
to this parabola at (1, 2, 8) is f/, (1,2) = —8. Similarly the 
plane x — 1 intersects the paraboloid in the parabola 


z = 12 — y?, x = 1 (the curve C; in the second figure) and 


the slope of the tangent line at (1, 2, 8) is f, (1,2) = —4. 


(1, 2) 


. f(£,y) = (4-2? — 4y?) > falx, y) = —2(4 — 2? — 4y?) 1"? and fy (x,y) 2 —4y(4 — 2? - 4) ^? — 


fe(1,0) = -5 fy(1,0) = 0. The graph of f is the upper half of the ellipsoid z? + z? + Ay? = 4 and the plane y = 0 
intersects the graph in the semicircle z? + z? = 4, z > 0 and the slope of the tangent line T; to this semicircle 
at (1,0, v3) is fx(1,0) = -i Similarly the plane x = 1 


intersects the graph in the semi-ellipse z? + 4y? = 3, z > 0 


and the slope of the tangent line 75 to this semi-ellipse at 


(1,0, V3) is fy(1,0) = 0. 


f(x,y) =a*+5ey => felz, y) = 40° + 5y?, fule, y) = 0 +52 - 3y? = 15zy? 


f(y) =27y—3y* => f.(wy)—2x.y -0—2zy, fí(z,y) =2?-1-3-4y? = 2? — 12y° 


g(z,y) =x" siny => ge(z,y) = 3a? siny, gy(v, y) = a? cosy 
g(a,t) =e" => gx(a,t) =e" t — te", g(a,t) =e" -x= re” 
Oz 1 1 Oz 1 2t 
— ln(z + £? 2 = -2 = 
Am CE Ox «+t? e+t?’? Ot «4+? z 4-12? 
u 1 _3 2u 
w m Wy "A pe u:(—-2v ")- Um 


fuam ue" => Lage yore, fylt, y) =y: e-se” 1 =e rye 


g(z,y) = (2? + £y)? > galz, y) = 3(z? + cy)? (2x +y), gy(x,y) = 3(2? + zy)’ (0 + x) = 3x(z? + zy)? 


g(x,y) = ylz +2°y) => ge(x,y) = By(a + x°y) (1+ 2zy), 


gy(z,y) =y: (x + a?y)* «a? + (a + ay)? 1 = 52^ y(a + a? y)* + (£+ xy) 


(z +y (D) - (2) +y) zty-?r | ys 


i S (e+)? Cry Gr 
_ (+y) (0) -(x)2-v) |^ 2x 
fy(z,y) [x + y)2]? (x 4- y)? 
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| ax + by . (ca + dy)(a) — (ax + by)(c) _ (ad — be)y 
f(z,y) = candy => fe(my- e aed ar 
. (cx + dy)(b) — (ax +by)(d) _ (be — ad)x 
falz, y) = (cx + dy)? — (cx + dy)? 
TS e" zd dw  O(utv?)-e'"(1) Mni dw  e'"(ud wv?) — e"(2u) _ (u t v? — 20) 
ut v? Ou (u + v2)? (u+)? Qv (u + v2)? (u + v2)? 
glu, v) = (u?v — v3)? gulu, v) = 5(u?v — v3)* - 2uv = 10uv(u?v — v3)4, 


gulu, v) = 5(u?v — v?) (a? — 3v?) = 5(u? — 3v?) (u?v — v3)4 


u(r,0) = sin(rcos0) = u,(r,@) = cos(r cos0) - cos@ = cos cos(r cos 0), 


ug(r, 0) = cos(r cos0ü)(—rsin0) = —rsin0 cos(r cos 0) 

z 1 q 2pq 

= 1 2 = Ga = . = 

R(p, q) = tan (pq ) = Ry(p, q) x 1 + (pq2)? q 1+ pq Ra (p,q) 1 + (pq2)? 1+ p 
f(y) =a => fely) = ya", fi (my) =a Ine 

i t [2] T t zr 
F(x,y) = cos(e)dt => F(x,y) = oz cos(e") dt = cos(e^) by the Fundamental Theorem of Calculus, Part 1; 

y y 


F(x,y) = x] cos(e") dt — » |- J cos(e") a = -2f cos(e*) dt = — cos(e"). 
y x T 


B 
F(a.) = f vt 1d > 
B a a 
F(a, B) = =| Vt? +1dt = 2 -f VET a --2 f VE +1dt = —/a? + 1 by the Fundamental 
a B B 
a f? E 
Theorem of Calculus, Part 1; Fala b) = 35 | Vt +1dt= 4/ 8? +1. 


f(z,y.2)—a)yz +2yz => fs(m uz) = 32^ y^, fy (x,y,z) a5 22, fim y, z) = 22? yz + 2y 


f(mws)—zxye > felz,y, z) =y? [ere 2) Her - 1] (0-229675, fy z) = 22e", 


2,2p— TZ 


f-(2,y, 2) = rye (—x) = —2°y e 


p= ine aycu) Ow | 1 Ow | 2 Ow | 3 
i 4 Or  r-c2y-3z' Oy xr+2y+3z Oz x+2y43z 


w = ytan(x + 2z) OU = y [sec? (a + 2z)](1) = ysec? (a + 22), oe tan(x + 2z), 
Ox Oy 
Ow 2 2 
Eum. [sec* (z + 2z)](2) = 2y sec“ (x + 2z) 
z 
Op 2t? 
= Vl Fu cosu > — = l(t*- u?cosv) "?(4t9) 2 ——_.,, 
p ot? ( ) a Vtt + u? cos vu 
E 1(t* +u? cosv) 7"? (2ucosv) = EGE op 1(t* +u? cos v) 1? [u? (— sin v)] ul siny 
ðu ? Vt Fu? cosu Ov ? 2 t^ + u? cos v 
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"TE 


= y/z 
In z, uz =F Ing. E — -E77 lng 
z z 


32. u = z"/* Un y gm Uy = z"/* Ine - 1 = 
z Z 


33. A(x,y,2z,t) = 2? ycos(z/t) =>  hz(z,y, zt) = 2xycos(z/t), hy(£, y, z, t) = x? cos(z/t), 


h.(2,y, z,t) = —a?ysin(z/t)(1/t) = (—x?y/t) sin(z/t), hilz, y, z, t) = —a?ysin(z/t)(—2t ?) = (a? yz/t?) sin(z/t) 


ax + By? 1 a 
34. t) = —— ħa wat eee 
Q(z, y, 2, ) yz + ót2 > by (2, y, 2; ) yz + ôt? (o) yz + ôt?” 
1 28y (yz + ôt?) (0) — (ax + By?)(y) _ -ylar + By”) 
t) = 28y) = t)= = 
(yz + ôt?) (0) — (ax + By?) (28t) 26t(ax + By?) 
$,(2, y, z, t) = > 5 =-= 
(yz + ôt?) (yz + 6t?) 
35. u = fat c zio. For each i = 1,..., n, us, = 3 (2? ad a2) " (22) = Ti : 
Vai tah t+. xà 
36. u = sin(z1 + 242 + ---+na,). Foreachi =1,..., n, us; = icos(z1 + 222 +--+ + nan). 


37. R(s,t) = te * => R,(s,t) =t- e*/*(—s/t?) + e?" .1— (1 =) e*/* so Ri(0, 1) (1 1) en =. 


; 1 M cy Dem 
38. f(x,y) = sin! (a => LY) SY oa (1) + SIN l(gy).1 = —— == -sin-!(x A 
f(z,y)=y (vy) fy(m,y) — y i-r ) (vy) iat (vy) 

1 A ee :Q—c11. 1 T 

+sn 3= 3t 


1+ ,/22 + y2 + 22 


1-4 az? 345422 
(1+ e+ y? +2) (-H(2? ty? + 24)-/?. 2y) = (1 — V? 4 y? FA) (Ge +y? +22)". 2y) 
2 
(1+ [t FF) 
-ya +y? +e P (e JP Fy FAH- fete +e) 


_ 14yr? +y? + 2? 
1— yr? + y? + 2? (1+ wSIyrs) 
_ =y(2? +y? 2) 2) _ =2y 


(i- ryt?) (14 xy xz) T? +y? +2? E (1? +y? + 2°)] 


12 +22 +22) V9(1-9) 6 


so 1,2,2) = 
40.22) = RP 
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40. f(a,y,z)=2% => f.(m,y,z)-— (x Inz)(y) = yx" Ing, so f:(e, 1,0) = le? ne = 1. 


ð à Oz Oz 
2 2 2 2 739 2 21 0. - cs 
4. x° + 2y" 4-327 =1 > Jz (a* + 2y* + 32°) ET (1) = 2x +0 + 62 37 0 623 2x 
Oz | —2x x Ó ,5 2 2, 0 l ðz — Oz 
oz Bz gy” and Dy (z^ + 2y“ + 32°) = Dy (1 => 0+4+4y+6z Dy 0 6z Dy 4y 
Oz  —4Ay | 2y 
Oy 6z 3z 
2. 2 DLE ct ð ,2 2 2 m l Oz Oz 
42. z^ — y^ ct z^ —2z —4 an (a* —y* + 2° — 2z) = o: (4) 2x — 0 4- 2z Əz 23: 0 
Oz Oz —2r t ô ,5 2 2 _ oO 
(2z — 2) oz 2x Drs Ue To and Dy (a* —y* +2 22) = 3 (4) => 
Oz Oz Oz Oz 2y y 
2y + 2z — — 2 — 2 2) = =2 — = 
0- 2y *9 Oy 9 ( Las Oy 2z2—2 z-1 
43. e? = ryz => e ie z) => go e S2 d => porta Oe zoom 
E OMM Ox ~ Oa WY Or \" Ox dn "Dg 
A Oz Z: XE 
(e — ty) a = ¥% 80 ar ELO 
D epe ss tee z) eee Oe EU gues x oe Lz (e? ca = £2, SO 
ay E l T By I Əy Y Ox üy By yg i 
Oz LEZ 
ðy e — ry 
1.2 o _ O72 Oz a {0z Oz Oz 
4. yz+almy=2 => ET (yz + zlIn y) oz (z*) Yo, nV 2 Iny 225 V 5; 
_ EN Oz  lny 
Iny = (2z Dor os arta 
=> (yz + zlny) = = (2?) = ye te loc L2 => LUI =: 


45. (a) z = f(x) + g(y) a: fie, a g (y) 


Oz df Ou df 
Ox du Ox du 


(b) z= f(x +y). Letu = <x + y. Then 


Oz _ df ðu df 
Oy  duOy du 


(1) = f'(u) = f'(x +y). 
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Oz ? Oz — i 
4. (3) 2 — f(z)g(y) — zz u) Dp f(x)g' (y) 

I m m Rm E 

(b) z = f(xy). Letu = xy. Then ru y and ap^ x. Hence os or ua yf'(u) = yf’ (xy) 
Oz  dfOu df ; i 
and a dion ae xf' (u) = af" (xy). 

= ft NE: Ou 1 óu — x Oz _ df Ou 1, \l fy) 

(c) z — (8) Let u y Then D: and Dy ; Hence 8 Tu Əz f Wa J 


ðz df du _,, a zf’ (s/y) 
and = EH -re( Z) = xm 


4. f(x,y) = rty- 23) > falx, y) = Ax?y — 6x7y?, fy(z,y) = xt — dry. Then fox (x,y) = 12z?4 — 122y”, 


fzy(m,y) = 4a? — 122?y,. fy, (m, y) = 40° — 1227y, and fy (s, y) = —42?. 


taney: $e 


48. f(x,y) -l(ar by) =>  fs(m,y)— 


fox(a,y) = —a(az + by)? (a) = -7 


fyx(a, y) = —b(ax + by) ?(a) = — 


Zry 
Za 


50. T — e^?" cos. => T, = —2e7?" cos 0, To — —e~?" sinb. Then T;,. = 


T.o = 2e?" sin 0, Tor = 


51. v = sin(s? — t°) 


Jo 2r + 3y 


ax + by 


az 


ax + by 


ab 
(ax + by) 


y = y(2z + 3y) = 


Z= Cet+3y)1-y:3 zo A — . Then zzz = —2y(-2)(2x + 3y) ?(2) = 


EENE CREME 


(Qa + 3y)? - 2 — 2y - 2(2x + 3y) (3) 


y fy, y) = —a(ax by) *(b) = E 


z and fyy(x,y) = —b(ax + by)? (b) = — 


zz = y(—1)(2z + 3y) ?(2) = — 


(2x + 3y) (4x + 6y — 12y) 


ax + by 


ab 
ax + by)?’ 


b2 
(az + by)?' 
NEC NN 
(2x + 3y)?" 


89 7 
(2x + 3y)?’ 


_ 6y— 4x 


[(2a + 3y)2]? 


(2a + 3y)? -2 — 2x - 2(2x -3y)(2) | 6y —4« 


[(2z + 3y)?]? (2x + 3y)?’ 


(2x + 3y)4 


Zyy = 2u(—2) (2a + 3y) ?(3) = — 


(2x + 3y)?* 


12x 
(2x + 3y)?' 


2e ?"(—2) cos 0 = 4e~?" cos 8, 


e ?'( 2) sin? = 2e-?"sin0, Tog = —e 7" cos. 


vs = cos(s? — t?) - 2s = 2s cos(s” 


12), ve = cos(s? — 12). (—2t) = 


2t cos(s? — t°). Then 


Use = 2s|- sin(s? — t?) . 25] 4 cos(s? — 12) 2 = 2 cos(s? — t?) — 4s” sin(s? — 2), 


Us; = 2s| sin(s? — t?) - ( 2t)] 4 cos(s? 
Vis = —2t[- sin(s? — 12). 2s] + cos(s? — t?) -0 = 4stsin(s? — t°), 


Vit = 2t| sin(s? 


t) - 0 = 4st sin(s? — t°), 


12) — 4t? sin(s? — t°). 


1). (-2) = 


t?) - (—2t)] + cos(s? 


2cos(s 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 
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z = arctan y 
1 — zy 
NR 1 Q-a) - (e +y) _ 1+y’ = 134 y 
7 1 r4yV (1— ay)? (1—zy-(xc-y)?  1Ll4+a?+y?4+x7y? 
1 — zy 
i 1+y? Des 
~ ease) Tea 
EC Q-eg)-(9Ccs — — i424 tt 01 
? 14 (ety (1 — vy)? (L-zy?-F(m--3? (rc) 1+y? 
l—azy 
= 2x = 2y 
2)—2 = 21-2 = 
Then z;4; = —(14+ 2°) 4 - 2a = + Zay = 0, Zys =0, Zyy (1-4 y*) ?y =- yn 
u = zty? — yt Ur = 4a y?, uzy = 1223 y? and uy = 3a*y? — 4y?, uy; = 12zx?y?. 


Thus uzy = Uys. 


u=e%siny => u;-ye""siny, uz, = ye’ cos y 4 


Uy = e™ cosy + (sin y)(xe7”) = e7” (cosy + x sin y), 


Uys = €^" - siny + (cosy + xsiny) - ye?’ = e™” (sin y + y cos y + zysin y). Thus tay = Uys. 


u = cos(z?y) => us = —sin(z?y):2xy = —2arysin(«y), 


Uszy = —2xy - cos(z?y) - z? + sin(z?y) - (—2x) = —2x?y cos(a?y) — 2x sin(z?y) and 


1375 


+ (siny) (y: re” +e” - 1) = e™” (y cosy + zysiny + sin y), 


uy = —sin(z?y):a? = —z?sin(z?y), uy, = —x?  cos(z?y) -21:y -- sin(z?y) - (—2x) = —22?y cos(z?y) — 2x sin(z?y). 


Thus Ury = uyz. 


1 2 
u = ln(z + 2 tiy = — (r2 Tu uzy = (—1)(x + 2y) ?(2) = — ——CL —, and 
(x + 2y) ED, (a + 2y) y = (-U(z + 2y) (2) (e+ 29)! 

Uy = ! 2—2(r--2y) 5, uy. = (-2)(x + 2y)? = 2 Thus uzy = u 

” at2y ^— Bh gis WS (e+ 29) cy = Uyg. 
f(z,y) = zty? — ay fe = 40° y? — 327y, fre = 12274? — 6xy, fese = 24xy? — 6y and 
fry = 8x°y — 327, frye = 24z?y — 6x. 
f(x,y) = sin(2x + 5y) fy = cos(2a + 5y)-5 = 5cos(2z + 5y), fys = —5sin(2z + 5y)- 2 = —10sin(2x + 5y), 


fuzy = —10cos(2x + 5y) - 5 = —50cos(2x + 5y) 


2 2 2 2 2 2 
f(x,y,z) = ety = fa — ery. y 2 = yz? er? f Tu = yz? . eu (zz?) + etv* X z2 = (xyz* + z3)e*v* , 


feyz = (xyzi 2°) - ery? (2zyz) + QE. (4ryz? + 22) = (227g? z? + 6xyz? + 22)e*V^", 


g(r,s,t) =e" sin(st) = gr =e’ sin(st), grs =e’ cos(st) - t = te” cos(st), 


grst = te" (— sin(st) - s) + cos(st) - e" = e"[cos(st) — stsin(st)]. 
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W = yuu > ÊW = Hut?) 1/2(2v) = v(u + v?) - 7? 
v 

ow E E ow 2 à 

ds LED Ur e dete eet, BE = ced ev HO) = polet 
OV 3t? 
L o2 1 48 fe ee 2 3\-1 
. V 2 In(r 4- s* +t’) t POESIE 3t"(r s^ +t), 

PV = 542(—1)(r s + P)? Qs) = —Gst2(r + 9? + 22)? 
Os Ot : 

ov _ 2 2, 43)-374) _ 2 2 31-3 _ 12st? 

Ow Ow 

P = 22)" A = (y+ 22), — = (y +22)? (1) —(y + 22)? 
AET ay +22) > gg TOt, By On (y + 2z)*(1) = -(y + 22) *. 

Ow 4 Ow 
———— c3 22) 3(2) = C CN L— =2(-1 22) ?(1) = — 72 
Gr (—2)(y + 22)" (2) = 4(y + 22) CET and Dy z(-1)(y-2z) "(1) = —x(y + 22z)™, 
Ow 3 Ow 

si 2 e 
Ox Oy eae Ox? Oy 0 
au Ou 

— pa, b ye = 1 = 5 = = : E a,b ic—1 
u = t'y’ zÂ. Eam ont oT p ordsore O, horz SR OTS 0. Otherwise Dz CHa Ze US 

2 4 
a = e(c — 1)x*y’z°?, EX = c(c— 1)(c — 2)z*y* z^, ao = bc(c — 1)(c — 2)z? y^ 12773, 

Pu a, b—2 „c—3 09u 


———— = — a—1,,b—2,c—3 
Dy age = O- Dee - le- 2)a y 747 7, and gc vus = O- De(e - (e - 2a y Na. 


65. f(x,y) = ry? -ry > 
cass fetihy)=~few uo thy - (z + h)’y - (zy? vy) 
Tatag = pus h ini h 
; A(y? — 32?y — 3xyh — yh?) ; 2 2 2 2 2 
— lim = lim(y^ — 3z^y — 3zyh — yh^) = y^ — 3x^y 
h—0 h h—0 
cans fawthp-fümu) o2 why —ey th) (zy? =0'9) o h(2ry+ gh- z’) 
now ds h Mun h ME h 
= jim ary +ah— r?) = 2ry — z? 
x 
ath np a 2 2 
EE f(x h,y) — f(x,y) oq. @thty? ry? (ctht+y )\(e@+y") 
falz, y) = lim h = lim h (x 4h y3) Fy?) 
zc Ger) ue hey) s yh 
= lim = imn L—————————— 
h—0 h(a +h+ y?)(a +y?) noo h(a + h + y?)(x +y?) 
2 2 


Au pe —— 
h—0 


(c+h+y)(at+y?) (rry 
[continued] 
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fG.y-h)-fGmy) qu xxu? xum [e thy’) (nv?) 


f(z, y) = lim h lim A CENCENSQECENT, 
ES z(zty)-z[rt(ythY] _ ds h(—2ay — zh) 
hoo — h[r-F (y + R)?](z + y?) h—0 h|r + (y - h?](x +y?) 


—2xy — zh | 00 —2xy 


lim ———————— ————— = __ ~~ _ 
h—0 [a + (y +h] (e +y) (+y) 
67. Assuming that the third partial derivatives of f are continuous (easily verified), we can write fezy = fyxz. Then 


f(x,y,z) = zy^z5 + arcsin(a vz) > fy= 2xyz? +0, fja = 2yz?, and Juss = 6yz? = fazy: 


68. Let f(x,y,z) = V1 + zz and h(z,y,z) = V1 — zy so that g = f + h. Then fy = 0 = fy; = fyaz and 
hz = 0 = hz; = hzay. But (since the partial derivatives are continous on their domains) fryz = fyxz and hayz = Azzy, so 


VETE = fryz + heyz =0+0=0. 


69. First of all, if we start at the point (3, —3) and move in the positive y-direction, we see that both b and c decrease, while a 
increases. Both b and c have a low point at about (3, —1.5), while a is 0 at this point. So a is definitely the graph of fy, and 
one of b and c is the graph of f. To see which is which, we start at the point (—3, —1.5) and move in the positive «x-direction. 
b traces out a line with negative slope, while c traces out a parabola opening downward. This tells us that b is the x-derivative 


of c. So c is the graph of f, b is the graph of f+, and a is the graph of fy. 


1 242Y(0) — y(Qay2 Igy? 
70. f(x,y) = d fe = l CP ERIS zy ) a TAQy 


14 z?y? z 


142?,)()-y(227y) | 1- #9? 


h- reg Fay 


Note that traces of f in planes parallel to the zz-plane have only one extreme value (a minimum for y « 0, a maximum for 
y > 0), and the traces of fz in these planes have only one zero (going from negative to positive if y < 0 and from positive to 
negative if y > 0). The traces of f in planes parallel to the yz-plane have two extreme values, and the traces of fy in these 


planes have two zeros. 
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72. 


73. 


find b-aty fe = 224”, fy = 32y? 


PERO 
2 


Note that traces of f in planes parallel to the zz-plane are parabolas which open downward for y « 0 and upward for y > 0, 
and the traces of f, in these planes are straight lines, which have negative slopes for y « 0 and positive slopes for y > 0. The 


traces of f in planes parallel to the yz-plane are cubic curves, and the traces of f, in these planes are parabolas. 
(a) fex = x (fx), so fax is the rate of change of f; in the x-direction. f; is negative at (—1, 2) and if we move in the 
positive x-direction, the surface becomes less steep. Thus the values of fy are increasing and f; (—1, 2) is positive. 


(b) fyy is the rate of change of f, in the y-direction. fy is negative at (—1, 2) and if we move in the positive y-direction, the 
surface becomes steeper. Thus the values of fy are decreasing, and fy, (— 1, 2) is negative. 

(c) fey = x (fx), so fry is the rate of change of fz in the y-direction. f; is positive at (1, 2) and if we move in the positive 
y-direction, the surface becomes steeper, looking in the positive x-direction. Thus the values of f, are increasing and 
fey(1, 2) is positive. 

(d) fx is negative at (—1, 2) and if we move in the positive y-direction, the surface gets steeper (with negative slope), looking 


in the positive x-direction. This means that the values of fẹ are decreasing as y increases, so fxy(—1, 2) is negative. 


f(3 +h, 2) — f(3, 2) 


By Definition 4, f, (3,2) = lim h which we can approximate by considering h = 0.5 and h = —0.5: 
f(3.5,2) — f(3,2) | 224 — 17.5 f(25,2)— f(8,2) 102—175 

2(3,2) m = = 9.8, f.(3,2) z = = 14.6. A 
fo(3,2) 0.5 0.5 9:5, fs (30) —0.5 -0.5 CEE 
these values, we estimate f, (3, 2) to be approximately 12.2. 

Similarly, f. (3,2.2) = lim IG hoo - 1672) which we can approximate by considering h = 0.5 and h = —0.5: 
f(3.5,2.2) — f(3,2.2) | 26.1 — 15.9 f(2.5,2.2) — f(3,2.2) 9.3 — 15.9 

(3, 22) & = = 20.4, f.(3,2.2) e = = 13.2. 

fo(3,2.2) 0.5 0.5 Fo(3,2.2) —0.5 —0.5 


Averaging these values, we have fx (3, 2.2) ~ 16.8. 


[continued] 
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To estimate fx(3,2), we first need an estimate for f,(3, 1.8): 


f (3.5, 1.8) — f(3,1.8) _ 20.0 — 18 
0.5 0.5 


f (2.5, 1.8) — f(3,1.8 _ 12.5 — 181 


wl 
= 3: 2(3, 1.8) & 
3.8, f, (3, 1.8) =0:5 —0.5 


[5 (3,1.8) & 


= 11.2. 


Averaging these values, we get f, (3, 1.8) = 7.5. Now fry(z,y) = D fa(x,y)| and f. (x, y) is itself a function of two 
uy Oy 


variables, so Definition 4 says that f, (x, y) = » [fe(x,y)] = jim Lr po) => 
fey(3,2) = lim fo(3,2+ D = f28,2) . We can estimate this value using our previous work with h = 0.2 and h = —0.2: 
fc (3, 2.2) — f.(3,2) _ 16.8 — 12.2 fc (3, 1.8) — f,(3,2) _ 7.5— 12.2 
«y (3, 2) x A = = 23, fry (8, 2) x = = 23.5. 
Foy(3,2) 0.2 0.2 foy(3,2) —0.2 —0.2 39 


Averaging these values, we estimate f, (3, 2) to be approximately 23.25. 


74. (a) If we fix y and allow z to vary, the level curves indicate that the value of f decreases as we move through P in the positive 


x-direction, so f; is negative at P. 

(b) If we fix x and allow y to vary, the level curves indicate that the value of f increases as we move through P in the positive 
y-direction, so fy is positive at P. 

(c) fea = 2 (fx), so if we fix y and allow z to vary, fax is the rate of change of f; as x increases. Note that at points to the 


right of P the level curves are spaced farther apart (in the x-direction) than at points to the left of P, demonstrating that f 
decreases less quickly with respect to x to the right of P. So as we move through P in the positive x-direction the 

: ; ð : ae 
(negative) value of fs increases, hence oz (fx) = fea is positive at P. 


(d) fry = » (fx) , so if we fix x and allow y to vary, fry is the rate of change of f; as y increases. The level curves are 


closer together (in the x-direction) at points above P than at those below P, demonstrating that f decreases more quickly 
with respect to x for y-values above P. So as we move through P in the positive y-direction, the (negative) value of fs 


decreases, hence fry is negative. 


(e) fyy = = (fy) , so if we fix x and allow y to vary, fyy is the rate of change of fy as y increases. The level curves are 


closer together (in the y-direction) at points above P than at those below P, demonstrating that f increases more quickly 


with respect to y above P. So as we move through P in the positive y-direction the (positive) value of fy increases, hence 


ð Torén: 
ET (fy) = fyy is positive at P. 


75. (a) f(x,y) =4— a? — 23?. In the plane y = 1, f(z,1) = 4 — z? — 2(17) = 2 — 2”, so a vector equation for C is given by 


r(t) = (t, 1,2 — t?) where the point (1, 1, 1) corresponds to t = 1. Then r'(t) = (1,0, —2t) r'(1) = (1,0, —2) 


and parametric equations of the tangent line are x = t + 1, y = 1, z = —2t + 1. Thus, x =t + 1 y= ls 
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z = —2(x — 1) - 1 = —2z + 3. So the equation of the tangent line can be given by z = —2x + 3, y = 1 which has a 


slope m = —2. Therefore, f/,(1,1) = —2. 


(b) In the plane x = 1, f(1,y) = 4 — 1? — 2y? = 3 — 2y?, so a vector equation for C» is given by r(t) = (1, 1,3— 207) 


where the point (1, 1, 1) corresponds to t = 1. Then r'(t) = (0,1, —4t) = r’(1) = (0, 1, —4) and parametric 


equations of the tangent line are x = 1,y = t + 1,2 = —4t + 1. Thus y = t+ 1 y-l=t 


z= —A(y — 1) + 1 = —4y +5. So the equation of the tangent line can be given by z = —4y + 5, x = 1 which has a 


slope m = —4. Therefore, f, (1, 1) = —4. 


For each i, i = 1,...,n, Ou/Ox; = a;e?171*2272*^7*95?n. and 9?u/9g2 = a2e?1T1t0272 t tantn, 
2 2 2 
Then o u + Oru SMS ou = (a2 +a? +--+ a2 )etizita222 o tantn — qaivita2raecbanfn — qy 
ð 2 ð 2 Ox2 1 2 n 
z xv z 
1 2 n 


since a? + a2 +---+a2 — 1. 


(a) u = sin(kx) sin(akt) = uz = aksin(kx) cos(akt), us = —a?k? sin(ka) sin(akt), ux = kcos(kr) sin(akt), 


Une = —k? sin(kx) sin(akt). Thus ure = a^ usas. 
t 242 _ x2) = t(2a2t 242 2 
ieee, a pe ee ee 
we — x2 (a2t2 — a2)? (a2t2 — 22)? 


| —2a7t(a?t? — 2”)? + (a?t? + 3?)(2)(a?t? — 27) (207t) — 2a*t® + 6a? ta? 
(a2t2 — x?)4 (a2t? — z2)3 * 


Utt 


2tx 


e Dev nece a 


2t(a?t? — 2”)? — 2tx (2) (a° t —2?)(-2z)  2a°t? — ta? + 8ta?  2a°t? + 6ta? 
(a2t2 — x2)4 (a2t2 — x23 (a2t2 — x2)3 ` 


Use = 


Thus ui = G7 Une. 


(c) u = (x — at)? + (x + at) ut = —6a(z — at)? + 6a(a + at), un = 30a? (x — at)* + 30a? (a + at)’, 


Us = 6(a — at)? + 6(a -- at), uz, = 30(x — at)* + 30(z + at)*. Thus uit = a? ure. 


2 
(d) u = sin(x — at) + ln(x + at) ut = —a cos(x — at) + e uu = —a? sin(x — at) — xpi 
Us = cos(x — at) + : Ure = — sin(x — at) — ! Thus uj = a?u 
zo z-Lat zr — (a + at)? Dto qr. 


(a)u=r +y > u,-—2z, Ure —2; Uy —2y, Uyy = 2. Thus Urs + Uyy Æ 0 and u = x? + y? does not satisfy 


Laplace's Equation. 
(b) u = r? — y? is a solution: Ure = 2, Uyy = —2 80 Ure + Uyy = 0. 


(c) u 2 z? + 3xy? is not a solution: us = 3£? + 3y?, Ure = 62; Uy = 6xy, Uyy = Oz. 
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. . 1 1 
(d) u = In yz? + y? is a solution: us = ————— (5) (a? + y?) 7? (2a) = E 


V2? +y? X2 a? y? 
(regi) wow)... eae r? -y 
tee = = . By symmetry, Uyy = ————————,80 Ure + Uyy = 0. 
Gym cC @ eye TRUM erp gna E 
(e) u = sin x cosh y + cos x sinh y is a solution: us = cos x cosh y — sin x sinh y, Uss = — sin x cosh y — cos x sinh y, 


and uy = sin x sinh y + cos x cosh y, uy, = sina cosh y + cos x sinh y. 


(f) u —e “cosy—e "coscisasolution: Us = —e “cosy+e “sing, Use =e 7 cosy + e`™” cos gx, and 
Uy =—e “sinyt+e "cosz, Uyy = —e *^cosy — e ? cosa. 
1 
79. u = Us = ( 4) (a? ty? + 22) 9"? (2x) = a(s? + y? + 22) ?/? and 
2p 21.52 
r*-ry^-cz 


2y? — x? — 2? 222 —  —y? 


(£2 + y? + 22)5/2 and uz: = (x2 + y? + 22)5/2° 


By symmetry, uy, = 


Qa? — y? — 2? +W? — a? — 22 4.222 y? y? 
Thus, tee + Uyy + uz; = ——  _ Agtacge eta = 0. 


Bid 2,2 er oe ee 
80 u— e^? "*sinkr > u,-—ke ^F t cos ka, Une = —k?e7o F 'sinkz, and up = —a? ke7 F t sin kz. 


Thus, Q? Une = Ut. 


1 2 
81. c(z,t) = e77 /4DO Ly 
on) y 4n Dt 
862 b oo oe abe) [-2?(-1)(4Dt) ? (4D)] + e-**/ P9 . (—4) (4x Dt) 9^? (4n D) 
Ot — An Dt 2 
2 2 
= (anDt) 9? (andes, -aep|ecs*/ano 28D a e 
4Dt? (4x Dt)?’ 2Dt å 
9c a? apy ZE _ _ OME 4p) and 
Or yA4rDt 4Dt (4n Dt)?/? i 
Oc —2m 2 —2rx 2 
oe — | pa? (apt), TAT | q-a?/(4Dt) . 1 
dx? — (4g Dt)? | i Apt ^ © | 
2 2 
BOO LA. E Vice Bnet e sepe cm eru 
(AnDt)?? V 2Dt (4n Dt)? X 2Dt 
Thus Oc 2D x 1) e-#2/4Dt) _ p 2m x eer cro eee Pe 
'Ot — (4nDt)3/? \ 2Dt (4x Dt)?/? \ 2Dt C Og? 
60 ar 60(22*) 240 20 
82. (a) T = t (2, 1), Tz =-—. 
OE) = T ppg m eee üx44138 ^ 3 
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T 2 12 1 
A = ee so at (2, 1), Ty = -= = m Thus, from the point (2, 1) the temperature is decreasing at a 


rate of °C /m in the x-direction and is decreasing at a rate of 22°C /m in the y-direction. 


1 1 1 s d 


83. RR + Rz + Rs By the Chain Rule, taking the partial derivative of both sides with respect to Ri gives 
UE dx = EIU T CHR) TUIS or cgo SE = RS Thus, SE = ua 
Thus " » Ha cem mt lx = pe = —], since PV = mRT. 
(b) By part (a), PV =mRT > P= me so a = me Also, PV =mRT => V= mae and T7. = T. 
Since T = ZV, we hav TIAS = zm EY mis mR. 
85. (P+ vr) nb)=nRT > T E (P+ vr) diligo A = - (1)(V — nb) = CA 
We can also write P 4- ni = P= a ne — nRT(V — nb)! — n?ayV ? 
av = —nRT(V — nb)? (1) + 2n?aV-? = = 2 T 
86. W = 13.12 + 0.6215T — 11.37v*® + 0.396579%. a = 0.6215 + 0.3965v°''®. When T = —15°C and 
v = 30 km/h, w= = 0.6215 + 0.3965(30)-16 zz 1.3048, so we would expect the apparent temperature to drop by 
approximately 1.3°C if the actual temperature decreases by 1°C. av = —11.37(0.16)u~°** + 0.39657 (0.16)u 95^ and 


when T = —15°C and v = 30 km/h, M —11.37(0.16)(30) 954 + 9.3965(—15) (0.16)(30) 954 zz —0.1592, so we 


Ov 
would expect the apparent temperature to drop by approximately 0.16°C if the wind speed increases by 1 km/h. 


87. (a) S = f(w,h) = 0.109149 22559725 > S = 0.1091 (0.425)w?4?5-1h®7?3 = 0.0463675w 9759-725. 
a (160, 70) = 0.0463675(160) 9:575 (70)9-7?* ~ 0.0545. This means that for a person 70 inches tall who weighs 


160 pounds, an increase in weight (while height remains constant) causes the surface area to increase at a rate of about 
0.0545 square feet (about 7.85 square inches) per pound. 
Of —- = 0.1091(0.725)w9-42559.725-1 — 0.0790975we 47> n 9-275. so 


oS 


E (160, 70) = 0.0790975(160)9-425 (79) 9-275 ~ 0.213. This means that for a person 70 inches tall who weighs 
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160 pounds, an increase in height (while weight remains unchanged at 160 pounds) causes the surface area to increase at a 


rate of about 0.213 square feet (about 30.7 square inches) per inch of height. 


OR C OR E" L 
Or Tia and ar CL ( Ar )= 4C s: 


88. R=C : 
" 
OR/OL is the rate at which the resistance of the flowing blood increases with respect to the length of the artery when the 


radius stays constant. 0R/Or is the rate of change of the resistance with respect to the radius of the artery when the length 


remains unchanged. Because 0R/Or is negative, the resistance decreases if the radius increases. 


2 
89. P(v, z, m) = Av? 4 Peng) = Av? + Bm? grav. 


B eim ; ; 
OP/dv = 3Av? uu z) is the rate of change of the power needed during flapping mode with respect to the bird’s 


E 2Bm?g?. 


velocity when the mass and fraction of flapping time remain constant. OP/Or = —2Bm?g?z ?v ! = 3 is the 
xu 


rate at which the power changes with respect to the fraction of time spent in flapping mode when the mass and velocity are 


2Bmg? 
xv 


held constant. OP/Om = 2Bmg?z ?v ! = is the rate of change of the power with respect to mass when the 


velocity and fraction of flapping time remain constant. 


90. T(x, t) = To + Tie ^* sin(wt — Ax) 
(a) OT/Ox = Tie ^* [cos(wt — Ax)(—A)] + Tı (—Ae ") sin(wt — Az) = —AT,e~** [sin(wt — Ax) + cos(wt — Ax)]. 
This quantity represents the rate of change of temperature with respect to depth below the surface, at a given time t. 


(b) OT /Ot = Tie ^ [cos(wt — Ax) (w)] = wTe ?* cos(wt — Ax). This quantity represents the rate of change of 


temperature with respect to time at a fixed depth x. 


ð (OT 
(c) Tra = da (=) 


= —\T; (gr^ [cos(wt — Az) (A) — sin(wt — Az)(-A)] + e ?*(—2) [sin(wt — Ax) + cos(wt — Ax))) 


= 2A? Tie cos(wt — Ax) 


WwW 


But from part (b), T; = wT,e~*” cos(wt — Ax) = ze So with k — De’ the function T satisfies the heat equation. 


(d) Note that near the surface (that is, for small x) the 
temperature varies greatly as t changes, but deeper 


(for large x) the temperature is more stable. 
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(e) The term —Az is a phase shift: it represents the fact that since heat diffuses slowly through soil, it takes time for changes 
in the surface temperature to affect the temperature at deeper points. As x increases, the phase shift also increases. For 
example, when A = 0.2, the highest temperature at the surface is reached when t ~ 91, whereas at a depth of 5 feet the 


peak temperature is attained at t ~ 149, and at a depth of 10 feet, at t ~ 207. 


OK ıı OK OK OK OK ,5 
B Dm m 3 Oo mure This s Ove = 3U m — K. 
0.75 
E(m, v) = 2.65m? 88 + an > 
0.75—1 —0.25 
Ey, (m, v) = 2.65(0.66)m9 967! 4 350 T9) = 1749m-93* + nn, 


3 5m9:75 
v2 


2.625(400) 925 
8 


E,(m,v) = 3.5m9 79 (v7?) = . Then Em (400, 8) = 1.749(400) 9?* + = 0.301 which 


means that the average energy needed for a lizard to walk or run | km increases at a rate of about 0.301 kcal per gram of body 


, , l 3.5(400)97* 
mass increase from 400 g if the speed is 8 km/h. E, (400, 8) 32 = —4.89, which means that the average 


energy needed by a lizard with body mass 400 g decreases at a rate of about 4.89 kcal per km/h when the speed increases from 


8 km/h. 


By the geometry of partial derivatives, the slope of the tangent line is f; (1, 2). By implicit differentiation of 


4x? + 2y? + 2? = 16, we get 82 --2z (0z/Or) =0 = ðz/ðx = —Av/z, so when z = 1 and z = 2 we have 


Oz/Ox = —2. So the slope is f/; (1,2) = —2. Thus the tangent line is given by z — 2 = —2(x — 1), y = 2. Taking the 


parameter to be t = x — 1, we can write parametric equations for this line: x = 1 + t, y = 2, z = 2 — 2t. 


. z = 6 — £ — £? — 2y?. Setting x = 1, the equation of the 
parabola of intersection is z = 6 — 1 — 1 — 2y? = 4 — 2y?. Ax E 
The slope of the tangent is 0z/Oy = —4y, so at (1,2, —4) , 9 
the slope is —8. Parametric equations for the line are 79 : 
therefore x = 1, y=2+t, z = —4 — 8t. p —5 D : : 0 


f(x,y) =a2+4y =>  fey(x,y) = 4and fj(z,y) 2-3 —y =  fys(x, y) = 3. Since fay and fy; are continuous 


everywhere but fry(x,y) Æ fyx(x, y), Clairaut's Theorem implies that such a function f(x, y) does not exist. 


O(a?) | O(b? +c? — 2abcos A) 


The Law of Cosines says that a? = b? + c? — 2becos A. Thus = or 
Oa Oa 
2a 2bc (— sin A) ðA implying that Dd. b. Taking the partial derivative of both sides with respect to b gives 
E pa MPSS ða besin A’ ani i E 
A OA OA  ccosA—b OA  bcosA—c 
0 = 2b — 2c(cos A) — 2bc(— sin A) EE Thus ab bcn A S By symmetry, T eA 
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97. By Clairaut’s Theorem, fryy (fey), (fuz), fusy (sy (fy) yx Juya- 


98. (a) Since we are differentiating n times, with two choices of variable at each differentiation, there are 2” nth-order partial 
derivatives. 
(b) If these partial derivatives are all continuous, then the order in which the partials are taken doesn’t affect the value of the 
result, that is, all nth-order partial derivatives with p partials with respect to x and n — p partials with respect to y are 
equal. Since the number of partials taken with respect to x for an nth-order partial derivative can range from 0 to n, a 


function of two variables has n + 1 distinct partial derivatives of order n if these partial derivatives are all continuous. 


(c) Since n differentiations are to be performed with three choices of variable at each differentiation, there are 3" nth-order 


partial derivatives of a function of three variables. 
99. f(x,y) = x(a? + y?) 3/2esinG y). Let g(x) = f(z,0) = z(a?) ?/2e? = x || ?. To find f, (1,0), we are using the 
point (1, 0), so near (1,0), g(x) = x ?. Then g'(x) = —2x ? and g'(1) = —2, so using Equation 1, we have 
f; (1,0) = g'(1) = -2. 


f(0--h,0)— f(0,0) _ | (RP) RO uU 


100. f(x,y) = V2? +y°. fa(0,0) = lim h na, h png 


Or: Let g(x) = f(z,0) = Ya? +0 = zx. Then g'(x) = 1 and g'(0) = 1 so, by (1), fx(0,0) = g'(0) = 1. 


y-er 
10. @) f(my-4 r * (x,y) # (0,0) 
0 if (x,y) = (0,0) 


(b) For (x,y) # (0,0), 


san = Sty - y)? y?) = (zy — ty?) (22) 
fm, v) (a? + y?)? 


ay + Ag! — a? 
(a2 + y2)? 


a? — 4a y? — aat 


(a? Ly? t 


(c) fe(0,0) = lim eh = lim (ofr) 550. etie E lim £0.) — f(0,0) Lo 


and, by symmetry, f,(z, y) = 


(d) By (3), f.,(0,0) = £ = lim Ja (0, h) — fa (0,0) — lim (ch? - 0/n* — —] while by (2), 


h—0 h h—0 h 
_ Ofy o fu(h,0) = fy(0,0) _ RT 
WOU be =.) E i -- cabe 
e) For (x, ,0), we use a to compute 
(e) For (x, y) # (0,0) CAS p ae 
NI 
Wi 
y NT, (x2 + y2) z MI M i 
H 


| 
| 


| 


Now as (x, y) — (0, 0) along the x-axis, fsy (x,y) — 1 while as 


iN 


(x,y) — (0,0) along the y-axis, fry(x,y) — —1. Thus fey isn’t 
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continuous at (0, 0) and Clairaut’s Theorem doesn't apply, so there is no contradiction. The graphs of fry and fy; are 


identical except at the origin, where we observe the discontinuity. 


DISCOVERY PROJECT Deriving the Cobb-Douglas Production Function 


dP P dP dL 
A; For K = Ko, we have —- ar P eT 


=> J-J% => In|P|=aln|L|+4+ Aı (Ko). 


Then e™!PI = eilEI"+41(Ko) > p=e^(Ko ge > P(L, Ko) = Ci(Ko)L^, where e^10€9 = C1 (Ko). 


dP P dP dK dP dK 
2. For L = Lo, we have IK Py P B I P fe K In |P| = 81n|K]| + Az(Lo). 


Then e™PI = gaiKI^ As) > p= eA2(Lo) KB. > P(Lo, K) = C2(Lo)K®, where e42("0) = C3(Lo). 


3. Suppose both labor and capital are increased by a factor of m. Then 
P(mL,mk) = b(mL)°(mK)'~*% = bm^L*"m! ^K!-^ = m^m! bL" K”? 
= m(bL° K1~*) = mP(L, K) 


Therefore, production is also increased by a factor of m. 


4. For P(L, K) = bL°K'~*, 


OP OP NA a-lpl-a a ex, 1—o-—1 
= baL“ K!-* + b(1— a)L° K^ = bL" K^? [o + (1 — oj] 


—bL*K!-* = P(L,K) 


5. P(L, K) = 1.0119? K??. Marginal productivity of labor is given by 0P/OL = 1.01(0.75)L 9?? K??5. With L = 194 
and K = 407, we have OP/OL ~ 0.911656. When capital is held constant at K = 407, as labor increases from L = 194, 
production will increase 0.911656 per unit of labor. 

Marginal productivity of capital is given by OP/OK = 1.01(0.25) L^"? K 9^, With L = 194 and K = 407, we have 
OP/OK x 0.144849. When labor is held constant at L = 194, as capital increases from K = 407, production will increase 
0.144849 per unit of capital. 


As the marginal productivity of labor is higher, it would be more beneficial to increase labor. 


144 Tangent Planes and Linear Approximations 


1. z = f(x,y) = 16—a? —? felz, y) = —2x, fy(x,y) = —2y, so fr(2,2) = —4 and f,(2,2) = —4. By Equation 2, 


an equation of the tangent plane is z — 8 = fz(2,2)(x — 2) + fy (2,2) (y — 2) z — 8 = —4(x — 2) — 4(y — 2), or 


z = —Ag — Ay + 24. 
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. z= f(x,y) =y sing => felz, y) = y? cosa, fylx, y) = 2ysin z, so fs(T/2,—2) = 0 and fy(1/2, —2) = —4. By 


Equation 2, an equation of the tangent plane is z — 4 = fe(n/2, —2)(x — 1/2) + fy(m/2, —2)(y — (—2)) 


z — 4 = —4(y + 2), or z = —4y — 4. 


2 


5y fe(x,y) = 4v, fy(x,y) = 2y — 5, so fs(1,2) = 4 and f,(1,2) = —1. 


By Equation 2, an equation of the tangent plane is z — (—4) = f;(1,2)( — 1) + fy(1,2)(y-—2) = 


z +4= 4(x— 1) + (—1)(y — 2), or z = 4a — y — 6. 


«2 = f(x,y) = (x +2} -2(y-1? -5 f(a, y) =2(x +2), fy(£,y) = —A(y — 1), so fe(2,3) = 8 and 


fy(2,3) = —8. By Equation 2, an equation of the tangent plane is z — 3 = f,(2,3)(x — 2) + f,(2,3(y—3) > 


z — 3 = 8(x — 2) + (—8) (y — 3), or z = 8r — 8y + 11. 


z= f(ny)- e > fale y) =e e, fury) = e" (1) = e, so fa (2,2) = Land 


f,(2,2) = —1. Thus, an equation of the tangent plane is z — 1 = f;(2,2)(z — 2) + fy(2,2)(y-—2) => 


z-1=1(¢@-2)+ (-1)(y-2),orz=a2-—yH+l1. 


. z = f(x,y) = ye fr(x,y) = y? e*, fy(x,y) = 2ye”, so fx(0, 3) = 9 and f,(0,3) = 6. Thus, an equation of the 
tangent plane is z — 9 = fz(0,3)(a — 0) + fy(0,3)(y — 3) z — 9 = 9x + 6(y — 3), or z = 9x + 6y — 9. 
2 2 1 
ez = f(x,y) vu fe(2,y) = —2VY Pg (0,8) = » 80 fe(—1, 1) = —2 and fy(—1, 1) = —1. Thus, an 
: i zvy 


equation of the tangent plane is z — (—2) = f;(—1,1)(x — (—1)) + fy(—1,1)(y - 1) > 


z +2 = —2(x + 1) — 1 (y — 1), or z —-2x— y — 3. 


"E f(x,y) a/y? ry f(x, y) = 1/4?, fy(x,y) = -2zy ? = —2x/y°, SO fe(—4,2) = i and 


fy(—4, 2) = 1. Thus, an equation of the tangent plane is z — (—1) = f,(—4, 2) [x — (—4)] + fy(—4,2)(y-2) => 


z+1=F(e+4)+l(y—2),orz = Frt+y-2. 


. z = f(x,y) = zsin(x +y) => felz, y) = zx- cos(x +y): 1+sin(x - y): 1 — xcos(z + y) + sin(x + y) and 


fy(z,y) = xcos(x 4- y): 1, so f;(—1,1) 2 (—1)cos0 +sin0 = —1, fy(—1,1) = (—1)cos0 = —1. Thus, an equation of 


the tangent plane is z — 0 = fs(—1,1)(x — (—1)) + fy(-1, 1)(y — 1) z = (—1)(x + 1) + (—1)(y — 1), or 
xr+y+z=0. 

z = f(x,y) = ln(x — 2y) fz(2,y) = 1/(2 — 2y), fy(@,y) = —2/(@ — 2y), so f. (3,1) = Land f,(3,1) = —2. 
Thus, an equation of the tangent plane is z — 0 = fx(3,1)(a — 3) + fy(3,1)(y — 1) z = 1(x — 3) + (—2)(y — 1), 


orz—az—2y- 1. 


z= f(w,y) 2a? sy + y so fe(e,y) =2e+y > (51) —3, fyley)=e+6y — fy (L1) — T andan 


equation of the tangent plane is z — 5 = 3(x — 1) + 7(y — 1), or z = 3x + Ty — 5. After zooming in, the surface and the 
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tangent plane become almost indistinguishable. (Here, the tangent plane is below the surface.) If we zoom in farther, the 


surface and the tangent plane will appear to coincide. 


12. z = f(x,y) = J/9+22y? =>  fe(x,y) = 242) (22?) = xy? /A/9 + x? y?, 
fy(z,y) = $(9 + ay?) ^ (2a?y) = z?y/A/9 + x?y?, so fr(2,2) = $ and f,(2,2) = 3. Thus an equation of the 


tangent plane is z — 5 = fz (2,2)(a — 2) + f,(2,2)(y — 2) z—5= (x —2)+ (y -2) or z= 2x - $y - E. 


After zooming in, the surface and the tangent plane become almost indistinguishable. (Here the tangent plane is shown with 


fewer traces than the surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 


A2 
SN 


IS 
WN S 


S 


1 + cos? (x — : 
13. f(z,y) = EE A CAS gives 
2 cos(z — y) sin(z — 2 [1 + cos? (x — y)| cos(x + y) sin(x + y) 
fim, y) ( y) (x — y) + l Is 5 and 
1+ cos?(x + y) [1 + cos? (a + y)] 
— 4) sin(z — 2 [1 + cos? (x — i 
piega 209 =v) sin(e y) | 2[1- cos'(z — y)| cos(s P eE We ice the CAS to evaluate these at 


1 + cos?(x + y) [1 + cos? (a + y)]? 


(7/3, 7/6), giving f.(1/3,7/6) = —V3/2 and fy(x/3,7/6) = V3/2. Substituting into Equation 2, an equation of the 


tangent plane is z {3 (a z) js (y =) | Z, The surface and tangent plane are shown in the first graph. 


[continued] 
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After zooming in, the surface and the tangent plane become almost indistinguishable, as shown in the second graph. (Here, the 


tangent plane is above the surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 


f(x,y) = p MP (vs Jy 4- Vay). A CAS gives 


felz, y) = — ye *w/10 (vz+ Vy + Vay) + e-79/10 (= +3 2 ) and 


vy 


flay) = — J ge 0/10 (vz +vy+ /zy ) 4 en ty/10 (+ ED m) We use the CAS to evaluate these at (1, 1), 


2 y 

and then substitute the results into Equation 2 to get an equation of the tangent plane: 

z—3e "! —0.7e€ 91(y —1) --0.7e 91(y —1) => z-—0.7e 91x 0.7e 9-59 + 1.6e7™t. The surface and tangent 
plane are shown in the first graph below. After zooming in, the surface and the tangent plane become almost indistinguishable, 
as shown in the second graph. (Here, the tangent plane is above the surface.) If we zoom in farther, the surface and the tangent 


plane will appear to coincide. 


f(x, y) = xy”. The partial derivatives are f, (x, y) = 3a7y? and f,(v, y) = 2z?y, so f. (—2,1) = 12 and 
fy(—2,1) = —16. Both f, and fy are continuous functions, so by Theorem 8, f is differentiable at (—2, 1). By Equation 3, 


the linearization of f at (—2, 1) is given by 


L(z,y) = f(—2,1) + f; (-2, 1)(x — (-2)) + fy(—2, 1)(y — 1) = —8 + 12(z + 2) — 16(y — 1) = 12x — 16y + 32. 


f(x,y) = ytan z. The partial derivatives are fz(x, y) = y sec? x and fy = tan, so f«(5, 2) = 4 and "nme 2) — 1. Both 


fx and fy are continuous for x # $ + nm, so by Theorem 8, f is differentiable at (4, 2). By Equation 3, the linearization of f 


at (2,2) is given by L(x, y) = f (4,2) + fe(F, 2) (x 2) + fu( $52) (y 2) 2 2-- 4(x 1) * 1(y 2) =4a+y-—T. 
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20. 


21. 
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f(z,y)—1-zln(xy —5). The partial derivatives are f(x, y) = z - = 5 (y) -In(zy—5):.1— ES 5 + In(ay — 5) 
1 x? : ; 
and fy(x,y) =z- 275 (x) = "mms so fx(2,3) = 6 and f, (2, 3) = 4. Both fs and fy are continuous functions for 


xy > 5, so by Theorem 8, f is differentiable at (2, 3). By Equation 3, the linearization of f at (2, 3) is given by 


L(z,y) = f(2,3)  f:(2,3)(x — 2) + fy(2,3)(y — 3) = 1 + 6(x — 2) + A(y — 3) = 6x + 4y — 23. 


f(x,y) = yay = (xy)'/?. The partial derivatives are f, (v, y) = i(zy) (y) = y/ (2,/zy) and 
fy(£,y) = $(ay)~1/? (a) = z/ (2 my ), so f.(1;4) = 4/ (2/4) = Land f,(1,4) = 1/ (2/4) = +. Both fe and fy are 
continuous functions for zy > 0, so f is differentiable at (1, 4) by Theorem 8. By Equation 3, the linearization of f at (1, 4) is 


given by L(z,y) = f(1,4) + f.(1,4)(x — 1) + fy (1,4)(y — 4) = 2+ 1(z— 1) + (y 4) = £ + iy. 


f(x,y) — x?e*. The partial derivatives are f(x, y) = 2xe" and fy(x, y) = a?e", so f. (1,0) = 2 and f,(1,0) = 1. Both 
fr and fy are continuous functions, so by Theorem 8, f is differentiable at (1, 0). By Equation 3, the linearization of f at 


(1,0) is given by L(x, y) = f(1,0) + fe(1,0)(x — 1) + fy(1, 0)(y — 0) = 14+ 2(x — 1) + 1(y — 0) 22x +y — 1. 


1+ 1 
f(x,y) = ae (1+ y)(1+a)~+. The partial derivatives are fs (x,y) = (1+ y)(-1)(14-2) ? = — Ty 


1l+a (1+ 2)? and 


1 : . 
fymy)-()10-z)!- ee fe (1,3) = —1and fy (1,3) = 4. Both f; and fy are continuous functions for 


x # —1, so by Theorem 8, f is differentiable at (1, 3). By Equation 3, the linearization of f at (1, 3) is given by 


L(z,y) = f(1,3) + fe(1,3)(e - 1) + fy(1,3)(y — 3) = 2+ (-1)(e- 1) + $(y -3) 2 -r+ gy + 5. 


f(x,y) = 4arctan(xy). The partial derivatives are f(x,y) = 4- 1+ (ay)? (y) = 1 E , and 
4x ; 
fy(£,y) = EET so f,(1,1) = 2 and f, (1, 1) = 2. Both f, and fy are continuous 


functions, so by Theorem 8, f is differentiable at (1, 1). By Equation 3, the linearization of f at (1, 1) is given by 

L(r,y) = f(1, 1) + fe(1, 1)(z — 1) + fy (1, 1)(y — 1) = 4(/4) + 2(z — 1) + 2(y — 1) = 2 + 2y + « — 4. 

f(x,y)-— y--sin(z/y). The partial derivatives are f,(x,y) = (1/y) cos(z/y) and fy(x,y) = 1+ (—2/y”) cos(z/y), so 
fx(0,3) = $ and f,(0,3) = 1. Both f, and fy are continuous functions for y 7 0, so by Theorem 8, f is differentiable 

at (0, 3). By Equation 3, the linearization of f at (0,3) is given by 

L(x,y) = f(0,3) + fo(0,3)(% — 0) + fy(0,3)(y— 3) = 3+ $(—0) + 1(y -3) = 38 + y. 

Let f(x,y) = e” cos(zy). Then fz (x,y) = e”[—sin(xy)](y) + e” cos(zy) = e”[cos(xy) — ysin(xy)] and 

fy(z, y) = e*[—sin(xy)](x) = —ze? sin(xy). Both f; and fy are continuous functions, so by Theorem 8, f is differentiable 


at (0,0). We have fx (0,0) = e?(cos0 — 0) = 1, f,(0,0) = 0 and the linear approximation of f at (0,0) is 


f(x,y) © f(0,0) + f. (0,0)(z — 0) + f,(0,0)(y — 0) = 1+ 1x +0y =x +1. 
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25. 


26. 


27. 
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boy 1 
1 (x +1)? and fy(x,y) = SU Both fz and fy are 
continuous functions for x zz —1, so by Theorem 8, f is differentiable at (0,0). We have f2(0,0) = 1, f,(0,0) = 1 and the 


linear approximation of f at (0,0) is f(x,y) ~ f(0,0) + f.(0,0)(z — 0) + f,(0,00(y — 0) = -1 + 1z + ly =t +y- 1. 


We can estimate f (2.2, 4.9) using a linear approximation of f at (2,5), given by 


f(x,y) © f(2,5) + fe(2,5)(a — 2) + fy(2,5)(y — 5) = 6 + 1(z — 2) + (-1)(y — 5) = z — y + 9. Thus 
f(2:2,49) & 22 — 4.9 +9 = 6.3. 


f(x,y) =1—aycosty => f(x,y) = —ycosmy and 


fy(z,y) = —2[y(—7 sin ry) + (cos zy) (1)] = txysin zy — z cos Ty, so fe(1,1) = 1, fy(1,1) = 1. Then the linear 
approximation of f at (1, 1) is given by 
f(x,y) © f(1, 1) + fe, I)(@ — 1) + fy, D)(y — 1) 
=2+ (1)(x — 1) + (1)\(y—- 1) =z+y 
Thus f(1.02, 0.97) ~ 1.02 + 0.97 = 1.99. We graph f and its 


tangent plane near the point (1, 1, 2) below. Notice near y = 1 the 


surfaces are almost identical. 


f(z.yz) = Vat Ey E > felz, y2) = =A, fy(2,y,2) = ML and 
/ x2 + y? + 2? /x? + y? + 2? 
f-(£,y,z) = a so fx(3,2,6) = 2, fy(3,2,6) = 2, f.(3,2,6) = 2. Then the linear approximation of f 
V2 y? +z 


at (3, 2,6) is given by 
f(x,y, 2) = f(3, 2,6) + fe(3, 2, 6)(e — 3) + fy(3, 2, 6)(y — 2) + fz (3, 2, 6)(z — 6) 
= 7+ 3(a—3) + 2(y— 2) + $(2—6) = 2x + žy + z 
Thus ,/(3.02)? + (1.97)? + (5.99)? = f (3.02, 1.97, 5.99) ~ 2(3.02) + 2(1.97) + $(5.99) ~ 6.9914. 


From the table, f(40, 20) = 28. To estimate f,(40, 20) and f+(40, 20) we follow the procedure used in Exercise 14.3.2. Since 


fv (40, 20) = lim JOE 20) = J 100,20) , we approximate this quantity with h = +10 and use the values given in the 
table: 


(50,20) — f(40,20)  40—38 _ 
10 10 


(30,20) — f (40,20) 17-28 _ 
—10 —10 


f. (40,20) ~ 12,  f.(40,20) ~% 13 


[continued] 
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f (40, 20 + h) — f(40, 20) 


; h — 10 
^ so we use 


Averaging these values gives f, (40, 20) ~ 1.15. Similarly, f;(40, 20) = lim 


andh = —5: 


(40, 30) — f(40,20) 31—28 _ 
10 10 


(40,15) — f(40,20) _ 25-28 _ 


= = = 0.6 


fe (40, 20) = 


0.8, fe(40,20) ~ 


Averaging these values gives f;(40, 15) ~ 0.45. The linear approximation, then, is 
f(v, t) e f(40, 20) + fy (40, 20)(v — 40) + f,(40, 20)(t — 20) ~ 28 + 1.15(v — 40) + 0.45(t — 20) 
When v = 43 and t = 24, we estimate f(43, 24) ~ 28 + 1.15(43 — 40) + 0.45(24 — 20) = 33.25, so we would expect the 
wave heights to be approximately 33.25 ft. 
From the table, f(94, 80) = 127. To estimate fr (94, 80) and fy (94, 80) we follow the procedure used in Section 14.3. Since 


fr(94,80) = lim f(94 +h, 2) — f(94, 80) 


, We approximate this quantity with h = +2 and use the values given in the 


table: 


f(96, 80) — f(94,80) — 135—127 _ 
2 2 


f(92,80) — f(94,80) 119—127 _ 


4 
—2 —2 


fr (94, 80) ~ 


4  fr(94,80) z 


(94,80 + h) — f (94,80) 
h 


, SO we use h = +5: 


Averaging these values gives fr(94, 80) ~ 4. Similarly, fr (94, 80) = lim 


f(94,85) — f(94,80) 132—127 _ 
5 5 


f(94, 75) — f(94,80) _ 122-127 _ | 


fu (94,80) ~ —5 —5 


1, fa(94,80) ~ 


Averaging these values gives fy (94,80) ~ 1. The linear approximation, then, is 
f(T, H) ~ f(94, 80) + fr(94, 80) (T — 94) + fu (94, 80)(H — 80) 
z 127+ A(T — 94) + 1(H — 80) [or 4T + H — 329] 
Thus when T = 95 and H = 78, f (95, 78) ~ 127 + 4(95 — 94) + 1(78 — 80) = 129, so we estimate the heat index to be 


approximately 129?F. 


From the table, f(—15,50) = —29. To estimate fr(—15, 50) and f,(—15, 50) we follow the procedure used in Section 14.3. 


f(—15 + h,50) — f(—15, 50) 
h 


Since fr(—15, 50) = lim , we approximate this quantity with h = +5 and use the values 


given in the table: 


f(—10, 50) — f(—15,50) | —22— (-29) 


fr(—15,50) = 5 = - zu 
T deel Deedes) Nx zen) =a 


f(—15, 50 + h) — f(—15, 50) 


Averaging these values gives fr(—15, 50) z 1.3. Similarly f,(—15, 50) = lim h ; 


[continued] 
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so we use h = +10: 
f(—15, 60) — f(—15, 50) —30 — (—29) 
S215, DU) a uACTRUUL es UN E E Euge] 
fv(—15, 50) 10 10 0 
f, (15,50) = TC 19.29 C180) E C) — 02 


Averaging these values gives f,(—15, 50) ~ —0.15. The linear approximation to the wind-chill index function, then, is 


1393 


fT, v) = f(—15,50) + fr(—15,50)(T — (—15)) + f, (—15,50)(v — 50) ~ —29 + (1.3) (T + 15) — (0.15)(v — 50). 


Thus when T = —17°C and v = 55 km/h, f(—17,55) e —29 + (1.3)(—17 + 15) — (0.15)(55 — 50) = —32.35, so we 


estimate the wind-chill index to be approximately —32.35? C. 


m pg dm Bm dp + op dq = 5p*q? dp + 3p°q? dq 
Op ôq 
z=2In(y? +1) dictu dri Oe a= eg? Ade Ody lg de 
E E Ox Oy 4 y y2+1 ee y2+1 
z=e **cos2at > 
Oz Oz —2c —22 : —22 —22 a; 
dz = Jz dz + ET dt = e ^*(—2) cos 2nt dx + e ^" (— sin 2rt) (2r) dt = —2e ^? cos 2rt dx — 21e ^" sin 2rt dt 
u = fa? +3y? = (2? + 8y?)'/2 > 
du= Du ey Pu c L(x? + 3y?) 17 (22) dz + 1 (a? + 3y?)—1/?(6y) dy = Z dz + 3y dy 
Ox Oy /3? + 3y2 /z3 + 3y2 
H H H 
H = ay yz dH — 2n dx 4 = dy + a dz = 2ay* dz + (4x?y? + 3y?2°) dy + 5y? z^ dz 


Ow Ow Ow 
dw dz 4 Dy dy + 3z 


dz — ze V -* det azeY 4 (—2y) dy + z[z - g Um (—2z) + ee, 1] dz 


= ze -* da — 2zyze " ~* dy + x(1— 223)e- v^ 9 dz 


R = aff? cosy dR= OR Já H 2R add OR iu c icon da dad cosy dB — aß? sin ^y dy 
Oa 0B Oy 
U 
Te l-Fuvw 


n = 1(1 + uvw) — v(uw) i _2 
= v(—1)(1 + uvw) *(vw) du + TERT dv + v(—1)(1 + uvw) *(uv) dw 
vw 1 uv? 


(n 


d d 
(1+ www)? e (1+ www)? T 
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dx = Ax = 0.05, dy = Ay = 0.1, z = 5a? + y?, z, = 10x, Zy = 2y. Thus when x = 1 and y = 2, 
dz = z4,(1,2) dx + z,(1,2) dy = (10)(0.05) + (4)(0.1) = 0.9 while 


Az = f(1.05, 2.1) = f(1, 2) = 5(1.05)? + (2.1)? — 5 — 4 = 0.9225. 


. dz = Ax = —0.04, dy = Ay = 0.05, z = a? — zy + 3y?, Zz = 2a — y, zy = 6y — x. Thus when z = 3 and y = —1, 


dz = (7)(—0.04) + (—9) (0.05) = —0.73 while Az = (2.96)? — (2.96) (—0.95) + 3(—0.95)? — (9 + 3 + 3) = —0.7189. 


dA = 24 dx + a dy = y dz + x dy and |Ax| € 0.1, |Ay| € 0.1. We use dx = 0.1, dy = 0.1 with x = 30, y = 24; then 


the maximum error in the area is about dA = 24(0.1) + 30(0.1) = 5.4 cm?. 


Let V be the volume. Then V = mr?h and AV = dV = 2arhdr + nr? dh is an estimate of the amount of metal. With 


dr = 0.05 and dh = 0.2 (0.1 on top, 0.1 on bottom), we get dV = 21(2)(10)(0.05) + 1(2)?(0.2) = 2.807 z 8.8 cm?. 


. The volume of a can is V = «r?h and AV zz dV is an estimate of the amount of tin. Here dV = 2rrh dr + rr? dh, so put 


dr = 0.04, dh = 0.08 (0.04 on top, 0.04 on bottom) and then AV zz dV = 27(48) (0.04) + 1(16)(0.08) ~ 16.08 cm?. 


Thus the amount of tin is about 16 cm?. 


OA OA 


. (a) Let A be the area. Then A = shh and AA z dA = db 4- dh — Sh db Lodh. We have |Ah| = |Ab| < e. 


Ob Oh 


So we take dh = db = & with b = 28 inches, h = 16 inches. The maximum error in the area is 


dA = $(16)e + 1(28)e = 22e square inches. 


(b) With e = i we have the estimated maximum error in the area of the triangle as 22(1) = m square inches. 


oV oV 


. (a) Let V be the volume. Then V = «r?h and AV ~ dV = —— dr + — dh = 2rrh dr + rr? dh. We have 


Ór Oh 


|Ar| = |Ah| = e. So we take dr = dh = e with r = 2.5 feet and h = 12 feet. The maximum error in the volume is 
dV = 2n(2.5)(12)e + 1(2.5?)e = 66.257 ft?. 


(b) We need 66.257¢ < 1 = © S 0.0048 feet or 0.058 inches. 


. W = 13.12 + 0.6215T — 11.370918 + 0.3965 T0936, so the differential of W is 


dW= a dT + ae dv = (0.6215 + 0.396509-16) dT + [—11.37(0.16)u 99^ + 0.39657 (0.16) 994] dv 


= (0.6215 + 0.39659-16) dT’ + (—1.8192 + 0.063447) v4 dy 


Here we have |AT| < 1, |Av| € 2, so we take dT = 1, dv = 2 with T = —11, v = 26. The maximum error in the calculated 


value of W is about dW = (0.6215 + 0.3965(26)9-19) (1) + (—1.8192 + 0.06344(—11))(26) 95^ (2) ~ 0.96. 
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47. T = IÈ & the differential of T is 


2r? + R2’ 
| Or OT , _ (2r? + R?)(mg) — mgR(2R) (2r? + R?)(0) — mgR(4r) 
cae) a g > Ot es) A 
2 2 
| mg(2r^ — R^) dR 4mgRr dr 
(2r2 + R2)? (2r2 + R2)? 


Here we have AR = 0.1 and Ar = 0.1, so we take dR = 0.1, dr = 0.1 with R = 3, r = 0.7. Then the change in the 


tension T is approximately 


_ mg[2(0.7)? — (3)?]  ,  _ Amg(3)(07) 
T= ponr yg OP pon erp O” 
0.802mg 0.84mg 1.642 ~ —0.0165mg 


(9.08)? — (9.08)? 99.6004 9 ^ 


Because the change is negative, tension decreases. 


48. Here dV = AV = 0.3, dT = AT = —5, P = 831 " so 


8.31 8.31- 5 310 3 : 
dP = (m V ) dT — "E E a 8.31 -4 =a al ~ —8.83. Thus the pressure will drop by about 8.83 kPa. 


49. 5 = = + = F . First we find on = implicitly by taking partial derivatives of both sides with respect to R1: 
ð (1 9 [((1/ R1) + (1/ R2) + (1/ R3)] _» OR ES ôR R? 
= = ap = Th t 
ORi (x) OR; R OR Ry BR, RP en by symmetry, 
AR... RU ôR E 1 17 200 
BR; Ra’ OR. RD When R; = 25, Re = 40 and R3 = 50, 500 R Q. Since the possible error 


for each R; is 0.5%, the maximum error of R is attained by setting AR; = 0.005R;. So 


Bhs OR: aR OR = 2f e og Ob ra hehe SN ERR 
AR® dR = 5p; ARi + gg. Ae + gg. ARs = (0.005)R (x T5 *x) (0.005)R = dc ~ 0.059 Q. 


50. S = 0.1091w9:4?5597?5. The errors in measurement are at most 2%, so 


At A7 < 0.02and 
w 


a < 0.02. The relative error 


in the calculated surface area is 


0.425—1) 7, 0.725 0.425 0.725—1 
AS i dS _ 0.1091(0.425w )h dw + 0.1091w (0.725h )dh o. Ed +0. 755 2^ 
S S 0.109140-425 0.725 h 
d Ah 
To estimate the maximum relative error, we use = = AE — 0.02 and | h | 0.02 
dS 


z7 0.425 (0.02) + 0.725 (0.02) = 0.023. Thus the maximum percentage error is approximately 2.3%. 


51. (a) B(m,h) =m/h? => Bm(m,h)=1/h? and Bp(m,h) = —2m/Hh?. Since h > 0, both Bm and B, are 
continuous functions, so B is differentiable at (23, 1.10). We have B(23, 1.10) = 23/(1.10)? ~ 19.01, 


Bm(23,1.10) = 1/(1.10)? ~ 0.8264, and Ba (23, 1.10) = —2(23)/(1.10)? ~ —34.56, so the linear 
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approximation of B at (23, 1.10) is 


B (m, h) © B(23, 1.10)+ Bm (23, 1.10) (m — 23) -- Ba (23, 1.10) (h — 1.10) ~ 19.01--0.8264(m — 23) — 34.56(h — 1.10) 


or B(m,h) ~ 0.8264m — 34.56h + 38.02. 

(b) From part (a), for values near m = 23 and h = 1.10, B(m, h) e 0.8264m — 34.56h + 38.02. If m 
increases by 1 kg to 24 kg and h increases by 0.03 m to 1.13 m, we estimate the BMI to be 
B(24, 1.13)  0.8264(24) — 34.56(1.13) + 38.02 ~ 18.801. This is very close to the actual computed BMI: 


B(24, 1.13) = 24/(1.13)? ~ 18.796. 


ri(t) = (2+ 35,1— 0,3 — 4t t?) ri(t) = (3, —2t,—4 + 2t), ra(u) =(1+u7,2u?-1,2ut+1) => 
rj(u) = (2u, 6u?, 2). Both curves pass through P(2, 1,3) since r1(0) = r2(1) = (2, 1,3), so the tangent vectors 

r (0) = (3,0, —4) and r5(1) = (2,6, 2) are both parallel to the tangent plane to S at P. A normal vector for the tangent 
plane is r1 (0) x r5(1) = (3,0, —4) x (2,6,2) = (24, —14, 18), so an equation of the tangent plane is 

24(x — 2) — 14(y — 1) + 18(z — 3) = 0 or 12x — Ty + 9z = 44. 


To show that f is continuous at (a, b) we need to show that lim f(x,y) = f(a,b) or 
x,y)—>(a, 


equivalently lim f (a + Ax,b + Ay) = f(a,b). Since f is differentiable at (a, b), 
(Az,Ay)—(0,0) 


f (a + Az, b + Ay) — f(a, b) = Az = fz (a,b) Ax + fy(a, b) Ay + €1 Ax + £2 Ay, where ei and e? — 0 as 


(Az, Ay) — (0,0). Thus f(a + Az,b + Ay) = f(a,b) + fr(a,b) Az + fy(a, b) Ay + £1 Ax + £2 Ay. Taking the limit of 


both sides as (Az, Ay) — (0, 0) gives ve Am i f (a + Az, b + Ay) = f(a, b). Thus f is continuous at (a, b). 
$,49y)—VW, 


(a) lim “AE — lim —— = 0 and Jim 5277777 = lim —— = 0. Thus f; (0,0) = fy(0,0) = 0. 


To show that f isn't differentiable at (0, 0) we need only show that f is not continuous at (0, 0) and apply the 


contrapositive of Exercise 53. As (x,y) — (0,0) along the x-axis f(x,y) = 0/z? = 0 for x # 0 so f(x,y) — 0as 


(x,y) — (0,0) along the x-axis. But as (x, y) — (0,0) along the line y = x, f(x,x) = z?/(2z?) = $ for x Æ 0 so 


f(x,y) — 4 as (x,y) — (0,0) along this line. Thus F dm " f(x,y) doesn't exist, so f is discontinuous at (0, 0) and 


thus not differentiable there. 


z?--y?)y- xy(2x 2 — a? : 
(b) For (a, y) # (0,0), f.(z,y) = n ES UL If we approach (0, 0) along the y-axis, then 


3 


1 
fe (x,y) = f«(0,9) = a = T so f;(r,y) — -Eoo as (x,y) — (0,0). Thus i lim, 5 f« (x, y) does not exist and 
v,9)—1V, 


aqoa e. 2. 2 
f(x, y) is not continuous at (0, 0). Similarly, f(x, y) = GE Eg quM) = Tee) for (x,y) # (0,0), and 


(x2 + yi (x? + y2)? 
3 
: : 1 ; 1 
if we approach (0, 0) along the x-axis, then f(x, y) = f«(z,0) = z Fe Thus í lim, aj fy(x, y) does not exist and 
2,y)(0, 


fy(x, y) is not continuous at (0, 0). 
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APPLIED PROJECT The Speedo LZR Racer 


1/3 
1. (P, C) = (=) > 


u(P+aP,C +yC)—v(P,C) _ v(P+aP,Ct+yC) v(P,C) | E: + yC) 


fey) = v(P,C) B v(P,C) v(P,C) A 1/3 
kC 
"eu Gy 


Both power and drag cannot be reduced by more than 100%, but both could be increased by any percentage, so x > —1 and 


y > —1. But f is undefined when y = —1, so the domain is ((z, y) | v > —1, y > —1}. 


2. If x and y are small, then we can say they are near zero and we can use a linear approximation to f at (0, 0). 


We have f(x,y) = (1 + x)! (1-- y)-/? — 1 so the partial derivatives are 


1 
= -2/3 -1/3 _ 
1 1/3 
falz, y) = -4 (1+ x) (1 +y) = De Note that f, and fy are continuous functions for x > —1,y > —1 


so f is differentiable at (0, 0). Then f2(0,0) = 2 and f, (0,0) = —$, and the linear approximation is 


f(x,y) © f(0,0) + f. (0,0)(z — 0) + fy(0,0)(y — 0) = 0 + $(a — 0) — $(y— 0) = $a — $y. According to the linear 
approximation, a small fractional increase in power results in 1/3 that fractional increase in speed, and a small decrease in drag 


has the same effect. 


1 


2 
Sg C 


3. fee(2,y) = O(1 + z)8/5(1 + y) 1/8’ 


4(1 + x)! 
1 1/3 4 -7/3 . PORNE . . 
fy (2, y) 2 80 + x) /3, ( 3) 0 y) /3- IFE Because f; (x, y) is positive in the domain of f, an increase 


in power results in an increase in speed, but f; (x, y) is negative, so as the fractional power increases, the fractional speed 
increases at a declining rate. (We can say that in the positive x-direction, f is increasing and concave downward.) Thus the 
linear approximation gives an overestimate for an increase in power. Since f, (x, y) is negative, a decrease in drag increases 
speed. But f, (x,y) is positive, so fy increases as y increases and fy decreases (fy becomes larger and larger negative) as y 
decreases. (In the positive y-direction, f is decreasing and concave upward.) Thus as the fractional drag decreases, the 
fractional speed increases at an accelerating pace and the linear approximation gives an underestimate of the increase in power. 
This explains why a decrease in drag is more effective than an increase in power: Reducing drag improves speed at an 


increasing rate while adding power improves speed at a declining rate. 
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ipani 
4. The level curves of f(x,y) = (i 7 z) — lare 


l+ 1/3 ltr 
-l=c > =(1 3 > 
GE) d lty peg 

| lta 


(1+ c? 


From the level curves, we see that increasing x (from 0) by a small 


amount has a similar effect on the value of f as decreasing y by a small 


amount. However, for larger changes, a decrease in y gives greater 


values of f than a similar increase in x. 


14.5 The Chain Rule 


1. Find dz/dt using the Chain Rule: z = z?y-- zy), r—3t y=? > 
dz Oz dx | Oz dy _ 
dt Ox dt Oy dt 


= 3 [2(30) (t) + (£?)?] + 2t [(3t)? + 2(30) (€)] [with x = 3t and y = t°] 


(2xy + y?)(3) + (x? + 2ay)(2t) 


= 18t? + 3t* + 180? + 12¢4 = 360? + 15t* 


Find dz/dt by substituting first: z (a(t), y(t)) = (3t)? (t?) + (3t)(#?)? = 9t* - 36. > Z = 360? + 15t* 


Yes, the two answers agree. 


2. Find dz/dt using the Chain Rule: z = rye”, x=t?, y=5t > 


dz Oz dx , Oz dy » 
Hsc Ais M MMC ANN 2t y y 
mua ua ay ap O VA Tre egi) 


= (5t) (e?*) (21) + t? (bte?* + e**)(5) [with « = t? and y = 5t] 
= 10t2e** + 2503 e?! + 5t265* = 15026?! + 250365! = 5126? (3 + 5t) 


Find dz/dt by substituting first: z (a(t), y(t)) = (2)(5t)e = 5e" => = = 5t3e°4(5) + 15e” = 5t7e°4(3 + 5t) 


Yes, the two answers agree. 


3. z = ry? -ry c=P?4+1 y=P?-1 > 


dz  Ozdzx , Oz dy 
dt Oxdt ` ðy dt — 


(y? — 22) (2t) + (3zy? — a?)(2t) = 2t(y? — 2zy + 3xy? — a?) 


= OA T Dy = > y=e > 
dz  Ozdz | Ozdy _ (w+2y)(1) — (x —y)(1) (me™) + (x + 2y)(-1) - (z — v2), me-^) 
dt Ox dt ` Oy dt (a + 2y)? (a + 2y)? 
3y mt) 4 moi me 7) = PE et p get 
(remp t aa C08 D = gua O 267) 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


z = sinzcosy, ©= vi, 
dz Ozdx 
dt Ox dt 


SECTION 14.5 THE CHAIN RULE 
y=1/t => 


Oz dy _ 


Dy dt (cos x cos y) (3e?) + (— sinzsin y) (7-17?) 


x — tant, 


1399 


z-—A/l-czy, 


1 
cos x cosy + — sinzsin 
Wi y y 
y=arctant => 


t2 
dz _ Oz dz 


4, Ox dy _ 
dt — Óx dt 


pep = Bay)? 


1 
(y) - sec? t + $(1 + zy) (a) - IFE 
= l sec? t + 2 
—O2V1-c Ty i 14-8 
7. w = ze, c=, y=1-t, z=1+2t > 
dw Owdz 


Ow dy 


ðw dz 
Oy dt 


rer e * . 9t + pell? (3) - (—1) + ze? (- y 


Z) 2-e^(n-2 zx) 
z3 

w = ln y£? +y? +22 = į ln(x? +y? + 2°), x=sint, y= cost, z=tant => 

dw 


d rdt 


Ow dx 


z 2 
Owdy ,Owdz 1 2r 1 2y 2z 2 
uad ee eee ee, ae MN RE, NN E Pe a(S t t 
dt Or dt Oy dt Ozdt 2 xv +y24+7 did t3 x? +y +2? ( sint) +3 r? + y? + 22 
_ «cost — ysint + zsec^ t 
ES £? +Y +2? 
9 


First we find ôz/ðs in two ways. z = £? +y’, x —2s-3t, y=s+t > 


Oz Oz Ox | Oz Oy _ 

Os Oz Os: By Os = 2z(2) + 2y(1) 

= 2(2s + 3t)(2) + 2(s + t)(1) [with x = 2s + 3t and y = s + t] 
= 8s + 12t + 2s + 2t = 10s + 14t 

2(2(s,t), y(s,t)) = (2s + 30? + (s +t)? 


Oz 
=> 


as 2(2s + 3t)(2) + 2(s + t)(1) = 8s + 12t + 2s + 2t = 10s + 14t 
Yes, the two answers agree. Now we find 0z/0t in two ways. 


Oz 0: Qr z ay 
Ot Ox Ot 
= 2(2s + 3t)(3) + 2(s + t)(1) [with z = 2s + 3t and y = s + t] 
= 12s + 18t + 2s + 2t = 14s + 20t 
2(2(s,t), y(s,t)) = (2s + 3t)? + (s +t)? 


=> 


Fp = 2s + 303)  2( + t)(1) = 12s + 18t + 2s + 2t = 14s + 20t 
Yes, the two answers agree. 
10. First we find 0z/0s in two ways. z = a’ siny, «= st, y= st 
Oz _ Oz Ou | Oz Oy 
Os Ox Os 


Oy Ds = 2x sin y(2st) + x? cos y(t) 
= 2(s?t) sin(st)(2st) + (s?t)? cos(st)(t) 


[with z = s?t and y = st] 
= As?t? sin(st) + s*t? cos(st) 


[continued] 
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z(a(s,t), y(s,t)) = (s?t)? sin(st) = s*t?^sin(st) => 


Oz 


B s^t? cos(st)(t) + A4s*t? sin(st) = 4s?t? sin(st) + s*t? cos(st) 
s 


Yes, the two answers agree. Now we find 0z/Ot in two ways. 


Oz _ Bt Be Bt RR" 
or aos Dt + oy Ot = 2x sin y(s~) + z^ cos y(s) 
= 2(s?t) sin(st) (s?) + (s?t)? cos(st)(s) [with z = s?t and y = st] 


= 2s*tsin(st) + s?t? cos(st) 


z(a(s,t), y(s,t)) = (s?t)? sin(st) = stt sin(st) => 


a = 2s*tsin(st) + s*t? cos(st)(s) = 2s^t sin(st) + s°t? cos(st) 


Yes, the two answers agree. 


f.z—(r—y), e=st, y=st? = 


Oz  Oz0xr | Oz Oy _ 


0s Ox 0s | dy Os 


5(r — y)*(1) - 2st + 5(x — y)4(—-1) - = 5(a — y)* (2st — t?) 


0z 9z Ox | OZY iy ylis 4( 1). 4 (s? 
Bt Or Ot ^ By Bt = 5(z — y)*(1) - s? + 5(z — y) (-1) - 2st = 5(x — y)* (s? — 2st) 


12. z=tan (z? +°), «=slnt, y=te > 


Oz OzOx , Oz Oy _ 2x 2y 


: In£ Jj te? 
ðs Ox Os OyOs 1+ (a? + y?)? n 1+ (z2 4 y2y? s 
= a (a Int + yte) 
BESTES i 
Oz  Oz0xr | Oz Oy _ 2x E 2y 5 


Ot Ox Ot Oy Ot pDRgiN t iey 


2 (= , ye’) 
1+ (22 +42)? Vt 


13. z = In(3r + 2y), z= ssint, y=tcoss => 
Oz OzOx , Oz Oy 


. 3sint — 2tsins 


+ "S (sint) + 2 (—tsin s) 
Os Ox0s  OyOs  3r--2y 3x + 2y T 3x + 2y 
Oz  OzÓx ,O0zO0y — Coe 2 fovea 3s cost + 2coss 
Ot Ox Ot  OyOt 3a+4+2y 3x + 2y 3x + 2y 


14. z= /ze", r=1lt+st, y—-s-0U = 


Oz OzOr  ðzðy — Sogni aere T ET " t 3/2. | ozy 
B. = Ba Be t g de = (VE CMW) +e a7) (8) + vie) (28) = Ew, + 2097s) e 


Oz  Oz0r | Oz Oy _ -eY (qj) + ety. 14,71/2 zy 9p = E _ 93/24) ory 
XX aor (Vs (y) - €"? - 327!) (s) + Yee" (2) (-20) = RUE DE 
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18. 


19. 


20. 
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Oz Oz Or | Oz 00 sin 0 , COs 0 s tsin@ 4 2s cos Ü 


ds or Os 00 Os r2 (8) + (2s) r2 r 
Oz Oz Or p Oz 00 angy 4 l o) ssin , 2tcos@ 
Ot Or Ot 00 ðt r2 s r r2 r 


z —tan(u/v), u=2s+3t, v—3s—2t => 


Oz — Oz Ou | Oz Ov 
ðs uðs  OvOs 


Z- (=) 3u (2) 2v — 3u 2(2) 
= —sec” (—]} — — sec | — }) = sec“ | — 
v v v v? v 


= sec? (u/v)(1/v) - 2 + se (u/v)(—-uv ?) - 3 


Oz  OzOu , OzOv 
Ot Oudt | OvóOt 


| 3 icu (4) à 2u sec? (1) . 2u+ 3v se (1) 
U U v? v v? v 


= sec?(u/v)(1/v) - 3 + se (u/v)(-uv ?) - (-2) 


Let x = g(t) and y = A(t). Then p(t) = f(a, y) and the Chain Rule (2) gives dp = orar c Ld 


—9J97 | OI V Wbent—2 
dt Ordi Oydt t^ 


x = g(2) = 4and y = h(2) = 5, so p' (2) = fe (4,5) g'(2) + f,(4,5) (2) = (2)(-3) + (8)(6) = 42. 


OR  OROu , OR Ov OR  OROu , OROv 
R(s,t) = G (u(s,t), v(s,t)) Os = Ou Os Ou Os an Ot = Du Ot Bu 8t by the 
Chain Rule (3). When s = 1 and t = 2, u(1,2) = 5 and v(1,2) = 7. 
Thus R;(1,2) = G.(5, 7) us(1, 2) + Gy (5, 7) vs (1, 2) = (9)(4) + (—2)(2) = 32 and 
Re (1,2) = Gu(5, 7) u (1,2) + G«(5, 7) ve(1, 2) = (9)(-3) + (-2)(6) = —39. 
g(u, v) = f(x(u, v), y(u, v)) where x = e" +sinv, y = e“ +cosv => 
Or. y OX. DONEC E" . Og _ Of Ox | Of Oy 
Ju Qs Bv COS V, Bu e", Bv sin v. By the Chain Rule (3), Buc S Os + DOS Then 


Ju (0,0) = fe (x(0,0), y(0, 0)) £u (0, 0) + fy (2(0,0), y(0, 0)) yu (0,0) = fe (1,2)(&^) + fy(1,2)(e°) = 201) + 5(1) = 7. 


Og _Of Ox , Of Oy 
ðv Ox Ov T Oy Ov. Then 


gv (0,0) = fr(x(0, 0), y(0, 0)) zu (0, 0) + fy(x(0, 0), y(0, 0)) y, (0,0) = fa (1, 2)(cos 0) + fy(1,2)(— sin 0) 
= 2(1) +5(0) = 2 


Similarly, 


g(r, s) = f(a(r,s), y(r, s)) where x = 2r — s, y= s? — 4r Or 2, Ds l= — = 2s. 


By the Chain Rule (3) 79 = A a a 2 Then 


gr (1,2) = fz(x(1, 2), y(1, 2)) x- (1,2) + fy(@(1, 2), y(1, 2)) y. (1,2) = f«(0,0)(2) + f,(0,0)(—4) 
= 4(2) + 8(—4) = —24 


[continued] 
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Og _ of Ox of Oy 
Similarly, = Duc. y x . Then 
gs(1,2) = f«(x(1,2),9(1, 2)) z5(1, 2) + fu (x (1,2). y(1, 2)) us (1,2) = fa (0,0)(—1) + fy (0, 0)(4) 
= 4(-1) + 8(4) = 28 
21. u u = f(x,y), x = x(r,s,t), y =y(r,s,t) > 
a Ne Ou  OuOr  Oudy Ou  OuOx | OuOy 
| Or OxOr  OyOr' Os Oxds  OyOs' 
Qu _ dude | du dy 
Ot Ox Ot Oy Ot 
22. w-f(myz) c=2(u,v), y=y(uv), 2=2(uv) > 
a | is Ow  OwOzr ,OwOy ,OwOz 
Ou  OrO0u Oydu Oz ðu’ 
AR h dw _ owde | dwdy | wd: 
md di Ov Ox dv  OyOv Az Ov 
23. T = F(p,q,T), p = p(z,y, z), q =q(z,y, 2), r =r(x,y,z) = 
aT OT  8TOp | AT dq , OT Or 
AN JN AN Ox Op Ox ` ðq Ox * Or Ox’ 
OT _OT Op , OT Oq , OT Or 
Oy Opdy dq Ody Or dy’ 
ƏT _ aT ap , AT dy ƏT ðr 
Oz Opdz  OqOz Or Oz 
24. R R=Fi(t,u), t=t(w,z,y,z), u = u(w, x,y,z) => 
go aR ORO! , AROu OR ƏRƏ ORO 
JIN PZN ðw Ot dw  OuOw' ðr Ot Ox Ou Ox’ 
w xyz wxyz ƏR  OROt OROu OR  OROt  OROu 
Oy | Ot Oy Ou oy’ Oz Ot Oz ðu dz 
25. z = xt + a?y, c=s+2t—u, y= stu? 
Oz  OzOx | OzOy 3 don 
ðs  Ox0s OyOs — (es Ez) UD qa uc 
Oe OA DEL OOY 34 Kee 
Oz  OzOr | OzOy 
Ju ~ öz ðu Bo Hu (4r? + 2zy)(—1) + (z^)(2stu) 
When s = 4, t = 2, and u = 1 we have x = 7 and y = 8, 
so 2% = (1484) (1) + (49)(2) = 1582, a — (1484) (2) + (49)(4) = 3164, D = (1484) (—1) + (49)(16 


) = —700. 
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26. T = v/(2u +v) =v(Qut+v)', u = payr, vo pydqr => 


OT | OTOu , OT Ov (2u + v)(1) — v(1) ( 


G o aury va") 


2u 


=o (avr) + + Gaza var) 


OT OT Ou ,OTOv | -—2v CADET 2u ro 
dg  OuOq  OvOq Qut Y Qu v)? 279’ 


OT OT Ou | OT Ov —2v Pd oy. ( ) 
ðr | OuOr  OvOr  (2u+v)? ng ESE pva 


When p = 2, q = 1, and r = 4 we have u = 4 and v = 8, 


27. w = zy + yz + zz, x —rcos0, y —rsinü, z=rd — 


ðw _ Owdx | Ow Oy Ow Oz . E 
Fe L Der Grat OE = (y+ 2)(c050) + (e + s) in8) + (y + z)0). 


Ow  OwOr | Owdy , Ow dz (y - 
30. Oz 00  Oy00 Oz00 Y 


+ z)(—rsin0) + (x + z)(r cos0) + (y + x)(r). 


When r = 2 and 0 = 7/2 we have x = 0, y = 2, and z = 7, so a = (2+ 1)(0) + (0+ 7)(1) + (2 + 0)(1/2) = 2n 


and a = (2 + 7)(—2) + (0 + $)(0) + (2 + 0)(2) = —2. 


28. P = Vu? Fv? Fw? = (u? +0? +w), u = ge”, v = ye”, w= e? 


OP _ OP Ou | OP ðv i OP Ow 
Ox Ou Ox  OvOx Ow Ox 


= $(u? +0? +w) 7? (Qu) (e) + $(u? + v? + uw?) 1? (20) (ye”) + ilu? + v? + uw?) 1? (2w)(ye"?) 


ue" + vye” + wye?? 
ety tue 


oP _ OP du, Pav | OP dw 
Oy Ou Oy Ov ðy Ow Oy 


a u y v T w TY 
Sroa 54 eaea up rpg? 


uge” + ve” + ware’ 


Ju F o? F u? 


When x = 0 and y = 2 we have u = 0, v = 2, and w = 1, MO orit Eon i A - poc ve 


Ox v5 "2 | x45 v5 
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29. 


30. 


31. 


32. 
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Sp e " » 
prp p-—u-ctvw,q-—v-cuw,r-uw-cruv > 
ON | ON Op , ON ðq , ON Or 
Ou Op ðu ` ðq ðu Or Ou 
(p * r)(1) — (p + 9)0) (p * r)(1) — (p + 4) (0) (p + r)(0) — (p + a)(1) 
= 1 
Gi Ot pry OH (xy — 0 
_ (r4) +(p+r)w-(p+gw 
(p +r)? j 
ON _ ON dp  ONOq  ONOr — r-a Gy, ptr (y Bt gya (r- wt (or) (p du 
Ov Op Ov Oq Ov  OrOv (pur) (p+r) (p+r)? (p+r)? , 
ON _ON Op ƏN Og Nər | r-q (v) 4 p+r (ujd c DE) (1) = (r—q)u+(pt+r)u—(p+4q) 
Ow Op Ow ðq ðw Or ðw (p+r? ' (p+r)? (p+r)? (p+r)? ` 
Nu u = E RS _ ON _ —1+(24)(4)— (25)(3) — 20 55 
When u = 2, v = 3, and w = 4 we have p = 14, q = 11, andr = 19,80 = gn = 576 > as 
ON _ (-1)(4)+24~(25)(2)_-30_ 5, AN _ (-1)(8) + (24)(2)~-25 20 5 
Ov (24)2 | 576 96' Ow (24)? — 576 144 
u — ze", y — o?f, y Py, t5 yla 
ðu  OuOxr , Owdy ,OuOt . ti ty AN out 2 
puc maa OL OR WORT UPON Or) up oap ute 
Ou  OuOr | OuOy ðu ðt ty (2 t t diac) 
IS IL D JolILmE LIS I lI te” (2 y — eV 2mt 
ðu  OuOr ,OuOy , OuOt ty ty / 22 ty NE" 2 
mcam tos o e" (0) + zte” (8^) + rye (2ya) = e (xtp + 2zyay). 
When a = —1, 8 = 2, and y = 1 we have x = 2, y = 4, andt = -1, s Z =e 4(-44 8) = 4e~*, 
a 
Oe ucc ee ey abd Ou -4 -4 
opes (1— 8) — —7e ^, and ou Ee (—8 — 16) = —24e *. 
ycosz = z? + y’, so let F(x,y) = y cosx — z? — y? = 0. Then by Equation 5 
dy " OF .. -y$Sinr—2xr  2r-tysinr 
dr Fy cosx—2y cosz-2y' 
cos(zy) = 1 + siny, so let F(x, y) = cos(zy) — 1 — sin y = 0. Then by Equation 5 
dy Fr — sin(xy) (y) y sin(xy) 
dz Fy — sin(xy) (x) — cosy cosy + zsin(zy): 
33. tan !(a?y) = x + zy’, so let F(x,y) = tan t (z°y) — x — zy? = 0. Then 
zoil 2 2vy 2 _ 2xy - (1 y?)(1 + zty?) 
Fo(@,y) = 77 (yp (2xy) -1—y Lr riy? Dr ay : 
_ 1 2 LAE | a? — 2zy(14 zty?) 
Fyle) = x agg eU quem SEPT 1 + zty? 
[continued] 
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35. 


36. 


37. 


38. 


39. 


40. 
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zi dy Fe Bey- QHA) — Qe!) ety?) - 20y 
dx Fy (a? wyll +a r) O 33-2 ay 
0 1+aty? +y? a — 20y 
a? — 2ry — 2x5 y3 
y ye BE 
e” sinz = x + zxy, so let F(x,y) = e” sin x — z — xy = 0. Then 24 St es ONE RAE PU ee 


Fy eY sing — x e” sin £ — x 


z? + 2y? +32 = 1, so let F(x,y, z) = £? + 2y? +32? — 1 = 0. Then by Equations 6 


Oz Fy 2r E and Oz Fy Ay 2y 

Or | FE, 6z 3z Oy | FE 6z 3x 

r? — y? +2? — 2z = 4, solet F(z,y, z) = £? — y? +. 2? — 2z — 4 = 0. Then by Equations 6 

Oz F; 2% 2 x and Oz Fy —2y | y 

ðr F, | 2z2—2 l-z Oy Py 2-2 z-1 

e^ = xyz, so let F(x,y, z) = e^ — xyz = 0. Then a T Tm Se T and 

Oz Fy tz _ xz 

Oy F,  e-—my -ry 

yz + zlny = z?, solet F(x,y,z) = yz + zIny — z? = 0. Then Dr Fe lny huy and 


Ox P y—22  2z2—y 


Oz _ Fy | zt (t/y) _ tty 


Oy | FE y—2z | 2yz—? 


dT OT de | OTdy sa 


Since x and y are each functions of t, T (x, y) is a function of t, so by the Chain Rule, di oz: Ug dE 


3 seconds, x = VI +t = VI F3 = 2, y = 2 + į t = 2 + 1(3) = 3, 


= —, and = 


dt 2/1} 2/143 4 dt 


Then = = T, (2,3) Ë + p, (2,3) 2 


JE = 4(1) + 3(i) = 2. Thus the temperature is rising at a rate of 2? C/s. 


(a) Since OW/OT is negative, a rise in average temperature (while annual rainfall remains constant) causes a decrease in 
wheat production at the current production levels. Since OW/OR is positive, an increase in annual rainfall (while the 


average temperature remains constant) causes an increase in wheat production. 


(b) Since the average temperature is rising at a rate of 0.15? C/year, we know that d'T'/dt = 0.15. Since rainfall is 
decreasing at a rate of 0.1 cm/year, we know dR/dt = —0.1. Then, by the Chain Rule, 


dW OWdrT | OW dR _ 
dt OT dt OR dt 


at a rate of 1.1 units /year. 
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= (—2)(0.15) + (8)(—0.1) = —1.1. Thus we estimate that wheat production will decrease 
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oC oC 


41. C = 1449.2 + 4.6T — 0.055T? + 0.00029T ? + 0.016D, so — = 4.6 — 0.11T + 0.000871 ? and aps 0.016. 


oT 


According to the graph, the diver is experiencing a temperature of approximately 12.5°C at t = 20 minutes, so 


a = 4.6 — 0.11(12.5) + 0.00087(12.5)? ~ 3.36. By sketching tangent lines at t = 20 to the graphs given, we estimate 
dD_ 1 dT 1 dC  8CdT ,0CdD . i TM 
ap ~ 5 and G- © —Qg Then, by the Chain Rule, 77 = 35 + 3p qr ^ (3.36) (- 5) + (0.016) (3) ~ —0.33. 


Thus the speed of sound experienced by the diver is decreasing at a rate of approximately 0.33 m/s per minute. 


42. V = nr? h/3, so 


dV | OV dr | OV dh _ 2mrh nr? ba 


43. (a) V = £wh, so by the Chain Rule, 


dv OV | OV dw | Vdh _ dl, dw | dh 
dt O€dt Owdt | Ohdt — dt dt dt 


+ th — + lw — — 2.2.2 1:224 1-2: (23) 2 6 m/s. 


(b) S = 2(£w + £h + wh), so by the Chain Rule, 


dS OSd€ , OS dw , OS dh dé dw dh 


= 2(2 + 2)2 + 2(1 + 2)2 + 2(1 + 2)(—3) = 10 m?/s 


dL dt dw dh 


2. 92 2 2 _ — 3) = 
(c) L^ — £^ +w +h 2L di 20 di + 2w 3i 2h di 2(1)(2) + 2(2)(2) + 2(2)(-3) 20. => 
dL /dt = 0 m/s. 
V 
4. I = — 
R > 
dI OI dV | OI dR 1dV V dR 1dV IdR 1 0.08 
dt | OV dt ri OR dt Rdt  R?dt Rdt Rdt 700 | 0.01) 400 (0.03) 0:000031.A/s 
dP dT T dV | 8&31dT T dP 
45. an 0.05, es 0.15, V 8.315 and di P d 8.3155 d Thus when P — 20 and T' — 320, 
dV 0.15  (0.05)(320) 
— = 8.31| — — = | x —0.27 L/s. 
as S| OD 400 ene 


46. P = 1.47 L9? k°-> and considering P, L, and K as functions of time t we have 


dP 
dt 


_ OPdL , OP dK 
 OLdt OK dt 


= 1.47(0.65)E-09 K-99 T + 1.47(0.35)L K-95 We are given 


that = = —2 and d — 0.5, so when L — 30 and K — 8, the rate of change of production gr is 


dt 


1.47(0.65) (30) 9-35 (8)9-35 (—2) + 1.47(0.35)(30)9:95 (8) 9-95 (0.5) ~ —0.596. Thus production at that time 


is decreasing at a rate of about $596,000 per year. 
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47. Let x be the length of the first side of the triangle and y the length of the second side. The area A of the triangle is given by 


A= day sin 0 [Formula 6 in Appendix D], where 0 is the angle between the two sides. Thus A is a function of x, y, and 0, 


and x, y, and 0 are each in turn functions of time t. We are given that = = 3, ob —2, and because A is constant, = =0. 
dA OAdx  OAdy ,O0Ad0 dA, . dz i ., dy 4 d0 
By the Chain Rul — —— — ——5 -— +53 -—4+5 — 
y the Chain Rule, di^ Bc di’ By di! O8 di => Ji zysinð di + sxsind ED + zxy cosð - TE 


When z = 20, y = 30, and 0 = 7/6 we have 


dé 
0 = $(30)(sin 2) (3) + $(20)(sin Z) (—2) + 1 (20)(30) (cos £) PTS 
.1—929.24300. Y3. 39 = 25 d 
=45: 3—20: 3 +300: M 2 +1503 7 
Solving for Hm gives — uiu =— : , So the angle between the sides is decreasing at a rate of 
dt dt 150y/3 . 12y3 


1/ (12/3) = 0.048 rad/s. 


48. fo = (5 = “2 j= (3345) 460 ~ 576.6 Hz. v, and v, are functions of time t, so 


C — Us 


df, _ Ofo dvo m afo dvs — 1 f dvo c+ Uo dus 
dt Ovo dt Qus dt C— Us s 


= (sss) (460) (1.2) + B82+84,, (460) (1.4) ~ 4.65 Hz/s 


; Oz Oz Oz, Oz Oz ] , Oz 
49. (a) By the Chain Rule, ar ^ Br 7 0+ oy sin 6, 36 ^ dz (—r sin 0) 4 Dy r cos 0. 
(b) Oz Í 3z cos 20 4 9597 cos0 sing + OF PT 
Or Ox Ox Oy Oy : 


2 2 
(5) - P" 3i r? sin 79-2 = = r^ cost sin 0 + (3) r? cos? 0. Thus 
ð 
0 


Of d = T 2z z 9zY (cos? 0 + sin? 0) = a2) | a2) 
Or r? V 00 Ox Oy ~ \ Ox "M 
Ou ðu Ou ,. Ou Ou 


50. By the Chain Rule, 0: 7 55 e? cost + By €? sint, DEC Oz (—e? sint) + < €? cost. Then 


Ou Y OuY 4, 5 Ou Ou 5, . dui de 2 
(=) = (=) e^? cos do 70 cost sint + (=) e^? sin* t and 
2 2 2 
(2) E (=) é” sin? t — 2 uda e?” cost sint + (=) e? sin? t. Thus 
du s du 2 oes du an du 2 
Os Ot Ox Oy) 
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51. Letu = x + at, v = x — at. Then z = f(u) + g(v), so 8z/0u = f'(u) and 0z/8v = g' (v). 


Oz  OzOu i Oz Ov 


1 1 
Thus ar Ba T af'(u) — ag' (v) and 
Oz à 1 1 df" (u) ðu dg' (v) Ov 42 gn PEN 
ag Ttgl Or osal [Ha ae} HEP) tg" o). 
2 2 2 
Similarly, ae = f'(u) + g' (v) and z f" (u) + g" (v). Thus a =a? DT 
52. By the Chain Rule, ou — e? cost a + e? sint u and a = —e*sint ou + e? cost x 
2 
Then aS = e? cost ou + e? cost 2 (3) + e? sint o + e? sint 2 (2). But 
9 (du) _ Oude | Pu dy _ e? sap oe + e? sint : and 
Os \ Ox Or? Os ` Oy Ax Os Ox? Oy Ox 
ð (ðu)  OuO8y u Ox — TN 2u m 2 
Os\ Oy) Ody? As  OrOyOs Oy? Ox Oy 
2 2 
Also, by continuity of the partials, s = jae Thus 
3u = e? cost DRE + e° cost| e? cost Pu +e*sint ^u l e? sint Du + e?sint| e? sin£ ^u + e? cost 
Os? — Ox Ox? Ox Oy Oy Oy? 
2 2 2 
=e cos tot + e? sint » + e” cos? t ou + 2e?* cos tsint 57 a +e” sin? t Ts 
Similarly 
ou gioi €? sint oon €? sint Du INR UA e 
oto — Ox Ot V Ox Oy Ot \ Oy 
2 2 
= —e? cost au — e? sn(-e sint E + e? cost x) 
2 2 
—e? sint = +e? cost(e cost = e° sint ET 5) 
2 2 2 
= —e* cost €? sint Fe + e” sin? t a — 2e?5 cos tsin t x F + e” cog? t A 
u Ou u Pu u Ou 
—-2s| 4 eR e 2 +2 = 1 
Thus e (3: + ETE ) (cos* t + sin* t) (Sa + 55) o + Dye’ as desired. 
Oz Oz Oz 
53. a5 m 2s + E 2r. Then 
Oz ð (Əz ð (Oz 
= 2 2 
OrOs Or (F s) i Or ($ r) 
8?z Ox ð (O0zNOy Oz ð O?z Oy ð ( 0zN Ox Oz 
d ede euge eU deu d Sefer Rae P 
Ox? Or s (Z) T S+ y2 Or Ox \ðyj Or DE 
Pz Oz 3 Oz O72). 5 Oz 
= — 4 + 4rs — + 4 2— 
Pom tog PUN rS Oy? Ox Oy i Oy 
a . Oz O?z Oz 2 » Oz Oz 
By the continuity of the partials, a0; 4rs zzz + 4rs By? | (Ar^ + As?) Iz Oy + 7 
uplicated, or posted to a publicly accessible website, in whole or in part. 
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54. By the Chain Rule, 
Oz Oz Oz 


Oz. 
(2) 5 = By 0080 + 5, sind O) a5 = —Fersind + Ze reos 


@ ee ee 2 osi MEL, 2 See A guapo 9e E LP ag e 
OrO0 | 000r  O00VO0x Oy B Ox 00 \ Ox Oy 00 \ Oy 


O^z Oy Oz Ox 


ee ee 9*2 0v 2z Oy dins iy rie OP oO OE 
i Ox Ox? 00 | Oy Ox 00 Oy 0y?00 Ox Oy O00 
. , OZ Oz O7z Oz : Oz 3 Oz 
= -sin SE + cost (—rsind T + roost 02.) | SELECT | sind (rest 5 LII 
. 4,02 ] 2z 24, OZ Oz . 2z 2.34 O82 
= —sind 5- — rosé sing a T” cos l oz ep onde r sin Eom 
2 2 2 
= 008 0 = -sino 52 +rcos 0 sinO (5 — xa) + r(cos? 0 — sin? 0) "t 
Oz Oz Oz . Oz Oz, Oz 
55. a= a, (O89 + Teen 86 ^ Dn r sin 0 + a 50. Then 
2 2 2 2 2 
Z = coso (i est nt sind) + sin 0 (Zi sino+ n cos 0) 
Or z , O^z . Oz 
= cos’ 0 5 + 2cos6 sind Bray 6a 
and 
2 2 2 
€ = =r coso 52 + (—rsin 6) (53 (^r sin 0) + ae reos) 
. OZ Oz Oz ; 
-rsin0 SE eost (Z reos + = (—rsin6) 
Oz "T nib ko a? z 2 . Oz 3:090 2 
= rcosé = der r^ sin 0a 2r^ cos 0 mdr cos 658 
Thus 
Oz id Oz 10z 2 apy O72 22 ap OZ 
BB + 72 pg? ens (cos 0 + sin 9) aa + (sin 0 4- cos 0) op 
-iex0 5 — Deme 5 + 2 (cond 5 + sing 2) 
Oz Oz ; 
= J + EY as desired. 


56. Since f is a polynomial, it has continuous second-order partial derivatives, and 
f (ta, ty) = (tz)? (ty) + 2(ta) (ty)? + 5(ty? = tay + 28 xy? + 50? = P(a?y + 22y? + 5y*) = C f (x,y). 


Thus, f is homogeneous of degree 3. 


57. (a) Differentiating both sides of f (tx, ty) = t" f(x, y) with respect to t using the Chain Rule, we get 


Š ft) = fes) e 
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filz tg): Oe cr papa un f (iz, ty) = nt! f(x,y). 


flte ty): Ê 8t (tz) 


ð 
O(tzx) 
Setting t — iG ye dg dons y) — nf(z,y) 

UU. Ox d Oy : Rig 


(b) Differentiating both sides of f (tx, ty) = t” f(x, y) with respect to t using the Chain Rule, we get 


ð O(tz) a O(ty) _ 
aag PO ty) ai + Dey E) -o =f 


Z Fist) +u gey F2, ty) = ni” frs) and 


differentiating again with respect to t gives 


"E O (tx) 9? ð (ty) 
9? O (ta) 9? O(ty)] | "ES 
tlama Mt E gp fent Se] nm nre 


Setting t = 1 and using the fact that fys = fry, we have x? fes + 2ryfry +Y’ fyy = n(n — 1) f(x,y). 
58. Differentiating both sides of f (tx, ty) = t" f(x, y) with respect to x using the Chain Rule, we get 
ð ð 
L f(tz,ty) = — (t^ 
a; ty) = 3c few) e 


sas feet) AE ga ftot E r e e tlet) m fleo) 


Thus fa(tx, ty) — t"^! fa (x,y). 
; : , Oz Foi: 
59. F(x,y, z) = 0 is assumed to define z as a function of x and y, that is, z = f(x,y). So by (6), ar^ pe F, #0. 
Similarly, it is assumed that F (x,y,z) = 0 defines z as a function of y and z, that is x = h(a, z). Then F(h(y, z),y, z) =0 


Ox Oy Oz Oz Oy z 
— —+F,— = 0. Butl = = = ], so Fy — + Fy = 
By Əy + 7" 0. Bu Dy 0 and Dy so " 


NE ; Oy F; Oz Ox Oy Fy Fy F, 
A similar calculation shows that — = ——. Thus 2 — = | -= pa pao ea 
similar calculation shows that = F, u A Oy De ( =) ( F. 


and by the Chain Rule, Fy + Fy 


d 
60. Given a function defined implicitly by F(x, y) = 0, where F is differentiable and F, 4 0, we know that = = ——. Let 


G(z,y) = — p? = = G(x, y). Differentiating both sides with respect to x and using the Chain Rule gives 
y 


dy Gdr | 0G dy OG ə ( =) Fy Fee —FrFyx 0G 8 ( =) Fy Foy — FE 


da? Ox dz ` Oy dx where Ox x Fy F2 'Oy Oy Fy F? 


d?y F, For — FF, F, Foy — FS, F, 
Th SF_ |_ Żytrr zt yr 1 | ¿ytty zt yy Iit 
FauF2—FyuFF, — FoyFyFe + Fy F? 

F3 


y 


But F' has continuous second derivatives, so by Clauraut’s Theorem, Fys = Fry and we have 


y Fos Fg — 2FryFr Fy + FyyF? 
dx? n 


as desired. 
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14.6 Directional Derivatives and the Gradient Vector 


1. We can approximate the directional derivative of the pressure function at K in the direction of S by the average rate of change 
of pressure between the points where the red line intersects the contour lines closest to K (extend the red line slightly at the 
left). In the direction of S, the pressure changes from 1000 millibars to 996 millibars and we estimate the distance between 
these two points to be approximately 50 km (using the fact that the distance from K to S is 300 km). Then the rate of change 


of pressure in the direction given is approximately 296 1009 — —0.08 millibar/km. 


2. First we draw a line passing through Dubbo and Sydney. We approximate the directional derivative at Dubbo in the direction 
of Sydney by the average rate of change of temperature between the points where the line intersects the contour lines closest to 
Dubbo. In the direction of Sydney, the temperature changes from 30? C to 27? C. We estimate the distance between these two 
points to be approximately 120 km, so the rate of change of maximum temperature in the direction given is approximately 


2030 = —0.025°C/km. 


3. Du f(—20, 30) = Vf (-20,30)-u = fr (720,30) (5) + fo(—20, 30) (<3). 


f(—20 + h, 30) — f(—20, 30) 


fr(—20, 30) = jim A , so we can approximate fr(—20, 30) by considering h = +5 and 
using the values given in the table: fr(—20, 30) = Se) E F208) S28 88) = 1.4, 

fr(—20, 30) ~ FCP, 30) — C09 20); 789 - (83) = 1.2. Averaging these values gives fr(—20, 30) e 1.3. 
Similarly, f,(—20, 30) = lim Aeau dd UR so we can approximate f,(—20, 30) with h = +10: 

7, 20,30) a; f (720,49 em 30  —34 a) i he 

fu(—20, 30) ~ N; 20 ICD SU) o0 — = —0.3. Averaging these values gives f/,(—20, 30) ~ —0.2. 


Then Du f (—20, 30) ~ 1.3( 3x) + (-0.2) (34) ~ 0.778. 


4. f(x,y) =y? r? => felz, y) =y? — 2x and fy(x,y) = 3xy?. If u is a unit vector in the direction of 0 = 7/3, then 


from Equation 6, Du f (1,2) = f.(1,2) cos(2) + f,(1,2)sin(£) =6-5+12- v3 = 3 + 6/3. 


5. f(x,y) = ycos(my) = fr(x,y) = y|- sin(zy))(y) = —y" sin(xy) and 
fy(x,y) = y|- sin(zy)](z) + [cos(zy)](1) = cos(zy) — xy sin(xy). If u is a unit vector in the direction of 0 = 7/4, then 


from Equation 6, Du f (0,1) = fx(0, 1) cos(4) + fy(0, 1) sin(£) =0- 2 H1. x2 = um 


6. f(x,y) = VÆF3y => fe(w,y) = $Qz-3y) '7(2) = 1/ 2r t 3y. and 


falz, y) = 4 (2x + 3y)- 1? (3) = 3/ (24/2x + 3y). If u is a unit vector in the direction of 0 = —7 /6, then from Equation 6, 


Daf(3,1) = f«(3,1)cos(- 2) + f,(3,1)sin(—2) = 1-33 - 1.(-1)) S - 1, 
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7. f(x,y) =arctan(zy) => felz, y) = and fy(x, y) = ae If u is a unit vector in the direction 


9 
1+ (xy)? 


0 = 37/4, then from Equation 6, 
3r a (37 3 / v2 2g V 5v2 
Duf (2,-3) = f«(2, 3) cos( 1 ) + fy(2, 3)sin( 2) s( 2 ) s( 2 ) 7 


8. f(x,y) = x? e" 
9f Of . = Vi 26U 1 
(a) Vf(z,y) = Aa i+ j = 2ae%i+ x^e"j 
2(3 


Oy 
jei + 37e° jf = 614 9j 


(b) VF (3,0) = 


(c) By Equation 9, Du f (3,0) = Vf(3,0)-u = (6i +95) - (2i- 2j) = 38 — 335 2 — 1. 


9. deca) veer eae 


(a) Vf(z,y) = 
(b) Vf(2,1) = 
(c) By Equation 9, D, f(2,1) = Vf(2,1)-u = (1—2j) (gi $j) = 3 — 3 =-1. 


10. f(x,y) = x° lny 
Of. | Of 


(a) Vf(z,y) = 5 it 5, = 2zrlnyi- (2?/y)j 


(b) Vf(3,1) = 0i + (9/1) j = 9j 


(c) By Equation 9, Du f(3, 1) = Vf(3,1)-u=9j -( a i+ 12 j) =0+ 103 = 108, 


N. f(x,y, z) = x? yz — ryz? 
(a) V f(z, y, 2) = (f(x,y,z), fy. y, z), fz(x,y, z)) x: (2xyz X Ue uta = p oy = 3zyz?) 
(b) Vf(2, 1,1) = (—4 + 1,4 — 2, —4 + 6) = (-3,2,2) 


(c) By Equation 14, Du f(2,—1, 1) = Vf(2,—-1,1) - u = (—3, 2, 2) - (0, 2,-2) 20 $- f =2. 


12. f(x,y, z) = yer 
(a) Vf(z,y;2) — eles, 2), due 2), fe(£,y,2)) = re (yz), y^ oe?! (x2) + e77 . 29, y" e" V" (sy) 
= (yz ery? (xy 27+ 2y)e LYZ sey ere) 
(b) Vf (0,1, —1) = (-1, 2, 0) 


(c) Daf(0,1, —1) = Vf(0,1,-1)-u =(- 1,2 ,0) - m n 3) is | s +0 i3 


13. f(x,y) =e siny =>  Vf(z,y) = (e^ siny, e" cosy), Vf(0,7/3) = CE, $) anda 


unit vector in the direction of v is u = VCONS (76,8) = 7 (-6,8) = (-$, $), so 


f(0,n/3) = Vf(,7/3)u (98, 2) - (-3,$) = - 38 + f= 55. 
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x -— (2? -y?)(1) — z(2z) 0— z(2y) = yY- r? | 2xy 
a2 4 y? => Vf(zy) ( (x2 + y2)2 GG (ao (x2 + yi ) 


f(x,y) = 


Vf(1,2) = (%,—-#), and a unit vector in the direction of v = (3,5) is u = URS (3,5) — (A AD so 


= 3 4 3 5 9 20 11 
Du f(1,2) = Vf (1,2) -u (a 4) 34’ 23) 25/34 | 2534 254/34" 


g(s,t)=svt — | Vg(s,t) = (Vt)i-- (s/Qvt))j; Vg(2,4) = 2i + $j, and a unit vector in the direction of v is 


= 1 A ayes. d pos Dur um fa Laine S175 Se 1 1 7 
BS S en i = Vee) speed eC 3-22 0-2)-7zm 


vs 
or D, 

g(u,v) =u°e™ => Vg(u,v)— (2ue")i- (—u?e7”) j, Vg(3,0) = 6i — 9j, and a unit vector in the direction of v 
is u = mae + 4j) = (3i + 4j), so Du g(3, 0) 2 Vg(3,0) -u = (6i — 95) - (3i + 45) = (18 — 36) 2 — #2. 


f(z,y,z)-—ay-yz = Vfl, y, z) = (2ry, £? -2yz,y?), Vf(1,2,3) = (4,13, 4), and a unit 


; TEST Bee l EE: 
vector in the direction of v is u = um-Lb2 = $(2, —1,2), so 
Du f(1,2,3) = Vf(,2,3):u— (413,4). $(2,-1,2) = $ (8 — 13 +8) = $— 1. 


2 
f(x,y,z) = ry’ tantz => Vf(a,y,z) = (i tn dua xy ) 


"p 
Vf(2,1,1) = (1: TAn i) = (4,7, 1), and a unit vector in the direction of v is u = ees (11,1) = +a (1,1, 1), 


so Dy f(2,1,1) = Vf(2,1,1)-u=(9,7,1)- 28 (51) = A4 ($04 1) — 78 CE 1D). 


h(r,s,t) = n(8r+6s+9t) =>  Vh(r,s,t) = (3/(3r + 6s + 90), 6/(3r + 6s + 9t), 9/(3r + 6s + 9t), 


Vh(1,1,1) — (4, i Ly, and a unit vector in the direction of v = 4i + 12j + 6k is 


2 
= 1 s : — 2; 6s 3 


Duf (2,2) = V f (2, 2) - u, the scalar projection of V f (2, 2) onto u, so we draw a y 
perpendicular from the tip of V f (2, 2) to the line containing u. We can use the 


point (2, 2) to determine the scale of the axes, and we estimate the length of the 


projection to be approximately 3.0 units. Since the angle between V f (2, 2) and u 


is greater than 90°, the scalar projection is negative. Thus Du f(2, 2) ~ —3. 


fiz,y=2y-y => Vf(my- (Arg, 23?y — 3^, so Vf (1,2) = (8, —8). The unit vector in the 


direction of PQ = (-3—1,5 — 2) = (4,3) is u = 1__(_4,3) = (-4,3), so 
TT ? us ? /(—4)3 4 32 ? m 5? 5 , 


D.f(1,2) = Vf(1,2):u— (8, 8) - ( 43) — 56, 
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. x 1 2x : : RUE 
f(x,y) = yi => Vf(z,y)-— gU y so Vf(3, —1) = (1,6). The unit vector in the direction of 
PQ = (—2 — 3,11 — (—1)) = (-5,12) is u = 1 (512) = (-Ā, £), so 


so Du f(2,8 = V f (2,8) -u = (1,1): (3, —4) = 2. 


f(z, y, z) = ry?’ => Vfl(z,y,z)= Gre, 2xyz?, doy 2^ so V f (2, 1,1) = (1,4, 6). The unit vector in the direction 


— 
: — 1 Í 
of PQ = (0 2, 3 1,5 1) = ( 2, 4, 4) 1s U = SS 2. 4, 4) = $ 2, 4, 4), So 


Du f(2,1,1) = Vf(2,1,1)-u = (1,4,6) - 2 (-2, 4,4) = t (-2— 16 + 24) = 1. 


f(v, v, z) = vy — zy^z > Vi(ay, z) m (y ce i any, 2axyz), so Vi(2, =}, 1) = (-2, 6, —4). 


The unit vector in the direction of PQ = (5 — 2,1 — (—1),7 1) = (3, 2,6) is u = —=+— (3, 2, 6) = (2, 2, $), so 


Daf (2, 1,1)=VfQ, 1,1)-u=( 2,6, 4). (3,2,8) =- E, 


y \ | 
10.) g 
10 8 
la Note that the vectors drawn at P, Q, and R are 
8 
P 6 6 perpendicular to the curves and represent the direction 
6 
| | () 4 Q N of maximum increase. 


f(z,y)-5zy^ => Vf(z,y)- (5y?^, 10zy). Then V f(3, —2) = (20, —60), or equivalently, (1, —3) is the direction of 


XY 


maximum rate of change, and the maximum rate of change is |V f (3, —2)| = 4/20? + (—60)? = 4/4000 = 204/10. 


S zs 
f(s.) = Sage Gt +P)" = 


t? — 8? 2st ) 


V f(s,t) = (s(-1)(s? + ?)?(25) + (1) (s? +07), s(-1)(s? + ?)?(20)) = (s TIBy GB 


Then V f(—1,1) — (0, i) is the direction of maximum rate of change, and the maximum rate of change is |V f (—1, 1)| = 2. 


f(x,y) = sin(zy) => Vf(x,y) = (ycos(xy),x cos(xy)), V f (1,0) = (0, 1). Thus, the maximum rate of change is 


[V f (1,0)| = 1 in the direction (0, 1). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


31. 


32. 


33. 


34. 


35. 


SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR 1415 


Thus, the maximum rate of change is IV.f(., 2, 3)| =4/0 + i +4= x = ve in the direction (0, i, 25, or equivalently, 


(0,1, 4). 


f(x,y,z) =2/(y+2) = z(y +2)! => 


Vf(z,y,2) = (1/( + 2), -a(y + 2) 70), -x(y + 2) ?0)) = G i z' (y Ts ” (y D ) 


Vf(8,1,3) (4, i. =) ( ID i) Thus, the maximum rate of change is 


4 2 


Vf(81,3) =,/44+44+4=,/% = 3 in the direction (1, — 1, — 1), or equivalently, (1, —2, —2). 
16 474 16 4 4 2» 2 


qr pr pq 212 

QT) =arctan(pgr) =>  Vf(p,q,r) = ( ————,————À3————s»VMf(521)-(inss) 

f(p.a.r) (par) (par) rum TG nme £(,2,1) = ($$: 8) 
Thus, the maximum rate of change is |V f(1, 2, 1)| = 3s tác zs = Vz = 2 in the direction (2, z; 2), or 


equivalently, (2, 1, 2). 


(a) As in the proof of Theorem 15, Du f = |V f| cos 0. Since the minimum value of cos 0 is —1, occurring when 0 = 7, the 
maximum rate of decrease of Du f is —|V f| occurring when 0 = 7; that is, when u is in the opposite direction of V f 


(assuming V f # 0). 


(b) f(z,y) = a*y —a^y? = Vf (v, y) = (4a?y — 2xy? a^ — 3a?y?), so f decreases fastest at the point (2, —3) in the 


direction — V f (2, —3) = — (12, —92) = (—12,92). The maximum rate of decrease is 


IV. (2, -3)| = — |(12, —92)| = —/122? + (—92)? = —/8608 = —44/538. 


f(z,y)=2+2y =>  Vf(z,y) = (2x y^, 3xy’) so Vf(2, 1) = (5,6). If u = (a,b) is a unit vector in the desired 


direction then Duf(2,1) 22. < (5,6)-(a,b)=2 & 5a+6b=2 b=} -— 2a. But e+eP=1 6 
a? 4 (i 3a)? =1 Sla? $a + i = 61a? — 20a — 32 = 0. By the quadratic formula, the solutions are 


=(=20) + /(=20)? —4(61)732) _ 20+ V8208 _ 10+ 6V57 p, 10-657 


= 0.9065 then 


2(61) 122 61 61 
pe i oe OVO us 0,4221, and ifa OY ofS cUpfbrhmpet. o (I OV ass 
3 6 61 61 3 6 61 


Thus the two directions giving a directional derivative of 2 are approximately (0.9065, —0.4221) and (—0.5787, 0.8156). 


For f(x,y) = x? + y? — 2x — 4y, the direction of greatest rate of change is V f (x, y) = (2x — 2) i+ (2y — 4) j, so we need 


to find all points (x, y) where V f (x, y) is parallel to i+ j (2a —2)i+ (Qy-—4)j=c(i+j) & c=2u—-2and 


c = 2y — 4. Then 2x — 2 = 2y — 4 y = x + 1, so at all points on the line y = x + 1, the direction of greatest rate of 


change of f isi +j. 
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The fisherman is traveling in the direction (—80, —60). A unit vector in this direction is u is 80, —60) — ( $ 3), 


and if the depth of the lake is given by f(x,y) = 200 + 0.022? — 0.0015, then V f(x,y) = (0.04x, —0.003y?). 


Du f (80,60) = V f (80, 60) - u = (3.2, —10.8) - (—2, — 8) = 3.92. Since Du f (80, 60) is positive, the depth of the lake is 


increasing near (80, 60) in the direction toward the buoy. 


fo Ë — andi9077(1,2:2) =" so k = 360. 
/32 y? + 2? 3 
(1, -1,1) 
a) u = ————-, 
” V3 


DuT(1,2,2) = VT(1,2,2)-u= |--360 (a + y? + 22) P" (v.g, 2)] u--2(,2,2.38(,71,1) = 


40 
(1,2,2) 33 
(b) From (a), VT = —360 (x? +y? + 2°) DE (x,y, z), and since (x, y, z) is the position vector of the point (x, y, z), the 


vector — (x,y, z), and thus VT, always points toward the origin. 
VT = —400e- 7^ 3v -92* (x, 3y, 92) 


(a)u= A —2,1), VT(2, —1,2) = —400e- * (2, —3, 18) and 


°C/m. 


—43 
Da T(2,—1,2) = (2e _ _ 5200 v6 


V6 3e43 
(b) VT(2, —1,2) = 400e- * (—2,3, —18) or equivalently (—2, 3, —18). 
(c) |VT| = 400e-7^ - 3v? -92 Gap 9y? + 8122 °C/m is the maximum rate of increase. At (2, — 1, 2) the maximum rate 


of increase is 400e 54/337 °C/m. 
VV(z,y,z) = (10x — 3y + yz, zz — 3x, zy), VV(3,4,5) = (38, 6, 12) 


(a) Du V(3,4, 5) = (38, 6, 12) : (1, 1,—1) 


ee 
V3 = 7 


(b) VV (3,4,5) = (38, 6, 12), or equivalently, (19, 3, 6). 


(c) |VV(3, 4, 5)| = V387 + 6? + 12? = 1624 = 2 V406 


. z = f(x,y) = 1000 — 0.005x? — 0.01? => Vf(x,y) = (—0.01x, —0.02y) and V f (60, 40) = (—0.6, —0.8). 


(a) Due south is in the direction of the unit vector u = —j and 
Du f (60,40) = V f (60, 40) - (0, —1) = (—0.6, —0.8) - (0, —1) = 0.8. Thus, if you walk due south from (60, 40, 966) 
you will ascend at a rate of 0.8 vertical meters per horizontal meter. 


(b) Northwest is in the direction of the unit vector u =F (—1, 1) and 


Dau f (60,40) = V f (60,40) - 75 (—1, 1) = (-0.6, -0.8) - 7 ( 1,1) = P e 0.14. Thus, if you walk northwest 


from (60, 40, 966) you will descend at a rate of approximately 0.14 vertical meters per horizontal meter. 
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(c) Vf(60, 40) = (—0.6, —0.8) is the direction of largest slope with a rate of ascent given by 


[V f (60, 40)| = ,/(—0.6)? + (—0.8)? = 1. The angle above the horizontal in which the path begins is given by 


tand=1 > @0=45°. 


— — 
41. A unit vector in the direction of AB is i and a unit vector in the direction of AC is j. Thus Ds f(1,3) = fe(1,3) = 3 and 


D f(1,3) = fy(1,3) = 26. Therefore V f(1,3) = (f2(1,3), f, (1, 3)) = (3,26), and by definition, 


—3À 
D- f(1,3) 2 Vf - u where u is a unit vector in the direction of AD, which is (Š, 2y, Therefore, 


D-z 083) = (3,26) - (i$; m =3. 3 + 26. i 2 m 


42. The curves of steepest ascent or descent are perpendicular to all of the contour lines (see Figure 13) so we sketch curves 


beginning at A and B that head toward lower elevations, crossing each contour line at a right angle. 


^ e. ou. BM River Pine Divi a] 
RŠ f bi lue River o NBlue River ~ Mi 
t OY z 


ESE 


O(au+ bv) (au + bv) Ou ðv ðu Ov Ou Ou Ov Ov 
43. bv) = ( ————,————)- —+b—,a—+b—)= —, — b( —, — 
Give et) ( Ox , Oy x T 3x | Oy + Oy 2^ Oa’ Oy ji Ox’ Oy 


=aVu+t+bVv 


Ou dv ðu EIS Ou Ov Ov 


O Vue) = (v tuo t Fe ge) tu Fe gr) co Vut uo 


Ou wv, Ou — " Ov " Ou Ou " Ov Ov 
uy Js "nr Oy Oy N _ Ox’ Oy Ox’ ðy/ | vVu-uVu 
(c) V 2 , 2 2 2 
v v v v v 


(d) Vu” = GS ) E >) = (me oe nuni x) = nu”! Vu 


44. If we place the initial point of the gradient vector V f (4, 6) at (4, 6), the vector is perpendicular to the level curve of f that 
includes (4, 6), so we sketch a portion of the level curve through (4, 6) (using the nearby level curves as a guideline) and draw 


a line perpendicular to the curve at (4, 6). The gradient vector is parallel to this line, pointing in the direction of increasing 
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47. 


function values, and with length equal to the maximum value of the directional 
derivative of f at (4,6). We can estimate this length by finding the average rate 
of change in the direction of the gradient. The line intersects the contour lines 


corresponding to —2 and —3 with an estimated distance of 0.5 units. Thus the 


—2-—(- f 
rate of change is approximately eal = 2, and we sketch the gradient 


vector with length 2. 


f(xy = £? +52°Yy +y? > 


Duf(z,y) = Vf(z,y) u= (3x? + 10xy, 5a? + 3y’) . (8, i) = oe: + 6xy + 4a? + By = 2g? + 6xy- 1242, 
Then 


L 174, 4 18) 4 24,4 96,,_ 294, 186 
= oap tt Sy t FU sey = Bett oy 


and D2 f(2,1) = 284(2) + #81) = Zr 


25" 


. (a) From Equation 9 we have Du f = Vf - u = (fz, fy) : (a,b) = fea + fyb and from Exercise 39 we have 
Dif = Da [Daf] = V [Du f] a 
= (foxa + fyxd, foya + fyyb) - (a, b) 
= faza? + fysab + feyab + fyyd? 
But fyz = fry by Clairaut’s Theorem, so D2 f = fraa? + 2fryab + fyyb”. 
(b) f(x,y) = re?” fr = €, fy = 2xe?*, fra = 0, fry = 2€7¥, fyy = Avc?" and a unit vector in the direction of v 
is u = ae (4,6) = (Fr Ax) — (a,b). Then 
Dif = fora” + 2feyab + fyyb? 
=0- (A) +2- 267% (+) (+) + Axe?" (38) = 2g 4 Ege 
Let F(x,y, z) = 2(r — 2)? + (y — 1)? + (z — 3?. Then 2(z — 2)? + (y — 1)? + (z — 3)? = 10 is a level surface of F. 


P.(x,y,2)-4(»—2) => F,(3,3,5) = 4, Fy(a,y,z) —2(y—1) = F,(3,3,5) = 4, and 
F.(a,y,z) =2(z2-3) => F:(3,3,5)= 4. 


(a) Equation 19 gives an equation of the tangent plane at (3, 3, 5) as 4(x — 3) + 4(y — 3) + 4(z — 5) = 0 


4a + Ay + Az = 44 or equivalently x + y + z = 11. 


(b) By Equation 20, the normal line has symmetric equations 3 1 2 = - 22 1 z or equivalently 


x — 3 = y — 3 = z — 5. Corresponding parametric equations are x = 3 +t, y =3+t,z =5+t. 
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48. Let F(z,y,z) = yY? +27 — x. Then z = y +2741 y? +2? — x = —1 is a level surface of F. 


F,(a,y,z)=-1 => F,(3,1,-1)=-1, PFy(zm,y,z)—2y = F,(3,1,-1) =2, and F,(z,y,z)=2z => 


F,(3,1, 1) = -2. 


(a) By Equation 19, an equation of the tangent plane at (3, 1, —1) is (-C1)(z — 3) + 2(y — 1) + (—2)[z — (-1) 2 0. or 


—x +2y— 2z =1 or z—2y--2z = —1. 


— —1 — (-1 
(b) By Equation 20, the normal line has symmetric equations 7 3 d Pim = : ) or equivalently 
—1 1 ‘ ; 
yz—3-— i = = and parametric equations x = 3— t, y= 1 + 2t, z = —1 — 2t. 


49. Let F(x,y, z) = vy?z?. Then zy?z? = 8 isa level surface of F and VF (x,y,z) = (ura 2xyz?, Sy 9 
(a) VF(2,2,1) = (4, 8, 24) is a normal vector for the tangent plane at (2, 2, 1), so an equation of the tangent plane is 
4(x — 2) + 8(y — 2) + 24(z — 1) 20 or 4r + 8y + 24z = 48 or equivalently x + 2y + 6z = 12. 
(b) The normal line has direction V F(2, 2, 1) = (4,8, 24) or equivalently (1, 2, 6), so parametric equations are x = 2 + t, 


l : —2 —1 
y — 2 4- 2t, z = 1 + 6t, and symmetric equations are x — 2 = -— =. ra 


50. Let F(x, y, z) = xy + yz + zx. Then zy + yz + zz = 5 isa level surface of F and VF (x,y,z) = (y-- zz -- z,c +y). 


(a) VF(1, 2,1) = (3, 2,3) is a normal vector for the tangent plane at (1, 2, 1), so an equation of the tangent plane 
is 3(x — 1) + 2(y — 2) +3(z-1)=0 or 3z + 2y + 3z = 10. 


(b) The normal line has direction (3, 2,3), so parametric equations are x = 1 + 3t, y = 2 + 2t, z = 1 + 3t, and symmetric 


; x 
equations are 3 = = 
51. Let F(x,y,z) =x +y + z -— e””7. Then x +y + z = e*” is the level surface F(x,y, z) = 0, 
and V F(z,y, z) = (1 — yze*"^,1 — zze?"*,1 — rye™””). 


(a) VF (0,0, 1) = (1, 1, 1) is a normal vector for the tangent plane at (0,0, 1), so an equation of the tangent plane 


is l(a —0)+1(y—0)+1(z-1)=0 or e+y4+2z=1. 


(b) The normal line has direction (1, 1, 1), so parametric equations are x = t, y = t, z = 1 + t, and symmetric equations are 
e=y=2z-1. 
52. Let F(x,y, z) = z^ + yf + 24 — 3z?y? z?. Then z4 + y! + z^ = 3273? z? is the level surface F(x, y, z) = 0, 
and VF (x,y,z) = (4a? — 62s? z2, Ay? — 6x? yz?, Az? — 6x? y? z). 
(a) VF(1,1,1) = (-2, —2, —2) or equivalently (1, 1, 1) is a normal vector for the tangent plane at (1, 1, 1), so an equation 
of the tangent plane is 1(z — 1) + 1(y—1)4-1(z— 1) 20 or z-y-c-2-—3. 
(b) The normal line has direction (1, 1, 1), so parametric equations are x = 1 +t, y = 1-- t, z = 1 + t, and symmetric 


equations are x — 1 = y — 1 = z — 1 or equivalently x = y = z. 
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for z: z = 74. 
r-dcdy 
. F(z,y,z) = xyz xyz = 6 is the level surface F(a, y, z) = 6. 7 
DEAL 
VF(x,y,z)-—(yz,uz,yr) => VF(1,2,3) = (6,3,2), and an 54 Ti H l 
) 
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F(x,y,z)-— £y +yz+zx = xy+yz+ zz = 3 isthe level 
surface F(x,y, z) 23. VF(a,y,z)=(y+z,¢+2,y+2) => 
VF(1,1,1) = (2, 2,2), and an equation of the tangent plane is 


2x + 2y + 2z = 6 or x + y + z = 3. The normal line is given by 


x—1=y-—1=z-—l1orzx = y= z. To graph the surface we solve 


NC 
Woz 
— 


(Y 
equation of the tangent plane is 62 + 3y + 2z = 18. The normal line is | Ji pii | Wy \ 
z | 
given by z 6 Ee 3 oe. 2 3 orsz =1+6t, y=2+3t, Wi HN / 
qM 
z = 3 + 2t. To graph the surface we solve for z: z = = o H Wh 
y2 
4 2 x 
f(z,y)-—zy => Vf(x,y) = (y, x) and Vf(3,2) = (2,3). Since YA 


V f (3,2) is perpendicular to the tangent line, the tangent line has equation 


2x + 3y=12— 
2(x — 3) + 3(y—2) =0 or 2r + 3y = 12. 


gay) =£? +y? —4v =>  Vg(v,y) = (2x — 4, 2y) and 


Vg(1, 2) = (—2, 4). Since Vg(1, 2) is perpendicular to the tangent line, 


the tangent line has equation Vg(1, 2) - (x —1,y — 2) = 0 


(—2,4) - (a —1,y—2) =0 2(x —1)+4(y— 2) =0 


—2z + Ay = 6 or equivalently —x + 2y = 3. 


F(a,y,2) = 2?/a? 4 y?/b? + 27 /c?. Then z? /a? + y?/b? + 27/c? = 1 is the level surface F(x, y, z) = 1 and 


2 2 2 . ; 
V F(xo,yo,zo) = GR. x 2), Thus, an equation of the tangent plane at (xo, yo, Zo) is 
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2 2 
—«1+—Sy4+52= (3 +5 + 2) = 2(1) = 2 since (xo, yo, zo) is a point on the ellipsoid. Hence 
à c a c 

To Z0 : . 

—Uvtyt a^^ 1 is an equation of the tangent plane. 

a 


b2 


F(a,y,2) = 2?/a® + y?/b? — 2?/c?. Then 2? /a? + y?/b? — 22/c? = 1 is the level surface F(x, y, z) = 1 and 


2X0 2Yo —2z0 


VF (zo, yo, zo) = s. p2’ 


5 i so an equation of the tangent plane at (xo, yo, zo) is 
c 


2xo 2yo 220 % y 28 Xo Yo Zo 
a Tt” mu 4c at 2 or z=1. 


F(2,y,2) = 27/a? + y?/b? — z/c. Then z/c = x? /a? + y?/b? is the level surface F(x, y, z) = 0 and 


2x0 2Yo 1 2x6 , 2yà 2o 


2x0 2Yo —1 
b2 n a? $ b2 c 


VF (20, yo, z0) = GR qao =). so an equation of the tangent plane is - £+ 


+ 


2x 2 k T2 2 Z Zz T2 2 
or A y= ( deem 9 But £ = Z | 96 56 the equation can be written as 


Let F(x,y, z) = a? + y? + 222; then the ellipsoid z? + y? + 2z? = 1 isa level surface of F. VF(z,y,z) = (22, 2y, 42) is 
a normal vector to the surface at (x, y, z) and so it is a normal vector for the tangent plane there. The tangent plane is parallel 
to the plane x + 2y + z = 1 when the normal vectors of the planes are parallel, so we need a point (xo, yo, zo) on the ellipsoid 
where (220, 2yo, 4zo) = k (1,2, 1) for some k 4 0. Comparing components we have 2z9 =k = zo — k/2, 


2yo —2k => yo-—k, Azo =k => zo — k/A. (zo, Yo, zo) = (k/2, k, k/4) lies on the ellipsoid, so 


(k/2)? +k? + 2(k/4)? =1 Mg? k= k = +2,/2. Thus the tangent planes at the points 


( / ip / i h / 2) and (-/ 3.2 &. 3/3) are parallel to the given plane. 


The hyperboloid z? — y? — z? = 1 isa level surface of F (x, y, z) = x? — y? — 2° and VF (x,y, z) = (2x, —2y, —22) isa 


normal vector to the surface and hence a normal vector for the tangent plane at (x, y, z). The tangent plane is parallel to the 


plane z = x + y or z + y — z = Oifand only if the corresponding normal vectors are parallel, so we need a point (£o, yo, zo) 


on the hyperboloid where (229, —2yo, —2z0) = c (1, 1, — 1) or equivalently (ro, —yo, —zo) = k (1, 1, — 1) for some k Æ 0. 


Then we must have zo = k, yo k, zo — k and substituting into the equation of the hyperboloid gives 


kà?—(-k?-k?-1 k? — 1, an impossibility. Thus there is no such point on the hyperboloid. 


First note that the point (1, 1, 2) is on both surfaces. The ellipsoid 3x? + 2y? + 2? = 9 is a level surface of 
F(x,y,2) = 3x? + 2y? + z? and VF (2, y, z) = (6a, 4y, 2z). A normal vector to the surface at (1, 1, 2) is 


VF (1, 1,2) = (6,4, 4) and an equation of the tangent plane there is 6(z — 1) + 4(y — 1) + 4(z —2) =0 or 
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6a +4y+4z=18 or 3x + 2y + 2z = 9. The sphere is a level surface of G(x, y, z) = a? +y? +27 — 8a — 6y — 8z + 24 


and VG(z, y, z) = (2x — 8, 2y — 6, 2z — 8). A normal vector to the sphere at (1, 1,2) is VG(1, 1,2) = (—6, —4, —4) and 


the tangent plane there is -6(x — 1) — 4(y — 1) — 4(z — 2) = 0 or 3x + 2y + 2z = 9. Since these tangent planes are 


identical, the surfaces are tangent to each other at the point (1, 1,2). 


Let (zo, yo, zo) be a point on the cone [other than (0, 0, 0)]. The cone z? + y? = z? is a level surface of 


F(a,y,z) = a? +4? — 2 and VF(a,y, z) = (2a, 2y, —2z), so VF (xo, yo, zo) = (219, 2yo, —220) is a normal vector to 


the cone at this point and an equation of the tangent plane there is 2zo (x — zo) + 2yo (y — yo) — 2zo (z — zo) = 0 or 
xox + yoy — zoz = xà + ya — ze. But x8 + yo = zé so the tangent plane is given by xox + yoy — zoz = 0, a plane which 


always contains the origin. 


. Let (xo, yo, zo) be a point on the sphere and F(a, y, z) = x? + y? + z2. Then VF (v, y, z) = (2a, 2y, 22) and 


— To Y 9o 7 79 For the center (0, 0, 0) to be 


V F (xo, yo, 20) = (2X0, 2yo, 220), so the normal line is given by m 2y as 
0 0 0 


Zo Yo 20- X equivalently 1 — 1 — 1, which is true. 
2x0 2yo 2zo 


on the line, we need 


Let F(x,y, z) = x? +y? — z. Then the paraboloid is the level surface F(x, y, z) = 0 and VF (x,y,z) = (2x, 2y, —1), so 
VF (1, 1,2) = (2,2, — 1) is a normal vector to the surface. Thus the normal line at (1, 1, 2) is given by x = 1 + 2t, 


y = 1 + 2t, z = 2 — t. Substitution into the equation of the paraboloid z = x? + y? gives 2 — t = (1+ 2t)? -(1--2t)? © 


2-t=24 8t+ 8? 8t? + 9t =0 t(8t + 9) = 0. Thus the line intersects the paraboloid when t = 0, 
corresponding to the given point (1, 1, 2), or when t = — 2, corresponding to the point (- 2. — 2, a). 


The ellipsoid 4z? + y? + Az? = 12 is a level surface of F(x,y, z) = 4x? + y? + 42” and VF(z, y, z) = (82, 2y, 82), so 
VF(1,2,1) = (8,4,8) or equivalently (2, 1, 2) is a normal vector to the surface. Thus, the normal line to the ellipsoid at 


(1,2, 1) is given by x = 1 + 2t, y = 2 + t, z = 1 + 2t. Substitution into the equation of the sphere gives 


(1+ 20)? + (24 t)? + (1+ 2t)? = 102 6+ 12t + 9t? = 102 9t? + 12t — 96 = 0 


3(t + 4)(3t — 8) = 0. Thus, the line intersects the sphere when t = —4, corresponding to the point (—7, —2, —7), and when 


; -+ (19 14 
t = È, corresponding to the point (22, 44, +). 


: 1 1 1 
Let (xo, yo, zo) be a point on the surface and F(z, y, z) = Vz + Vy + Vz. Then VF(z,y,z)— ; ; and 
2a 2/y 2/z 


1 1 1 
VF (xo, yo, zo) = ( —=, —~, —= ), so an equation of the tangent plane at the point is 
2vzo 24/yo 2020 
HH Xo y Yo z ZO HH y zZ xo Yo zo 
s =0 + + = ze Us 
2 / ro 2 / yo 2V zo 2 / xo 2. / yo 2 / zo 2 / x0 2 / yo 2/ zo 
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y n Zz — _ wvto-twyo-vzo 


x 
—— + — = 
2V Xo 2 Yo 2V zo 2 


. But V zo + V yo + V zo = vc, so the equation is 


z 


2 T 2 + Vc. The x-, y-, and z-intercepts are V/cxo, vA cyo, and vczo, respectively. (The x-intercept is found 
v Xo v yo V 20 


by setting y = z = 0 and solving the resulting equation for x, and the y- and z-intercepts are found similarly.) So the sum of 


the intercepts is ve(v Zo + X yo + V zo ) = c, a constant. 


68. The surface xyz = 1 is a level surface of F (x,y,z) = xyz and VF (x,y,z) = (yz, xz, xy) is normal to the surface, so a 
normal vector for the tangent plane to the surface at (zo, yo, zo) is (yo20, 020, toyo). An equation for the tangent plane there 


: x z 
is yozo(x — zo) + zozo(y — yo) + Loyo(z — zo) = 0 yozox + zozoy + Toyoz = 3xoyozo or a + » + z = 3. 


If (0, yo, zo) is in the first octant, then the tangent plane cuts off a pyramid in the first octant with vertices (0, 0, 0), 
(320, 0, 0), (0, 3y0, 0), (0,0, 320). The base in the xy-plane is a triangle with area 4 (3x0) (3yo) and the height (along the 
z-axis) of the pyramid is 3zo. The volume of the pyramid for any point (zo, yo, zo) on the surface xyz = 1 in the first octant is 


i (base) (height) — i - $ (3x0) (3yo) : 3zo = $:1oyozo = $ since zoyozo = 1. 


69. If f(x,y,z) = z — £? — y? and g(x,y, z) = 4a? + y? + z?, then the tangent line is perpendicular to both V f and Vg 
y 


at (—1, 1,2). The vector v — V f x Vg will therefore be parallel to the tangent line. 


We have Vf(x,y,z) p ( 2x, 2y, 1) Vf( 1, 1,2) = (2, 2, 1), and Vg(z, y; 2) = (8x, 2y, 22) = 
i jk 
Vg(-1,1,2) = (-8,2,4). Hence v = Vf x Vg=| 2-2 1|— —-10i- 16j — 12k. 
—8 2 4 


Parametric equations are: x = —1 — 10t, y = 1 — 16t, z = 2 — 12t. 


70. (a) Let f(z,y,z) = y + z and g(a, y, z) = x? + y?. The plane is a level (b) 


surface of f and the cylinder is a level surface of g. Then the required 5 


tangent line is perpendicular to both V f and V g at (1, 2, 1) and the vector 


v = Vf x Vg is parallel to the tangent line. We have 


Vf(z,y,z) =(0,1,1) = Vf(1,2,1) = (0,1, 1), and D 
0 H 4 
Vg(z,y,z) = (22,2y,0) = Vg(1,2,1) = (2,4,0). Hence ? » pe ub 
=2 
ij k 4 2 2 
v=VfxVg=|0 1 1|=-—4i+2j-— 2k. So parametric equations 
240 


of the desired tangent line are x = 1 — 4t, y = 2 + 2t, z = 1 — 2t. 


71. Parametric equations for the helix are x = cosmt, y = sin mt, z = t, and substituting into the equation of the paraboloid 


gives t = cos? rt + sin? rt t = 1. Thus the helix intersects the surface at the point (cos 7, sin m, 1) = (—1, 0, 1). Here 
r'(t) = (~r sin zt, t cos zt, 1), so the tangent vector to the helix at that point is r'(1) = (—7 sin, 7 cos7, 1) = (0, —7, 1). 
[continued] 
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The paraboloid z = x? +y? < a? 4? — z = 0 is a level surface of F(x,y, z) = a? + y? — z and 


V F(xz,y,z) = (2x, 2y, — 1), so a normal vector to the tangent plane at (—1,0, 1) is VF(—1,0,1) = (—2,0, —1). The angle 


6 between r'(1) and V F(—1,0, 1) is given by 


c (0, —m, 1) -(—2,0,-1) _ 0+0-1 es —1 
(0, —7,1||(-2,0, -C0]  YOFm? +1V4404T  y5(2-1) 
0 = cos! = = 97.8°. Because V F'(—1, 0, 1) is perpendicular to the tangent plane, the angle of intersection 


5(a? + 1) 


between the helix and the paraboloid is approximately 97.8° — 90° = 7.8°. 


Parametric equations for the helix are x = cos(mt/2), y = sin(7t/2), z = t, and substituting into the equation of the 


sphere gives cos? (11/2) + sin? (nt/2) +t? =2 => 1+t?=2 = t= +1. Thus the helix intersects the sphere at 


two points: (cos(7/2), sin(1/2), 1) = (0,1, 1), when t = 1, and (cos(—7/2), sin(—7/2), —1) = (0, —1, —1), when 


t = —1. Here r'(t) = (— sin(vt/2), £ cos(t/2), 1), so the tangent vector to the helix at (0, 1, 1) is r'(1) = (—7/2,0, 1). 


The sphere x? + y? + 2? = 2 is a level surface of F(x,y, z) = £? + y? + z? and VF(x,y,z) = (2x, 2y, 2z), so a normal 
vector to the tangent plane at (0, 1, 1) is V F(0, 1, 1) = (0,2, 2). As in Exercise 71, the angle of intersection between the helix 
and the sphere is the angle between the tangent vector to the helix and the tangent plane to the sphere. The angle 0 between 

r' (1) and V F(0, 1, 1) is given by 


beak = (—7/2,0,1)-(0,2,22 2 24 2 Jaca 2 


K-/2,0,0]10,2,2)] ^ JGP74)31V8 V78 nup 


Because V F(0, 1, 1) is perpendicular to the tangent plane, the angle between r'(1) and the tangent plane is approximately 


— 67.7? = 22.3. 
At (0, —1, 1), r'(—1) = (7/2,0,1) and VF(0, —1, —1) = (0, —2, —2), and the angle ¢ between these vectors is given 
(/2,0,1) - (0, —2, —2) = TS i 
by cos¢ = = = cos 7: 112.3°. Thus the angle between the 
¥ cos? = 6 mono-n-20| VERS ^ VES 8 
helix and the sphere at (0, —1, —1) is approximately 112.3° — 90° = 22.3°. (By symmetry, we would expect the angles to be 


identical.) 


The direction of the normal line of F is given by VF, and that of G by VG. Assuming that VF Z 0 4 VG, the two normal 
lines are perpendicular at P if VF. VG —0at P <= (OF/Ox,0F/0y, OF/0z) - (0G/0v, 0G/0y, OG/Oz) = 0 at 

P & F,G,+ FG, F.G, = 0 at P. 

Here F(x,y, z) = a? + y? — z? and G(x, y, z) = £? +y? + z? — r?, so z? = a? + y? is a level surface of F and 

r? +y? +2? =r isa level surfaceof G => VF -VG = (2x, 2y,—2z) - (22,2y,22) = 4a? + Ay? — 42? = AF — 0, 
since the point (x, y, z) lies on the graph of F = 0. To see that this is true without using calculus, note that G = 0 is the 


equation of a sphere centered at the origin and F = 0 is the equation of a right circular cone with vertex at the origin (which is 


generated by lines through the origin). At any point of intersection, the sphere’s normal line (which passes through the origin) 
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lies on the cone, and thus is perpendicular to the cone's normal line. So the surfaces with equations F = 0 and G = 0 are 


everywhere orthogonal. 


75. Let u = (a,b) and v = (c, d). Then we know that at the given point, Du f = Vf - u = afs + bf, and 
Dy f = Vf - v = cfz + dfy. But these are just two linear equations in the two unknowns f; and fy, and since u and v are 
not parallel, we can solve the equations to find V f = (fz, fy) at the given point. In fact, 
vj- QUOD UL Paty, 
ad — bc ad — bc 
76. (a) The function f(x, y) = (xy) 3 is continuous on R? since it is a composition of a polynomial and the cube root function, 


both of which are continuous. (See the text just after Example 14.2.9.) 


ou f(O+h,0)— f(0,0) , (A-0)'8 -0 | 
f2(0,0) = Jim h dm h 0, 

asc FOOL WHF G0). s yp... 
F,(0,0) = lim h jum h p 


Therefore, f. (0, 0) and f, (0, 0) do exist and are equal to 0. Now let u be any unit vector other than i and j (these 


correspond to fs and fy respectively.) Then u = ai + bj where a zz 0 and b Z 0. Thus 


= 3/Tha)(h y 
Dy. f (0,0) = lim Peha OF 80) 0090) lim (es lim ap and this limit does not exist, so 
h—0 h h—0 h h—0 h1/3 


Dy f (0, 0) does not exist. 


Notice that if we start at the origin and proceed in the direction of 
the x- or y-axis, then the graph is flat. But if we proceed in any 


other direction, then the graph is extremely steep. 


77. Since z = f(x, y) is differentiable at xo = (xo, yo), by Definition 14.4.7 we have 
Az = fas(xo, yo) Ax + fy(xo, yo) Ay + €1 Ax + €2 Ay where €1,€2 — 0 as (Ax, Ay) — (0,0). Now 
Az = f(x) — f(xo), (Az, Ay) = x — xo so (Az, Ay) — (0,0) is equivalent to x — xo and 
(fa (to; yo) , fy (o; yo)) = V f (xo). Substituting into 14.4.7 gives f(x) — f(xo) = V f (xo) : (x — xo) + (€15,62): (Av, Ay) 
or (€1, €2) : (x — xo) = f(x) — f(xo) — V f (xo) : (x — xo). 


and so 1X) = f (xo) = Vf(xo)- (x —xo) — (£562) (x —xo) put X — Xo 
[x — xo| [x — xo| [x — xo| 


lim {en €2) : (x — xo) = O since €1,€2 — 0 as x — xo. Hence lim 
X—X( [x — xo| X—Xxo [x — xo| 
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14.7 Maximum and Minimum Values 


1. (a) First we compute D(1, 1) = fz«(1, 1) fyy(1, 1) — [fey(1, 1)? = (4)(2) — (1)? = 7. Since D(1,1) > 0 and 


fas (1, 1) > 0, f has a local minimum at (1, 1) by the Second Derivatives Test. 


(b) D(1,1) = fas (1, 1) fyy (1, 1) — [fy (1, 1)]? = (4)(2) — (3? = —1. Since D(1,1) < 0, f has a saddle point at (1, 1) by 


the Second Derivatives Test. 


2. (a) D(0,2) = gre (0,2) gyy(0, 2) — [g«,(0, 2)]? = (—1)(1) — (6)? = —37. Since D(0,2) < 0, g has a saddle point at (0, 2) 


by the Second Derivatives Test. 


(b) D(0,2) = gra (0,2) 9,,(0, 2) — [9:,(0, 2)? = (—1)(—8) — (2)? = 4. Since D(0,2) > 0 and g,,(0,2) < 0, g has a 


local maximum at (0, 2) by the Second Derivatives Test. 


(c) D(0,2) = g««(0, 2) gyy (0, 2) — [gzu (0, 2)? = (4)(9) — (6)? = 0. In this case the Second Derivatives Test gives no 
information about g at the point (0, 2). 

3. In the figure, a point at approximately (1, 1) is enclosed by level curves which are oval in shape and indicate that as we move 
away from the point in any direction the values of f are increasing. Hence we would expect a local minimum at or near (1, 1). 
The level curves near (0, 0) resemble hyperbolas, and as we move away from the origin, the values of f increase in some 
directions and decrease in others, so we would expect to find a saddle point there. 


To verify our predictions, we have f(x,y) = 4--z? +y? — 3ry => fel, y) = 3a? — 3y, fy(z, y) = 3y? — 3x. We 


have critical points where these partial derivatives are equal to 0: 3x? — 3y = 0, 3y? — 3a = 0. Substituting y = x? from the 


first equation into the second equation gives 3(a”)? — 3a — 0 => 3z(z? —1) — 0 x = 0 or x = 1. Then we have 
two critical points, (0, 0) and (1, 1). The second partial derivatives are fra(x,y) = 62, fzy(x, y) = —3, and fyy(x, y) = 6y, 
so D(z,y) = fex(2,y) fuy(#,y) — [fey (2, y)]? = (62)(6y) — (-3)^ = 36xy — 9. Then D(0,0) = 36(0)(0) — 9 = —9, 
and D(1, 1) — 36(1)(1) — 9 — 27. Since D(0,0) « 0, f has a saddle point at (0, 0) by the Second Derivatives Test. Since 


D(1,1) > O and f. (1, 1) > 0, f has a local minimum at (1, 1). 


4. In the figure, points at approximately (—1, 1) and (—1, —1) are enclosed by oval-shaped level curves which indicate that as we 


move away from either point in any direction, the values of f are increasing. Hence we would expect local minimums at or 


near (—1, +1). Similarly, the point (1, 0) appears to be enclosed by oval-shaped level curves which indicate that as we move 

away from the point in any direction the values of f are decreasing, so we should have a local maximum there. We also show 
hyperbola-shaped level curves near the points (—1, 0), (1, 1), and (1, —1). The values of f increase along some paths leaving 
these points and decrease in others, so we should have a saddle point at each of these points. 


To confirm our predictions, we have f(x,y) = 3x — £? —2y? -y^ => falx, y) -3— 327, fy(a,y) = —4y + 4y’. 


Setting these partial derivatives equal to 0, we have 3 — 3a? = 0 x=+1 and —4y+4y? =0 


y(y? 1) =0 y = 0, £1. So our critical points are (+1, 0), (+1, 1), (£1, —1). 


The second partial derivatives are f. (x, y) = —6x, f«y(x, y) = 0, and fyy(x, y) = 12y? — 4, so 
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D(z,y) = fss(z,y) fuy(@,y) — [fsy(m, y)? = (—6x)(12y” — 4) — (0)? = —72ay? 24. 


We use the Second Derivatives Test to classify the 6 critical points: 


Critical Point D Jos Conclusion 
(1,0) 24 | -6 | D»0,fz «0 = fhasalocal maximum at (1,0) 
(1, 1) —48 D«0 — f hasa saddle point at (1, 1) 
(1, —1) —48 D«0 — f hasa saddle point at (1, — 1) 
(—1,0) —24 D«0 = f has a saddle point at (—1,0) 
(—1,1) 48 6| D>0, fra >O = fhasalocal minimum at (—1, 1) 
(—1,-1) 48 6 | D>0, fer >O = f hasa local minimum at (—1, —1) 
5. f(x,y) = x? + ry +y? +y fe =2e+y, fy=e+2yt+1, frs = 2, fey = 1, fyy = 2. Then f, = 0 implies 
y = —2z, and substitution into f, = £ + 2y +1 =0 gives xz +2(—2r)+1=0 3x 1 e 
Then y — -2 and the only critical point is (4, — 2). 


D(z,u) = fea fyy — (fey)* = (2)(2) — (1)? = 3, and since 
D(3,-3) 23» 0and fee (3,3) = 2 > 0, f(3,-3) = — is local 


minimum by the Second Derivatives Test. 


6. f(x,y) = zy — 2z — 2y- a? — y? fx = y — 2-22, 
fy =" —-—2-2y, foo = —2, fry =1, fyy = —2. Then f, = 0 implies 


y = 2x + 2, and substitution into f, = 0 gives x—2-—2(2e+2)=0 => 


3r = 6 x = —2. Then y = —2 and the only critical point is 


(72, 2). D(x, y) = fee fuy — (fey)” = (-2)(-2) — 1? = 3, and since 
D(-2,—2) 2 3 > O and f,,(—2, —2) = —2 < 0, f(—2, —2) =4isa 


local maximum by the Second Derivatives Test. 


7. f(z,y) = 22? — Bry + y — A? fz = 4x — 8y, 
fy = —8z + 4y? — 12y?, fon = 4, fey = —8, fyy = 12y? — 24y. 
Then f; = 0 implies x = 2y, and sustitution into fy = 0 gives 


Ny 


T 


16y + 4y? — 12? = 0 Ay(y? — 3y — 4) 2 0 y —0,—1,4. 
Then x = 0, —2, 8 and the critical points are (0, 0), (—2, — 1), and (8, 4). 
D(z,y) = feafyy — (fey)? D(0,0) = 4(0) — 64 = —64 < 0, 
so (0, 0) is a saddle point. D(—2, —1) = 4(36) — 64 = 80 > 0 and 20 Oy 


fea(—2,-1) = 4 > 0, so f(—2, —1) = —3 is a local minimum by the Second Derivatives Test. 


D(8, 4) = 4(96) — 64 = 320 > 0 and frz(8,4) = 4 > 0, so f(8, 4) = —128 is a local minimum. 
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8. 


10. 


11. 


. f(£,y) = (x 
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fe = 3a? + 3y, fy = 3y? + 3x, 


f(z,y) = 3? +y? + 3ay 
fzx = 6x, fry = 3, fyy = 6y. Then fs = 0 implies y = —z? and 


substitution into fy = 0 gives 3(—2”)? + 32 = 3y* +3r=0 — 


3z(z? +1) =0 x=Oore 1. Thus, the critical points are 


(0,0) and (—1, —1). D(x,y) = (6x)(6y) — 3? = 36ay — 9. 
D(0,0) = —9 < 0, so (0, 0) is a saddle point. D(—1, —1) = 27 > 0 and 


b 
EA 


er ff NS 
mi 


N 


i 


fex(—1, -1) = —6 < 0, so f(—1, —1) = 1 is a local maximum by the Second Derivatives Test. 


y)-—ay)=2-y-ayt+ay? > fe=1-2zy 


m 
WW 


y 


+y’, fy = -1-z? + 2xy, fox = —2y, 


fry = —20 + 2y, fyy = 2x. Then f, = 0 implies 1 — 2zy + y? = 0 and fy = 0 implies —1 — x? + 2xy = 0. Adding the 


2 


1 


2 


2 


2 


0 


two equations gives 1 + y 


x 


y 


x 


y 


Ex, but if y = —x then f, = 0 implies 


1+2? +z? =0 3x? = —1 which has no real solution. 


If y = x, then substitution into f, = 0 gives 1 — 23? +z? =0 => 


z?—] = «x =+1,s0 the critical points are (1, 1) and (—1, —1). 


Now D(1,1) = (—2)(2) - 0? = 


4 « 0 and 


D(—1,—1) = (2)(-2) — 0? = —4 < 0, so (1, 1) and (—1, —1) are 


saddle points. 


f(v,y) = yle? 1) fu = ye”, fy =e" —-1, fra = ye", 


fey =e", fyy = 0. Because e” is never zero, f, = 0 only when y = 0, 


z 


ZB 
zz 


LZ 


LL 
"A 
ty 


LH 


and f, = 0 when e7 =1 = 2 =0,s0 the only critical point is (0,0). 


D(z,y) = fea fyy (foy)? = 
D(0,0) 2 —1« 0, (0,0) is a saddle point. 


un 
<<a 


SPA 
SS 


[SS 
SS 


SO 


(ye*)(0) — (e*)? = —e?*, and since 


f(x,y) =yVva-y? —2r+ 7y > fr= lyg 1/2 —2, 
fy = vz- 2y +7, fan = —fyx?, fey = oo fuy = —2. 


Then fe =0 = y =4,/x and substitution into fy = 0 gives 


vz- 2(avz) +7=-7Vz3+7=0 => 2x=1,sothe 


only critical point is (1, 4). 


1 


2 
D l 3/2 2 l -y2Y | l,a2 1 
(x,y) gur (-2)— |37 = 3r Tr 


D(1,4) = 1 > 0, and fra (1,4) = —1 < 0, so f(1,4) = 14 is a local maximum by the Second Derivatives Test. 
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12. f(z,y) 22— x^ 4207? — y? fe = —4r? + 4r, fy =—2y, fos — —12a3? + 4, fey — 0, fyy = —2. Then fs = 0 
implies —4a(x? — 1) = 0, so x = 0 or x = +1, and f, = 0 implies y = 0. Thus the critical points are (0, 0), (£1, 0). 
D(0,0) = (4)(—2) — 0? = —8 < 0, so (0, 0) is a saddle point. à 
D(1,0) = D(-1,0) = (-8)(-2) — (0)? = 16 > 0, and ; a 

" NC 
fas (1,0) = aTa = —8 < 0, so f(1,0) = 3 and f(-1,0) = 3 : Ni 
are local maximums. AM 
Ur al MN M tu 
y 2 i 0. 

13. f(x,y) = 3a + 32? fe = 3a? — 3 + 34°, fy = 6£Y, fa, = 62, fey = 6y, fyy = 6x. Then f, = 0 implies 
v = Qor y = 0. If = 0, substitution into fe = 0 gives 3y? =3 = y—=+1,and ify = 0, substitution into f, = 0 
gives x = +1. Thus the critical points are (0, +1) and (+1, 0). 

D(0, 1) = 0 — 36 < 0, so (0, +1) are saddle points. 
D(+1,0) = 36 — 0 > 0, fex(1,0) = 6 > 0, and fre(—1,0) = —6 < 0, 


so f(1,0) = 


—2 is a local minimum and f(— 


1,0) = 2 is a local maximum. 


14. f(z,y) = a? +y? — 32? — 3y? — 9x fe = 3a? — 6x — 9, f, = 3? — 6y, fre = 6x — 6, fry — 0, fyy = 6y — 6. 
Then f = 0 implies 3(z + 1)(z — 3) = 0 x = —lorz = 3, and fy = 0 implies 3y(y — 2) = 0 y —0or 
y = 2. Thus the critical points are (—1, 0), (—1,2), (3,0), and (3,2). D(—1,2) = (—12)(6) — (0)? = —72 < 0 and 


D(3,0) — (12)(—6) — (0)? 2 —72 « 0, so (—1, 2) and (3,0) are 
saddle points. D(—1,0) = (—12)(—6) — (0)? = 72 > 0 and 
fa«(—1,0) = —12 < 0, so f(—1,0) = 5 is a local maximum. 
D(3,2) = (12)(6) — (0)? = 72 > 0 and fzz(3, 2) = 12 > 0, so 
/(3,2) = —31 is a local minimum. 

15. f(x,y) = x^ — 2a? + y? — 3y fr = 4r? — 4g, fy = 3y? — 3, frs = 122? — 4, fry —0, fyy = Oy. 
Then f, = 0 implies 4x(z? — 1) = 0 z—0 or z= land f, = 0 implies 3(y? — 1) = 0 y=. 
Thus there are six critical points: (0, +1), (+1, 1), and (£1, —1). 4 m f jm 
D(0, 1) = (—4)(6) — (0)? = —24 < 0 and Pe li had 
D(41,—1) = (8)(—6) = —48 < 0, so (0, 1) and (+1, —1) are saddle 0 Hs mull lij i 
points. D(0,—1) = (—4)(—6) = 24 > 0 and fee (0, —1) = —4 < 0, so -2 NU i 
f(0,—1)- 2isalocal maximum. D(+1, 1) = (8)(6) = 48 > 0 and i WY ams 


fex(+1,1) = 8 > 0, so f(+1,1) = 


—3 are local minimums. 
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16. f(x,y) =£? y 4 2xy =>  f.—2x-2y, fy — Ay? 2x, frs —2, fry —2, fyy = 12y?. Then f, = 0 implies 


y = —2, and substitution into fy = 4y? + 2z = 0 gives —4z? + 2x = 0 2x (1— 22?) =0 x=0 or 


r= tlg. Thus the critical points are (0, 0), (=. -5) and (73. à) Now 


D(z,y) = fee fyy — (fey)? = (2)02y^) — (2)? = 24y* — 4, 


Prt To T 
so D(0,0) = —4 < 0 and (0,0) is a saddle point. M TN Uu 
D(a) =P (de) t ntm D 
fes (dn 75) = f (o) 2 re) = -4 
and I- à) = — 4 are local minimums. 

17. f(x,y) = cy — 27y — oy? fz =y — 2ay — y’, 


=g —z?-—2ay, fro = —2y, fey = 1 — 2x — 2y, fyy = —2x. Then 


voy, 


p iM 


fz =y — 2ay — y’ =0 y(1 — 22 —y)=0 y = 0or 


y = 1 — 2x. Substituting y = 0 into fy = 0 gives z —z? =0 = 


x = Qor x = 1. Next, substituting y = 1 — 2x into fy = 0 gives 


x — xz? —2x(1— 2x) = 0 327 -z=0 x=Oore 


[JL 
= 


Thus, the critical points are (0,0), (1,0), (0,1) and (4, 4). 


D(a,y) = (-2y)(-2x) — (1 — 2x — 2y)? = 4xy — (1 — 2a — 2y)?. D(0,0) = D(1,0) = D(0,1) = —1 < 0, so 


ole 
w= 
x © 
II 
| 
e 
^ 
© 
un 
[s] 
= 
M 
w= 
w= 
be de 
yj- 
um 
un 
£o 
— 
o 
Ie 
S 
g 


(0, 0), (1, 0), and (0, 1) are saddle points. D(3, 3) = 4 > 0 and fra (4. 


maximum by the Second Derivatives Test. 


18. f(x,y) = (6x — z?)(4y — y^) fe = (6 — 2x) (4y — y^), 
fy = (6x — a?) (4 — 29), foz = -2(4y — P), fay = (6 22) (4 — 29). ” 
fuy = —2(6x — x”). Then f, = 0 6-22 =0 x = 30or 
4y—3? =0 y = Oory = 4. Substituting x = 3into f, =0 => Í LL 
y = 2. Substituting y = 0 into f, = 0 zx=Oorr=6. y=4 0 
x = O or x = 6 also. This gives critical points (3, 2), (0, 0), (6,0), (0, 4), 2 6 E. 


and (6,4). D(z,y) = 4(4y — y?)(6z — x”) — ((6 — 2x)(4 — 2)". 
D(0,0) = D(6,0) = D(0,4) = D(6,4) = —576 < 0, so (0,0), (6,0), (0, 4), and (6, 4) are saddle points. 


D(3,2) = 144 > 0 and fzz(3,2) = —8 < 0,so f (3,2) = 36 is a local maximum by the Second Derivatives Test. 
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f(x,y) =e” cosy => fr =e* cosy, fy — —e? siny. 


Now f; = 0 implies cosy = 0 or y = 5 + na for n an integer. 


But sin($ + nm) # 0, so there are no critical points. 


f(zy)- (a? tye => fe = (2? -y)-etbeet(m)-(Qum-at—y)e7. fy = ye, 


fea = (24 — r? — y’)(-e-”) +e” (2 — 2x) = (x? +y? —4a+ 2)e 7, f,,— —2ye ^, fy, —2e ^. Then fy = 0 


implies y = 0 and substituting into fz = 0 gives (2r — z?)e "* =0 > 


z(2—2)-—0 = m-—0orz = 2, so the critical points are (0, 0) and 


(2,0. D(0,0) = (2)(2) — (0)? = 4 > O and f. (0,0) = 2 > 0, so T j J 


f(0,0) = 0 is a local minimum. 
D(2,0) = (—2e7?)(2e7?) — (0)? = —4e~* < 0 so (2,0) is a saddle 


point. 


f(x,y) =y? —2ycosr =>  f,-—2ysinz, fy = 2y — 2 cos z, 

frz = 2y cos x, fey = 2sinz, fy, = 2. Then f; = 0 implies y = 0 or 

sing =0 => x= 0, r, or 2r for —1 < x < 7. Substituting y = 0 into | 
9 


fy =Ogivescosx =0 > 2=For am, substituting x = 0 or x = 27 


into f, = 0 gives y = 1, and substituting x = 7 into fy = 0 gives y = —1. 


Thus the critical points are (0, 1), (3, 0), (7, —1), (32, 0), and (27, 1). 
D (3,0) = D(32,0) = —4 < 0 so (2,0) and (37, 0) are saddle points. D(0,1) = D(z, —1) = D(2m, 1) = 4 > 0 and 


fex (0,1) = fas(m, —1) = fzs(27,1) = 2 > 0, so f(0,1) = f(a, —1) = f(27, 1) = —1 are local minimums. 


f(x,y) = sinz siny => fs = cosg siny, fy = sin £ cosy, fer = —sinaz siny, fry = cosz cosy, 
fyy = — sin z sin y. Here we have —7 < x < mand —7 < y < 7,80 f, = 0 implies cosx = 0 or sin y = 0. If cosx = 0 
then x = — 5 or $, and if sin y = 0 then y = 0. Substituting x = +5 into fy =O gives cosy =0 => y=-— or $, and 


substituting y = 0 into fy = 0 gives sinz — 0 = x =O. Thus the critical points are (-, ti) (3, ti) and (0, 0). 


D(0,0) = —1 < 0 so (0,0) is a saddle point. 


) 
) =1> Oand 


$^ 

8 

T ons 

NIA 
| 


Z) = fa (2,2) = —1 < 0 while 


fl-33) = fe ($, 72) =1> 6sof(-5.,-5) - ($5) 71 


are local maximums and f (-, £) =f (3, -£) = 1 are local minimums. 


VE 
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23. 


24. 


25. 


f(x,y) = r? + 4y? — 4ry +2 fz = 2x — Ay, fy = 8y — Ax, for = 2, fry = —4, fyy = 8. Then f; = 0 


and fy = 0 each implies y = ic, so all points of the form (xo, à a ivo) are critical points and for each of these we have 


D (o, ivo) — (2)(8) — (—4)? — 0. The Second Derivatives Test gives no information, but 
f(x,y) =x? + Ay? — day + 2 = (x — 2y)? + 2 > 2 with equality if and only if y = 4x. Thus f (xo, ivo) — 2 are all local 
(and absolute) minimums. 


f(my)-zye = > 


2 


Jo a?ye-* V (—22) + Qrye"* 9? = 2ry(1 — z?)e-*^ -" : 


x 2 —a?—y? 


y = a?ye* —" (-2y) + ae = g? (1 = ye", 


ee = 2y(2z* — 5a? + 1)e 7, 


foy =a a e A fuy S — 3e 9. 


fe = 0 implies x = 0, y = 0, or x = +1. If x = 0 then fy = 0 for any y-value, so all points of the form (0, y) are critical 


points. If y = 0 then f, =0 => ze =0 > r= 0, so (0, 0) (already included above) is a critical point. If £ = +1 


then (1 — 2y2)e 7178? =0 > y= Bos so (af A) and (+1, -5) are critical points. Now 


= 8e? > 0, 


D(+ 1, 45) = 8e? > 0, fre (+1, 4 ) = 2426-32 < Oand D(1,— 1) 


fax (+1, -A) = 2/2 e7?/2 > 0, so HE F1, 4) = Be e ?/? are local maximum points while 


mei -5) = et are local minimum points. At all critical points (0, y) we have D(0, y) = 0, so the Second 


pria : ; ; ; jg? ; . 
Derivatives Test gives no information. However, if y > 0 then z?ye ^^ ^" > 0 with equality only when x = 0, so we have 


L5 


local minimum values f (0, y) = 0, y > 0. Similarly, if y < 0 then z?ye y < 0 with equality when x = 0 so 


f (0, y) = 0, y < 0 are local maximum values, and (0, 0) is a saddle point. 


| IND; j 
n i i i pies 


M ] 

N 

NU DAS tl 

NUK A i 

NS SS NW 

Y w (9 
Y WY 


From the graphs, there appear to be local minimums of about f (1, +1) = f(—1, +1) ~ 3 (and no local maximums or saddle 


points). fe = 2x —2z ?y ?, fy = 2y — 22 ?y 3, fra = 2 + 0x ^y ?, fey = 4273Y’, fyy = 2 + 6x 7 ^. Then 
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f, = 0 implies 22^y? — 2 = 0 ora ^y? = 1 or y? = x^^. Note that neither x nor y can be zero. Now fy = 0 implies 


2a7y* — 2 = 0, and with y? = x~* this implies 279 — 2 = 0 or zê = 1. Thus z = £1 and if x = 1, y = 1; if x = —1, 


y = +1. So the critical points are (1, 1), (1, —1),(—1, 1) and (—1, —1). Now D(1, +1) = D(—1, +1) = 64 — 16 > 0 and 


fzx > O always, so f(1, +1) = f(—1, +1) = 3 are local minimums. 


24 2 


f(z,y) =(«@-y)e" ~” 


0.5 + 


EELEE 
SELL ZAW 


From the graphs, there appears to be a local maximum of about f (0.5, —0.5) ~ 0.6 and a local minimum of about 
f(—0.5, 0.5) ~ —0.6. 

fo = (£ — yje” 7" (-2x) + e^ (1) = eV (1 — 22? + 22y), 

fy = (x — y)e-* ^ (-2y) Fem" (—1) = -e ^ (1 — 2? + 20y), fas = 2e 777 (23? — 3x + y — 22? y), 
fey = 2e72 9" (a — yt 2a*y — 2£y°), fy = abet m (2y? — 3y + z — 2ay”). Then f, = 0 implies 


1 — 2x? + 2ry = 0 and fy = 0 implies 1 — 2y? + 2xy = 0. Subtracting these two equations gives 


—227+4+2y7=0 => y= +r. Ify = z then substituting into fs = 0 gives 1 — 2x? + 22? = 0, an impossibility. 


Substituting y = —z gives 1 — 2z? — 22? = 0 x 


AIR 


x s Thus the critical points are (4, -i) and 


(—3, 4). Now D($, - 1) = (-3e !1?)(-3e !/?) — (e 1/2? = 8e! > 0 with fez (3, 1) = —3e 7? < 0, so 
f($,-3- e-1/? zx 0.607 is a local maximum, and D(-ii)- (3e71/2)(3e71/?) — (—e7 1/2)? = 8e71 > 0 with 


fea(—-$; i) = 3e7 1/2 > 0, so f(-3, i) = —e71/? = —0.607 is a local minimum. 


f(x,y) = sinz + siny + sin(x +y), 0< x < 2r, 0 € y € 2x 


0 27 
y 


From the graphs it appears that f has a local maximum at about (1, 1) with value approximately 2.6, a local minimum 
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at about (5, 5) with value approximately —2.6, and a saddle point at about (3, 3). 
fe = cosx + cos(z + y), fy = cosy + cos(x + y), for = —sinz — sin(x +y), fyy = — siny — sin(x + y), 
fey = — sin(x + y). Setting fs = 0 and fy = 0 and subtracting gives cos x — cosy = 0 or cos x = cosy. Thus x = y 


oraz = 2r — y. If £ = y, fr = 0 becomes cos x + cos 2x = 0 or 2 cos? z + cos x — 1 = 0, a quadratic in cos x. Thus 


cosx = —lor i and x = 7, $,0r 2m, giving the critical points (7, 7), e £) and (=, ar). Similarly if 

x = 2m — y, f; = 0 becomes (cosx) + 1 = 0 and the resulting critical point is (7, m). Now 

D(z,y) = sin x sin y 4- sin x sin(x 4 y) + sin y sin(x + y). So D(z, 7) = 0 and the Second Derivatives Test doesn’t apply. 
However, along the line y = x we have f(x, x) = 2sinx + sin 2x = 2sinz + 2sin x cosg = 2sinz(1-F cos x), and 
f(x,x) > 0for0 « x < awhile f(x,x) < 0 form « x < 2r. Thus every disk with center (7, 7) contains points where f is 


positive as well as points where f is negative, so the graph crosses its tangent plane (z = 0) there and (7, 7) is a saddle point. 


D(z, £)- $ > 0and fas (5, =) «0 so f(%, $)- 3v3 is a local maximum while D(¥, 2 = $ > 0and 
Tex. a) > 0, so f(¥, 3z) = -8y8 is a local minimum. 


f 
A 
Z 
[/ 
j 
j 
p 


SS 1 


From the graphs, it seems that f has a local maximum at about (0.5, 0.5). 

fe = cosg — sin(x + y), fy = cosy — sin(x + y), fre = —sinz — cos(z + y), fyy = — siny — cos(x + y), 

fey = — cos(x + y). Setting fs = 0 and fy = 0 and subtracting gives cos x = cos y. Thus x = y. Substituting x = y into 
fz = 0 gives cos x — sin 2x = 0 or cos x(1 — 2sin x) = 0. But cosx Æ 0 for 0 < x < 4 and 1 — 2sinx = 0 implies 

x = £, so the only critical point is (4, £). Here fss (4, £) =—1 < 0and D(Z, $) = (-1? — 1 > 0. Thus f($,2) = 8 


is a local maximum. 
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A 


f(v,y) = z* + y* — 4Ax?y + 2y fs (v, y) = 4a? — 8ry and f,(z,y) = 4y? — 407 +2. f, 20 => 


Ar(x? — 2y) = 0, so x = 0 or a? = 2y. If x = 0 then substitution into fy = 0 gives 4y? 2 y EZ so 
(o. 45) is a critical point. Substituting x? = 2y into fy = 0 gives 4j? — 8y + 2 = 0. Using a graph, solutions are 


approximately y — — 1.526, 0.259, and 1.267. (Alternatively, we could have used a calculator or a CAS to find these roots.) 


We have x? = 2y => x =+,/2y,s0 y = —1.526 gives no real-valued solution for x, but y = 0.259 = xæ 40.720 


andy = 1.267 = x ~ £1.592. Thus to three decimal places, the critical points are (0, 45) & (0, —0.794), 


(3-0.720, 0.259), and (2-1.592, 1.267). Now since f. = 12z? — 8y, fry = —8z, fyy = 12y?, and 


I 


D = (122? — 8y)(12y?) — 64x”, we have D(0, —0.794) > 0, f. (0, —0.794) > 0, D(+0.720, 0.259) < 0, 


I 


D(£1.592, 1.267) > 0, and f... (2-1.592, 1.267) > 0. Therefore f (0, —0.794) ~ —1.191 and f(+1.592, 1.267) ~ —1.310 


are local minimums, and (+0.720, 0.259) are saddle points. There is no highest point on the graph, but the lowest points are 


approximately (+1.592, 1.267, —1.310). 


MEL 


20 


E 
M 13 E, i 


d 


f(my)-y5-2y +r? -yY +y => felz, y) = 2a and fj(z,y) = 6y? —8y? —2y +1. f, = 0 implies x = 0, and 
the graph of fy shows that the roots of f, = 0 are approximately y = —1.273, 0.347, and 1.211. (Alternatively, we could 


have found the roots of fy = 0 directly, using a calculator or CAS.) So to three decimal places, the critical points are 


(0, —1.273), (0, 0.347), and (0, 1.211). Now since fra = 2, fey = 0, fyy = 30y^ — 24y? — 2, and D = 60y* — 48y? — 4, 


we have D(0, —1.273) > 0, fex(0, —1.273) > 0, D(0,0.347) < 0, D(0, 1.211) > 0, and fz2(0, 1.211) > 0, so 
f (0, —1.273) ~ —3.890 and f(0, 1.211) ~ —1.403 are local minimums, and (0, 0.347) is a saddle point. The lowest point 


on the graph is approximately (0, — 1.273, —3.890). 
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31. f(z,y) = z +y? —3a? py? x —2y-1 => fe(x,y) = 4x? — 6x + land fy(x,y) = 3y? + 2y — 2. From the 
graphs, we see that to three decimal places, fẹ = 0 when x ~ —1.301, 0.170, or 1.131, and fy = 0 when y = —1.215 or 
0.549. (Alternatively, we could have used a calculator or a CAS to find these roots. We could also use the quadratic formula to 
find the solutions of f, — 0.) So, to three decimal places, f has critical points at (—1.301, —1.215), (—1.301, 0.549), 


(0.170, —1.215), (0.170, 0.549), (1.131, — 1.215), and (1.131, 0.549). Now since f. = 122? 
and D = (12a? 


6, "nm =0, fuy = 6y + 2, 
6)(6y + 2), we have D(—1.301, —1.215) < 0, D(—1.301, 0.549) > 0, fra (—1.301, 0.549) > 0, 


D(0.170, —1.215) > 0, fre(0.170, —1.215) < 0, D(0.170, 0.549) < 0, D(1.131, —1.215) < 0, D(1.131, 0.549) > 0, and 


fw (1.131, 0.549) > 0. Therefore, to three decimal places, f(—1.301, 0.549) ~ —3.145 and f (1.131, 0.549) ~ —0.701 are 
local minimums, f (0.170, —1.215) 3.197 is a local maximum, and (—1.301, —1.215), (0.170, 0.549), and 
(1.131, —1.215) are saddle points. There is no highest or lowest point on the graph. 


| | 


2 
1.6 


1.5 


HT Tm 


Mil 
Wis us 


NY 
\ WZ (rJ 
"A 


25 


32. f(x,y) = 20e~” ~¥” sin 3a cos 3y => 
f(x, y) = 20 cos 3y aded (3cos 3x) + (sin 3z)e-* v (-22)] 
= 20e-*^ -V' cos 3y (3 cos 3x — 2r sin 3x) 
f(x, y) = 20sin 3x lee (—3 sin 3y) + (cos 3y)e =? (-2y)] 


Lag 2 . 
= —20e * ^" sin3z (3sin3y + 2y cos 3y) 
Now fz = 0 implies cos 3y = 0 or 3 cos 3x — 2x sin 3x = 0. For |y| € 1, the solutions to cos 3y = 0 are 


y= it 7 


6 


-0.524. Using a graph (or a calculator or CAS), we estimate the roots of 3 cos 3a — 2x sin 3x for |x| < 1 to be 
x ~ £0.430. fy = 0 implies sin 3x = 0, so x = 0, or 3 sin 3y + 2y cos 3y = 0. From a graph (or calculator or CAS), the 
roots of 3 sin 3y + 2y cos 3y between —1 and 1 are approximately 0 and 4 


points at (+0.430, 0), (0.430, +0.872), (—0.430, = 


-0.872. So to three decimal places, f has critical 
-0.872), and (0, 20.524). Now 


fox = 20e-* —¥” cos 3y[(4z? — 11) sin 3x — 12x cos 3x] 
fog aie SE (3 cos 3a — 2x sin 3x) (3 sin 3y + 2y cos 3y) 


fuy = 20e-*-¥” sin 3a[(4y? — 11) cos 3y — 12y sin 3y] 
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and D = fra fyy — f2,. Then D(4-0.430, 0) > 0, frx (0.430, 0) < 0, frx(—0.430, 0) > 0, D(0.430, +0.872) > 0, 


fox (0.430, +0.872) > 0, D(—0.430, +0.872) > 0, fre (—0.430, +0.872) < 0, and D(0,+0.524) < 0, so 


f (0.430, 0) ~ 15.973 and f(—0.430, +0.872) ~ 6.459 are local maximums, f (—0.430, 0) ~ —15.973 and 


f (0.430, +0.872) ~ —6.459 are local minimums, and (0, +0.524) are saddle points. The highest point on the graph is 


approximately (0.430, 0, 15.973) and the lowest point is approximately (—0.430, 0, —15.973). 


4 4 


c ail 
RR} 2 n 


Since f is a polynomial it is continuous on D, so an absolute maximum and minimum exist. Here f; = 2x — 2, fy = 2y, and 
setting fs = fy = 0 gives (1, 0) as the only critical point (which is inside D), where f(1,0) = —1. Along Lı: x = 0 and 


f(0, y) = y? for —2 < y < 2, a quadratic function which attains its minimum at y = 0, where f (0,0) = 0, and its maximum 


at y = +2, where f(0, +2) = 4. Along Da: y = x — 2for0 < z < 2, and f(z,x — 2) = 22? — 6x + 4 = 2 (x a i 


a quadratic which attains its minimum at z — 3, where fÈ, = i) == $, and its maximum at x = 0, where f (0, —2) = 4. 
Along La: y = 2 — x for 0 < x < 2, and ia 

2 3\2 1 : . ; (0, 2) 
f(z,2 — x) = 2x? — 6x + 4 = 2(a — 3) — 4, a quadratic which attains L, 
its minimum at z = 3, where fÈ, i) = —3, and its maximum at x = 0, B (2. 0) > 
where f (0,2) = 4. Thus the absolute maximum of f on D is f (0, +2) = 4 E 

0, —2 

and the absolute minimum is f (1,0) = —1. nm 


Since f is a polynomial it is continuous on D, so an absolute maximum and minimum exist. fs = 1 — y, fy = 1 — x, and 
setting fs = fy = 0 gives (1, 1) as the only critical point (which is inside D), where f(1,1) = 1. Along Li: y = 0 and 


f(z,0) = x for 0 < x X 4, an increasing function in x, so the maximum value is f (4, 0) = 4 and the minimum value is 


f(0,0) = 0. Along L2: y = 2 — ic and f (x,2 iz) = i2? $z2-i(zr 3)? 4 f for0 < x < 4, a quadratic 


function which has a minimum at x = 2, where fÈ, 5) = 5 and a maximum at x = 4, where f (4,0) = 4. 


[continued] 
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Along La: x = Oand f(0,y) = y for 0 € y € 2, an increasing function in 


y, so the maximum value is f(0,2) = 2 and the minimum value is 


L, 
f(0,0) = 0. Thus the absolute maximum of f on D is f (4,0) = 4 and the 
absolute minimum is f (0,0) = 0. Lı CHON 
f(z, y) =° +y+e7%y+4 > fo(x,y) = 2x + 2zy, » 


fu(x,y) = 2y + x, and setting fe = fy = 0 gives (0,0) as the only critical i i 
point in D, with f (0,0) = 4. L, T 
0 > 


On Li: y = —1, f(x, —1) = 5, a constant. 


On La: x = 1, f(1,y) = y? + y + 5, a quadratic in y which attains its (71, —1) L, à, -1) 


maximum at (1, 1), f(1, 1) — 7 and its minimum at (1, -i) f -i) — B. 


On La: f(z,1) = 2x? + 5 which attains its maximum at (—1, 1) and (1, 1) with f (2-1, 1) = 7 and its minimum at (0, 1), 
f(0,1) — 5. 
On La: f(—1,y) = y? + y +5 with maximum at (—1, 1), f(—1,1) = 7 and minimum at (—1, — 2), f(-1, — 1) = 32. 


Thus the absolute maximum is attained at both (+1, 1) with f(+1,1) = 7 and the absolute minimum on D is attained at 


(0,0) with f(0,0) = 4. 


flay) =° +ry+y -6y > fr=2e+y, fy —x+2y—6. Then f, = 0 implies y = —2z, and substituting into 


fy = 0 gives x — 4r — 6 = 0 x = —2, so the only critical point is (—2, 4) (which is in D) where f(—2, 4) = —12. 


Along Li: y = 0, so f(#,0) = z?, —3 < x < 3, which has a maximum value at x = +3 where f(+3,0) = 9 anda 


minimum value at x = 0, where f (0,0) = 0. Along L2: x = 3, so f(3,y) = 9 — 3y +4? = (y 2v +22,0<y<5, 


which has a maximum value at y = 5 where f(3,5) = 19 and a minimum value at y = 3 where f(3, 3) = a, 


Along La: y = 5, so f(x,5) = z? + 5z — 5 = (a+ 8)? — 5, —3 < x < 3, which has a maximum value at x = 3 


where f(3,5) = 19 and a minimum value at x = —3, where f(—3,5) = —#. Along L4: x = —3, so 


A 


2 : 
f(-3,y) = 9 — 9y + y? = (y - 8) — 2,0 € y € 5, which has a 3,5 "Lou 6,5) 
maximum value at y = 0 where f(—3, 0) = 9 and a minimum value at 
y= 3 where f(-3, 3) = -5, Thus the absolute maximum of f on D is L, Ly 


f (3,5) = 19 and the absolute minimum is f(—2,4) = —12. 


(—3, 0) L (3,0) * 


f(a,y) = £? + 2y? — 2 — 4y +1 fe = 2x — 2, fy = 4y — 4. Setting f; = 0 and fy = 0 gives (1, 1) as the only 


critical point (which is inside D), where f(1,1) = —2. Along Li: y = 0, so f(#,0) = z? — 2x + 1 = (x — 1)},0 < x < 2, 


which has a maximum value both at x = 0 and x = 2 where f (0,0) = f(2,0) = 1 and a minimum value at x = 1, where 


f(1,0) = 0. Along L2: z = 2, so f(2,y) = 2y? — 4y + 1 = 2(y — 1? — 1,0 € y < 3, which has a maximum value at 
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y = 3 where f (2,3) = 7 and a minimum value at y = 1 where f(2,1) = —1. Along La: y = 3, so 


f(a,3) = z? — 2x +7 = (x — 1)? +6,0 € x < 2, which has a maximum value both at x = 0 and x = 2 where 


f(0,3) = f(2, 3) = 7 and a minimum value at x = 1, where f (1,3) = 6. Along L4: x = 0, so 


f(0,y) 22y? — 4y + 1 = 2(y — 1)? — 1,0 < y € 3, which has a y 


L, (2,3) 


maximum value at y = 3 where f (0,3) = 7 and a minimum value at y = 1 
where f(0,1) = —1. Thus the absolute maximum is attained at both (0, 3) 


and (2,3), where f(0,3) = f(2,3) = 7, and the absolute minimum is 


f(1,1) = -2. (0, 0) L (2,0) * 


f(z,y)=2y => fe =y’ and fy = 2xy, and since f; =0 © 
y = 0, there are no critical points in the interior of D. Along Lı: y = 0 and 
f(x, 0) = 0. Along La: x = Oand f(0, y) = 0. Along La: y = V3 — x?, 


so let g(x) = f(x, V3 — 2?) = 3x — x? for 0 € x < V3. Then 


g(r) 23— 3a? =0 a = 1. The maximum value is f (1, V2) = 2 


and the minimum occurs both at x = 0 and x = v3 where f (0, v3 ) E (V3, 0) = 0. Thus the absolute maximum of f on 
Dis f (1, /2 ) = 2, and the absolute minimum is 0 which occurs at all points along L1 and Le. 

f(z,y)-—2a?-y* => falx, y) = 6x and f(x, y) = 4y?. And so fe = 0 and fy = 0 only occur when x = y = 0. 
Hence, the only critical point inside the disk is at x = y = 0 where f (0,0) = 0. Now on the circle x? + y? = 1, y? = 1 — a? 
so let g(x) = f(a, y) = 22? + (1 — z2)? = z^ + 2z? — 23? +1, —1 < x < 1. Then g'(x) = 4a? + 62? — 4z =0 => 


x =0, —2, or i. f(0,£1) = g (0) = 1, HE B) = 9(3) = i3, and (—2, —3) is not in D. Checking the endpoints, we 


get f(—1,0) = g(—1) = —2 and f(1,0) = g(1) = 2. Thus the absolute maximum and minimum of f on D are f(1,0) = 2 
and f(—1,0) = —2. 

Another method: On the boundary x? + y? = 1 we can write x = cos, y = sin 0, so f(cos 0, sin 8) = 2cos* 0 + sin’ 0, 

0 € 0 € 2m. 

f(x,y)-a?—3vr—y5-12y => felz, y) = 3x? — 3and fy(x, y) = —3y? + 12 and the critical points are (1, 2), 

(1, —2), (—1, 2), and (—1, —2). But only (1, 2) and (—1, 2) are in D and f(1,2) = 14, f(—1, 2) = 18. Along Li: x = —2 
and f(—2,y) = —2 — y? + 12y, —2 < y < 3, which has a maximum at y = 2 where f(—2,2) = 14 and a minimum at 

y = —2 where f(—2, —2) = —18. Along Lə: x = 2 and f(2,y) = 2 — y? + 12y, 2 < y < 3, which has a maximum at 

y = 2 where f(2,2) = 18 and a minimum at y = 3 where f(2,3) = 11. Along La: y = 3 and f (1,3) = x? — 3x +9, 


—2 < x < 2, which has a maximum at z = —1 and x = 2 where f(—1,3) = f (2,3) = 11 and a minimum at x = 1 
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and x = —2 where f(1,3) = f(—2,3) = 7. Along La: y = x and 


(-2, 3) 
f(x,x) = 9x, —2 € x € 2, which has a maximum at x = 2 where 


f (2,2) = 18 and a minimum at z = —2 where f(—2, —2) = —18. 


So the absolute maximum value of f on D is f(2,2) = 18 and the 


minimum is f(—2, —2) = —18. 


4. f(5,y) = —(@? - 1? -(y- 2-1? > felo,y) = —2(5? — 1)22) - 26g — s — 1) (229 — 1) and 
fy(z,y) = —2(a?y — x — 1)x”. Setting fy(x, y) = 0 gives either x = 0 ora?y — z — 1 = 0. 


rcl 


There are no critical points for x = 0, since fz(0, y) = —2,so weseta?y — z — 1 = 0 y 72 [x Æ 0], 
zl 2 2ct-41 r+ 2 
so fx (s =) = —2(a* — 1)(2x) (s zi x 1) (2: ure 1) = —4a(ax* — 1). Therefore 


fe (x,y) = fy(x,y) = Oat the points (1, 2) and (—1, 0). To classify these critical points, we calculate 


fra (@, y) = —12x? — 1207 y? + 12ry + Ay +2, fyy(m, y) = —2a, 

and fry (x,y) = —8z?y + 6x? + Ax. In order to use the Second Derivatives 
Test we calculate 

D(-1,0) = fex(—1,0) fyy(—1,0) — [fey(—1, 0)]? = 16 > 0, 
fre(—1,0) = —10 < 0, D(1,2) = 16 > 0, and fre(1, 2) = —26 < 0, so 


both (—1, 0) and (1, 2) give local maximums. 


42. f(x,y) = 3xe* — x? — e?" is differentiable everywhere, so the requirement 4 
for critical points is that f, = 3e" — 3r? — 0 (1) and 


fy = 3xe” — 3e?" =0 (2). From (1) we obtain e" = x”, and then (2) gives z 


3r? — 32° = 0 x = 1 or 0, but only x = 1 is valid, since x = 0 


makes (1) impossible. So substituting x = 1 into (1) gives y = 0, and the 2 


only critical point is (1, 0). 
The Second Derivatives Test shows that this gives a local maximum, since 
D(1,0) = [-6z(3xe" — 9e*¥) — (3e")?] 


am 27 > 0 and f; (1,0) = [-6z](, 9, = —6 < 0. But f(1,0) = 1 is notan 


absolute maximum because, for instance, /(—3,0) — 17. This can also be seen from the graph. 


43. Let d be the distance from (2, 0, —3) to any point (x, y, z) on the plane xz + y+ z = 1, so d = J/(z — 2)? + y? + (z +3)? 


where z = 1 — x — y, and we minimize d? = f(x,y) = (x — 2)? + y? + (4 — x — y)?. Then 


fe (x,y) = 2(x — 2) + 2(4 — x — y)(-1) = 4x + 2y — 12, fy(z, y) = 2y + 2(4 — x — y)(—1) = 2x + 4y — 8. Solving 


4x + 2y — 12 = 0 and 2x + 4y — 8 = 0 simultaneously gives x = £, y = 2, so the only critical point is ($, 2). An absolute 
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minimum exists (since there is a minimum distance from the point to the plane) and it must occur at a critical point, so the 


I 


shortest distance occurs for x = $, y = 2 for which d = \/ (È — qm 


els 


. Here the distance d from a point on the plane to the point (0,1, 1) is d = \/x? + (y — 1)? + (z — 1)?, 


where z = 2 — ig + 2y. We can minimize d? = f(x,y) = a? + (y — 1)? 4 (1— $24 2y)’, so 

faa,y) = 2e +2(1— be $9) C3) = Ba — fy — d and 

fy(z,y) = 2(y - 1) +2(1- $e + 8) (8) = -$2 + By — 8. Solving Pa — $y — $ = 0 and -8z + By — 8 =0 
simultaneously gives z = E and y — 2, so the only critical point is ( 2, 2). 


This point must correspond to the minimum distance, so the point on the plane closest to (0, 1, 1) is (3, 2, 2). 


Let d be the distance from the point (4, 2, 0) to any point (x, y, z) on the cone, so d = \/(a — 4)? + (y — 2)? + 2? 
where z? = a? + y?, and we minimize d? = (x — 4)? + (y— 2)? + £? + y? = f(x,y). Then 


felz, y) = 2(x — 4) + 2x = 4x — 8, fy(x, y) = 2 (y — 2) + 2y = 4y — 4, and the critical points occur when 


fe =0 x=2, fy =0 y = 1. Thus, the only critical point is (2, 1). An absolute minimum exists (since there 


is a minimum distance from the cone to the point) which must occur at a critical point, so the points on the cone closest 


o (4, 2,0) are (2,1,+V5). 


The distance from the origin to a point (x, y, z) on the surface is d = \/x? + y? + z2 where y? = 9 + xz, so we minimize 


@=2?4+9+az+2? = f(x,z). Then f, = 2r + z, fe = x + 2z, and f, = 0, f; = 0 x = 0, z = 0,sothe 


only critical point is (0,0). D(0,0) = (2)(2) — 1 = 3 > 0 with f.2(0,0) = 2 > 0, so this is a minimum. Thus, 


y =9+0 y = +3 and the points on the surface closest to the origin are (0, +3, 0). 


Let x, y, z be the positive numbers. Then x + y + z = 100 z = 100 — x — y, and we want to maximize 


xyz = zry(100 — x — y) = 100rzy — a?y — zy? = f(x,y) for 0 < x,y,z < 100. fr = 100y — 2zy — y?, 


fy = 100r —a? — 2£y, fre = —2y, fyy = —2x, fey = 100 — 2x — 2y. Then f, = 0 implies (100 — 2z —y) 2-0. => 
y = 100 — 2z (since y > 0). Substituting into fy = 0 gives x[100 — x — 2(100 — 2x)] = 3x — 100 — 0 (since 


z>0) > r-— 1m. Then y — 100 — 2 (3°) = 19, and the only critical point is (£, 192). 


D (188, 292) = (799) (-388) — (7:99)? = 19900 > 0 and fas (39, 190) = — 308 < 0. Thus f (190,190) 


is a local maximum. It is also the absolute maximum (compare to the values of f as x, y, or z — 0 or 100), so the numbers are 


i eee 


Let x, y, z, be the positive numbers. Then x + y + z = 12 and we want to minimize 


et+yt+2aa?t+y?+(12—-a-—y)? = f(x,y) foro < gz, y <12. f, = 2a + 2(12— x — y)(-1) = 4a + 2y — 24, 


fy = 2y + 2(12 — x — y)(—1) = 2x + 4y — 24, foo = 4, fay = 2, fyy = 4. Then f; = 0 implies 4x + 2y = 24 or 


y = 12 — 2x and substituting into fy = 0 gives 2x + 4(12 — 2x) = 24 6x = 24 x = Aand then y = 4, so 
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the only critical point is (4,4). D(4, 4) = 16 — 4 > O and frz(4,4) = 4 > 0, so f(4, 4) is a local minimum. f (4, 4) is also 


the absolute minimum [compare to the values of f as x, y — 0 or 12] so the numbers are x = y = z = 4. 


. Center the sphere at the origin so that its equation is z? + y? + z? = r?, and orient the inscribed rectangular box so that its 


edges are parallel to the coordinate axes. Any vertex of the box satisfies x? + y? + 2? = r?, so take (x, y, z) to be the vertex 


in the first octant. Then the box has length 2x, width 2y, and height 2z = 2 /r? — x? — y? with volume given by 


V(z,y)— (22) (29) (2 r? — r? -y) = 8ry yr? — r? — y? fr0 < x « r, O < y « r. Then 


Setting Vz = 0 gives y = 0 or 2z? + y? = r°, but y > 0 so only the latter solution applies. Similarly, V, = 0 with z 0 


implies x? + 2y? = r°. Substituting, we have 22? + y? = a? + 2y? vay y—z.Thenz?42y =r? > 


3x? =r? > r= Jr? /3 = r/ v3 = y. Thus the only critical point is (r/v3, r/ v3). There must be a maximum 


volume and here it must occur at a critical point, so the maximum volume occurs when x = y = r / 4⁄3 and the maximum 


2 2 8 
$ T T = t t 2 T T 3 
volume is V (33.33) 8(25) (=) yr (=) (=) a 33° . 
Let x, y, and z be the dimensions of the box. We wish to minimize surface area = 2xy + 2x%z + 2yz, but we have 


volume = xyz = 1000 z 77 so We minimize 


f(x,y) = 2zy + 20 (209) + a( 22) = 2xy + 2000 + 2000 Then fs = 2y — a and fy = 2x — An Setting 
Ty Ty y T T y 
x 


1000 . 


T 1 
fr = 0 implies y = 0 x = 1000 [since z 40] — x — 10. 


E and substituting into fy = 0 gives x 
The surface area has a minimum but no maximum and it must occur at a critical point, so the minimal surface area occurs for a 


box with dimensions x = 10 cm, y = 1000/10? = 10 cm, z = 1000/10? = 10 cm. 


The volume of the box is V = xyz. Since one vertex is in the plane x + 2y + 3z = 6 Z= 4(6 x — 2y), the volume 


is given by V (x,y) = ixy(6 x — 2y) = i(6ry z?y — 2zy?). Now maximize V. 


Vz = 3 (6y 2xy — 2?) = iy(6 2x — 2y) and Vy = ix (6 — x — Ay). Setting fs = 0 and fy = 0 gives y = 3 — x and 


x = 6 — 4y y = land x = 2, so the critical point is (2, 1), which geometrically must give a maximum. Thus, the 


volume of the largest such box is V = (2)(1)(3) = $. 


Surface area = 2(xy + zz + yz) = 64 cm?, so xy + zz + yz = 32 or z = = F A Maximize the volume 
-3 De 3:972 e E ES ie 
FG eg then fe ee ge elas 
vg (x+y) (z +y) (x+y) 


2 


xu Rd 2-— Ee . 
fe = 0 implies y = 3 and substituting into fy = 0 gives 32(4z?) — (32 — x?) (4x?) — (32 — z?)? = 0 or 
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3x4 + 64x? — (32)? = 0. Thus, z? = 8$ ora i y TN. M and z = 7m Thus, the box is a cube with edge 


8 
length Vg em. 


Let the dimensions be x, y, and z; then 4x + 4y + Az = c and the volume is 


V = ryz = ry(Fec x y) = tezy z^?y — zy’, x > 0, y > 0. Then Vz = tcy — 2xy — y? and V, = lex — x? — 2xy, 


so V, = 0 = Vy when 24 + y = te and x + 2y = ic. Solving, we get z = 5c, y= 


1 M ES 
igC and z = 4c — 2 — y = zac. From 


the geometrical nature of the problem, this critical point must give an absolute maximum. Thus, the box is a cube with edge 


length e 

The cost equals 5ay + 2(xz + yz) and xyz = V, so C(x, y) = Say + 2V (x + y)/(zy) = Say + 2V(x ! + y^ +). Then 
C, = By — 2Va-2, Cy = 5x — 2Vy~2, C, = 0 implies y = 2V/(5x?), Cy = 0 implies z = yv — y. Thus, the 
dimensions of the aquarium which minimize the cost are x — y — yv units, z = V 1/3 [e - 


Let the dimensions be x, y and z, then minimize xy + 2(zz + yz) if cyz = 32,000 cm?. Then 
f(x,y) = xy + [64,000(z + y)/xy] = xy + 64,000(z7! + y !), fe = y — 64,000x7?, fy = x — 64,0000y 7. 
And f, = 0 implies y = 64,000/2?; substituting into fy = 0 implies x? = 64,000 or x = 40 and then y = 40. Now 
D(a, y) = [((2)(64,000))? 2 ?y^? — 1 > 0 for (40, 40) and f... (40, 40) > 0 so this is indeed a minimum. Thus, the 
dimensions of the box are x = y = 40 cm, z = 20 cm. 
Let x be the length of the north and south walls, y the length of the east and west walls, and z the height of the building. The 
heat loss is given by h = 10(2yz) + 8(2z) + 1(xy) + 5(xy) = 6ry + 162z + 20yz. The volume is 4000 m?, so 
xyz = 4000, and we substitute z = 2000 to obtain the heat loss function h(x, y) = 6xy + 80,000/z + 64,000/y. 
(a) Since z = 2000 24 zyX1000 = y< 1000/x. Also x > 30 and 
y > 30, so the domain of h is D = { (x,y) | v > 30,30 € y € 1000/z}. 
(b) h(x, y) = 6xy + 80,0007! + 64,000y-1 => 


hz = 6y — 80,000z?, hy = 6x — 64,000y~?. 


hy = 0 implies 627y = 80,000 => y= — and substituting into 


80,000? 50,000 
= SO 


; 6r? M? 3 
hy = 0 gives 6x = 64,000 ( ) 29e gS 6.61000 3 ^ 


80,000 


3/ 90,000 3/50 80 » : : 3/50 80 
C= = 10 = , and the only critical point of h is | 104/ —, —= | ~ (25.54, 20.43 
css V3 Y= eq y p V3" ve ( ) 


which is not in D. Next we check the boundary of D. 


[continued] 
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On Li: y = 30, h(x, 30) = 180x + 80,000/z + 6400/3, 30 € x < 190, Since h'(x, 30) = 180 — 80,000/a? > 0 for 
30 < x < 48°, A(x, 30) is an increasing function with minimum (30, 30) = 10,200 and maximum 
h (33,30) ~ 10,533. 
On La: y = 1000/z, h(x, 1000/x) = 6000 + 64x + 80,000/z, 30 € xz < 199, 
Since h'(x, 1000/x) = 64 — 80,000/z? < 0 for 30 < x < 48°, h(x, 1000/z) is a decreasing function with minimum 
5 (329,30) ~ 10,533 and maximum h(30, 229) z 10,587. 
On La: x = 30, (30, y) = 180y + 64,000/y + 8000/3, 30 € y < 199, h/ (30, y) = 180 — 64,000/y? > 0 for 
380<y< i9, so h(30, y) is an increasing function of y with minimum h(30, 30) = 10,200 and maximum 
^ (30, 199) = 10,587. 
Thus the absolute minimum of h is h(30, 30) = 10,200, and the dimensions of the building that minimize heat loss are 
walls 30 m in length and height a = E & 4.44 m. 

(c) From part (b), the only critical point of h, which gives a local (and absolute) minimum, is approximately 


h(25.54, 20.43) zz 9396. So a building of volume 4000 m? with dimensions z ~ 25.54 m, y ~ 20.43 m, 


4000 


GesiyGods) © 7.67 m has the least amount of heat loss. 


Er 


Let x, y, z be the dimensions of the rectangular box. Then the volume of the box is xyz and 
L= 2 +y+2 > LP =r tyt? z= V/L?— 2? —- y?. 


Substituting, we have volume V (x,y) = xy \/L? —z2 — y2 (x,y > 0). 


Ve = cy $7 — 2? — y?) P (-2x) +y YL? -2 — y? = y yI- 2? — y? T 


2 
Vy = 2 yL? — r? — y? ue . V, = 0 implies y(L? — z? — 4?) = x?y y(L? — 2a? — y’) =0 
/Ià — ag? — y? 


22? + y? = L? (since y > 0), and V, = 0 implies z(L? — x? — y?) = ay? a(L? — xr? — 2y”) =0 


z? + 2y? = I? (since x > 0). Substituting y? = L? — 2x? into x? + 2y? = I? gives z? + 2L? — 4a? = L? 
307 =L? => x =L/V3 (since x > 0) and then y = V L? — 2(L/V3) = L/V3. 
So the only critical point is (L /V3,L/ V3) which, from the geometrical nature of the problem, must give an absolute 


maximum. Thus the maximum volume is V(L/Vv3, L/V3) = (L/V3y \/ L2 — (L/V3) — (L/V 33) = L?/(3 V3) 


cubic units. 
Y(N, P) =kNPe CU > Y.ye—kRPINQeU ye Fa ekP( —A)e 7-5, 


Yp = kN [P(-e ^ P) + e77? (1) = kN(1— P)e^" 7". Here N > 0and P > 0, but if either N = 0 or P = 0 then 
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the yield is zero. Assuming that N > 0 and P > 0, Yn = 0 implies N = 1 and Yp = 0 implies P = 1, so the only critical 


point in ((N, P) | N > 0, P > 0) is (1, 1) where Y (1, 1) = ke ?. 


D(N, P) = YnnYpr — (Yup)? = [kP(N —2)e" *] [kN(P —2)e-"7^] - [k(1— N)(1— Pee > 


D(1, 1) = (—ke~?) (ke?) (0)? = k?e~* > 0 and Yww(1, 1) = —ke~? < 0, so Y (1,1) = ke? is a local maximum. 


Y (1, 1) is also the absolute maximum (we have only one critical point, and Y — 0 as N — 0 or P > O and Y — Oas N or 


P grow large) so the best yield is achieved when both the nitrogen and phosphorus levels are 1 (measured in appropriate units). 


59. (a) We are given that pi + p2 + p3 = 1 p3 = 1 — pi — p2, so 
H = —pilnpi — p2 ln p2 — p3 ln ps = —pi ln pı — p2 ln p2 — (1 — pı — p2) ln (1 — pı — p2). 
(b) Because p; is a proportion we have 0 < p; < 1, but H is undefined unless p T 
pı > 0, p2 > 0, and 1 — pı — p2 >0 & pı +p2 < 1. This last 
restriction forces pı < 1 and p2 < 1, so the domain of H is 


{(pi,p2) | < pı < 1, pa < 1 — pı}. It is the interior of the triangle LS a 
drawn in the figure. (1,0) m 


(c) Hp, = — [pi ; (1/p1) + (npr) - 1] — [(1 — pı — 2): (71)/ (1 — pı — p2) + ln (1 — pı — p2) - (—1)] 


= —1 — lnpı + 1 +ln (1 — pı — p2) = ln (1 — pı — p2) — ln pı 


Similarly Hp, = ln (1 — pı — p2) — ln p2. Then Hp, = 0 implies 


ln (1 — pı — p2) = ln pı 1 — pı — p2 = pı p2 = 1 — 2pi, and Hp, = 0 implies 


ln (1 — pı — p2) = lnp2 = pi = 1-— 2pz. Substituting, we have pı = 1 — 2 (1 — 2p1) 


3p =1 > p= i and then pp = 1 — 2 (3) = i. Thus the only critical point is (4, i). 


=j 1 ai 1 —1 r 
D(pı, p2) = Hpi pı Hpopo — (eves) = ( ) ( ) ( ) > SO 


1—-pnm-p pı l—-pi-p pe 


D(%,4) = (-6) (-6) — (—3)? = 27 > 0 and Ap,p, (4, 4) = —6 < 0. Thus 


H(z, i) = i In i i In i i In i — —]n i = ln 3 is a local maximum. Here it is also the absolute maximum, so 
the maximum value of H is ln 3, which occurs for pı = p2 = p3 = i (all three species have equal proportion in the 


ecosystem). 


60. Since p + q + r = 1 we can substitute p = 1 — r — q into P giving 


P = P(q,r) = 2(1— r — q)q + 2(1 — r — q)r + 2rq = 2q — 24? + 2r — 2r? — 2rq. Since p, q and r represent proportions 
and p + q +r = 1, we know q > 0, r > 0, and q +r < 1. Thus, we want to find the absolute maximum of the continuous 
function P(q, r) on the closed set D enclosed by the lines q = 0, r = 0, and q + r = 1. To find any critical points, we set the 


partial derivatives equal to zero: P;(q,r) = 2 — 4q — 2r = 0 and P,(q,r) = 2 — 4r — 2q = 0. The first equation gives 
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r = 1 — 2q, and substituting into the second equation we have 2 — 4(1 — 2q) — 2q = 0 q= i. Then we have one 
critical point, (i, i) , where P (i, i) = 2, Next we find the maximum values of P on the boundary of D which consists of 
three line segments. For the segment given by r = 0, 0 < q < 1, P(q,r) = P(q,0) = 2q — 29°, 0 < q < 1. This represents 
a parabola with maximum value P(4, 0) = i. On the segment q = 0,0 < r < 1 we have P(0,r) = 2r — 2r°,0 <r < 1. 


This represents a parabola with maximum value P(O, i) = i. Finally, on the segment q +r 2 1,00€ q& 1, 


P(q,r) = P(q,1— q) = 2q — 24?,0 < q < 1 which has a maximum value of P(4, i) B i. Comparing these values with 


the value of P at the critical point, we see that the absolute maximum value of P(q,r) on D is à. 


Note that here the variables are m and b, and f(m,b) = Y; [yi — (mz; +6)]?. Then fm = X —2zi[yi — (mz; + b)] = 0 


i= += 


implies $7 (ziyi — ma? — bai) — 0or Y, ziyi =m Y r? +b X a and f; = 5 —2[y: — (ma; + b)] = 0 implies 


i=1 4—1l i=l TI 1—1 


n n 


Swamy a+ b= m( X ws) + nb. Thus we have the two desired equations. 
i=l i=l i=l i=l 


n 


Now fmm = >> 222, for = X 2 =2nand fmo = 3 2a;. And fmm(m, b) > 0 always and 
E : 


t= s= 


n 


D(m,b) = an( »» 3 — a( 5 2 = ip [x 3 — & zi) | > 0 always so the solutions of these two 


i=1 = g= 


TL 
equations do indeed minimize $^ d?. 
é=1 


Any such plane must cut out a tetrahedron in the first octant. We need to minimize the volume of the tetrahedron that passes 


through the point (1, 2, 3). Writing the equation of the plane as = + ^ + Z = 1, the volume of the tetrahedron is given by 
abc : 1,2.3 ; ; 
V= FE But (1, 2, 3) must lie on the plane, so we need E + b + pm 1 (x) and thus can think of c as a function of a and b. 
b Ó o ; y : 
Then Va = 6 (c +a x) and V, = s (c +b 5) . Differentiating (x) with respect to a we get —a ? — 3c? oe =0 
a B and differentiating (x) with respect to b gives —2b~? — 3c? ae = 0 Bos aoe Then 
da 3a?” : 3 s db Ob Bb 
b -e a —2c 3 3 ; 
v= s (eese) =0 c= 3a and Vo = S (eo ar) =0 c = 5b. Thus 3a = 56 or b = 2a. Putting 
these into (x) gives E = lora = 3 and then b = 6, c = 9. Thus the equation of the required plane is 3 + : + 5 =1 


or 6x + 3y + 2z = 18. 
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DISCOVERY PROJECT Quadratic Approximations and Critical Points 


1. Q(z, y) = f(a,b) + f«(a, b)(x — a) + fy(a,b)(y — b) + 3 fzx (a, b) (x — a)? 
+ fry (a, b) (x — a)(y — b) + å fuy (a, b) (y — b)’, 


so 


Qa (x, y) = fa (a, b) + 5 fee (a, b)(2)(x — a) + fs, (a; b)(y — b) = fo(a,b) + fas (a, b) (x — a) + fey(a,)(y — b) 


At (a, b) we have Qz(a,b) = fs(a,b) + fox (a,b) (a — a) + fzy(a, b)(b — b) = fz (a,b). 


Similarly, Q,(z, y) = fy(a,6) + f. (a; b)(x — a) + fy, (a, b)(y — b) 
Qy (a, b) = fy(a,b) + f, (a, b)(a — a) + fyy(a, b)(b — b) = f, (a,b). 


For the second-order partial derivatives we have 


Qex(a,y) = 2 [f (a, b) + fw (a, b)(@ — a) + fry(a, b)(y — b)] = fre(a,6) = — Qus (a,b) = few (a, b) 


Qzy(£, y) = ü; [f (a, b) + fos (a, b) (x — a) + fz, (a, b)(y — b)] = fs, (a,b) — Qey(a,b) = fry (a, b) 


Quy(v, y) = Z [fu (a,b) + foy (a, b) (x — a) + fuy (a, b)(y — b)] = 


2. (a) First we find the partial derivatives and values that will be needed: 
f(“,y) = e c -v 
fo(a,y)  —2ze-* 
fy(x,y) = =2ye t? 
fox (t,y) = (4x? = 2e -v 
fey(a,y) = 4xye =t? 
fuy(a,y) = (4y? — 2je-* v 


Then the first-degree Taylor polynomial of f at (0, 0) is 


fuy(a,b) = Qyy(a,b) = fy, (a,b) 


f(0,0) =1 

fx (0,0) =0 
fy (0,0) = 0 
fea(0,0) = —2 
fry (0,0) = 0 


fuy (0, 0) =-2 


L(z,y) = f(0,0) + f«(0,0)(x — 0) + fy(0,0)(y — 0) = 1+ (0)(@ — 0) + (0(y—0) = 1 


The second-degree Taylor polynomial is given by 


Q(x, y) = f(0,0) + fe(0,0)(« — 0) + fy(0,0)(y — 0) + 5 fee (0, 0)(a — 0)? 
+ fry (0, 0)(x — 0)(y — 0) + $f,(0,0)(y — 0)? 


As we see from the graph, L approximates f well only for points 
(x, y) extremely close to the origin. Q is a much better 
approximation; the shape of its graph looks similar to that of the 
graph of f near the origin, and the values of Q appear to be good 


estimates for the values of f within a significant radius of the origin. 
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3. (a) First we find the partial derivatives and values that will be needed: 


f(x,y) = xe" f(1,0) 21 fen (x,y) = 0 frx(1,0) = 0 
folz, y) = e” fx(1,0) 21 foy(a,y) = e fry(1,0) =1 
fy (x,y) = xe" f,0,0) 21 fyy (2, y) = ve" fyy(1,0) 21 


Then the first-degree Taylor polynomial of f at (1, 0) is 
L(z,y) = f(1,0) + fe(1,0)(@ — 1) + fy(1,0)(y—0) = 1--(2(z—1) + (2(y-0 — ry 
The second-degree Taylor polynomial is given by 
Q(x, y) = f(1,0) + f«(1,0)(x — 1) + fy(1,0)(y — 0) + fs (1,0)(x — 1)? 
+ fey(1,0)(x — 1)(y — 0) + $ fu (1,0)(y — 0)? 
= $y tetany 
(b) L(0.9,0.1) = 0.9+0.1 = 1.0 
Q(0.9,0.1) = 4(0.1)? + 0.9 + (0.9)(0.1) = 0.995 


f(0.9,0.1) = 0.9e°" ~ 0.9947 


(c) As we see from the graph, L and Q both 
approximate f reasonably well near the point 
(1, 0). As we venture farther from the point, 
the graph of Q follows the shape of the graph 


of f more closely than L. 


oria + b 2 b : G 2 
y y y| t-y 
a 2a 2a a 
2a ee dac—b?\ 5 
2a 7 4a? y 
i. D\, 
Te: = Duy 
: 2a 7 4a? y 


2 
(: + ta v) + t3 d > 0. We know f (0,0) = 0, so f(0,0) < f(x,y) for all (x, y), and by 


4. © fæ) = a0? + bay + oy? = afa? + Say + Ea?) =a 
a a 

a}| x4 Sor us P 2 

= " 2a 7 4327 "a? 


(b) For D = 4ac — b°, from part (a) we have f (x,y) = a 


=a 


> 0. Here a > 0, thus 


D b NS 
(or)? > oma («+ zs) > 0, so 


f(x,y) =a 5s i 


definition f has a local minimum at (0, 0). 
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b N D 
c+—y) +(— ly?| > 0, and since a < 0 we have 
2a 4a? 


(« + 2 ) +( 2 | < 0. Since / (0,0) = 0, we must have f (0,0) > f(x, y) for all (x, y), so by 


(c) As in part (b), 


f(x,y) =a 


definition f has a local maximum at (0, 0). 

(d) f(x,y) = az? + bry + cy’, so f.(z,y) =2ax+by => f,(0,0) =Oand f,(z,y) =ba +2cy = f,(0,0) =0. 
Since f(0,0) = 0 and f and its partial derivatives are continuous, we know from Equation 14.4.2 that the tangent plane to 
the graph of f at (0,0) is the plane z = 0. Then f has a saddle point at (0, 0) if the graph of f crosses the tangent plane at 
(0, 0), or equivalently, if some paths to the origin have positive function values while other paths have negative function 
values. Suppose we approach the origin along the x-axis; then we have y — 0. =  f(z,0) = az? which has the same 


sign as a. We must now find at least one path to the origin where f(z, y) gives values with sign opposite that of a. Since 


ee Tu D 2 
2a 7 daz JI 


b b b \? D D . 
f (-z Y, v) =a | (; yt v) =F (=) d = — f. Since D < 0, these values have signs opposite that 


b 
, if we approach the origin along the line x = — 94 ^ We have 
a 


2a 2a 4a? 4a 
of a. Thus, f has a saddle point at (0, 0). 


5. (a) Since the partial derivatives of f exist at (0,0) and (0, 0) is a critical point, we know fz(0,0) = 0 and f,(0,0) = 0. Then 


the second-degree Taylor polynomial of f at (0, 0) can be expressed as 


Q(x,y) = f(0,0) + fa(0,0)(x — 0) + fy (0,0) (y — 0) + $ fee(0,0)(x — 0)? 
+ fey(0,0)(x — 0)(y — 0) + 3 fuy (0, 0)(y — 0)? 
= $ fex(0,0)x? + f, (0, 0)my + 3 fu, (0,0)? 

(b) Q(z, y) = à f««(0,0)z? + fay (0,0)xy + $ fy, (0,0)y? fits the form of the polynomial function in 

Problem 4 with a = 3 fza (0,0), b = fry(0,0), and c = 4 f, (0,0). Then we know Q is a paraboloid, and 

that Q has a local maximum, local minimum, or saddle point at (0, 0). Here, 

D = 4ac — b? = 4(4) fzx (0,0) (3) fyy(0, 0) — [fey(0,0)]? = fre (0, 0) fuy (0,0) — [fey (0, 0)]?, and if D > 0 with 

a= frx(0,0) >0 = fee(0,0) > 0, we know from Problem 4 that Q has a local minimum at (0, 0). Similarly, if 

D>Oanda<0 = fzz(0,0) < 0, Q has a local maximum at (0, 0), and if D < 0, Q has a saddle point at (0, 0). 
(c) Since f(x,y) ~ Q(z, y) near (0, 0), part (b) suggests that for D = fsz (0,0) fyy(0,0) — [fry (0,0)]?, if D > 0 and 

fea (0,0) > 0, f has a local minimum at (0,0). If D > 0 and fzz(0,0) < 0, f has a local maximum at (0, 0), and if 

D < 0, f has a saddle point at (0, 0). Together with the conditions given in part (a), this is precisely the Second 


Derivatives Test from Section 14.7. 
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14.8 Lagrange Multipliers 


1. 


. (a) The values c = +1 and c = 1.25 seem to give curves which are 


At the extreme values of f, the level curves of f just touch the curve g(x, y) = 8 with a common tangent line. (See Figure 1 
and the accompanying discussion.) We can observe several such occurrences on the contour map, but the level curve 

f(x,y) = c with the largest value of c which still intersects the curve g(x, y) = 8 is approximately c = 59, and the smallest 
value of c corresponding to a level curve which intersects g(x, y) = 8 appears to be c = 30. Thus we estimate the maximum 


value of f subject to the constraint g(x, y) = 8 to be about 59 and the minimum to be 30. 


tangent to the circle. These values represent possible extreme values 


of the function x” + y subject to the constraint z? + y? = 1. 


(b) Vf = (22,1), AVg = (2Aaz, 2Ay). So 2x = 2Ax = either 


A=lorrx=0. If A 1, then y = 4 and so x = +% (from the 


constraint). If x = 0, then y = +1. Therefore f has possible extreme 


: s nf Be di 
values at the points (0, +1) and ( mE j. We calculate 


f (+£, +) = $ (the maximum value), (0,1) = 1, and f(0,—1) = —1 (the minimum value). These are our answers 


from part (a). 


. We want to find the extreme values of f(a, y) = x? — y? subject to the constraint g(a, y) = a? + y? = 1. Then 


Vf —AVg (2x, —2y) = À (2a, 2y), so we solve the equations 2x = 2Ax, —2y = 2Ay, and z? + y? = 1. From the 


first equation we have 2r(A — 1) = 0 x=0or A=1.Ifx = 0 then substitution into the constraint gives 


y? =1 = y= +1. IfA = 1 then substitution into the second equation gives —2y = 2y y = 0, and from the 


constraint we must have x = +1. Thus the possible points for the extreme values of f are (0, +1) and (+1, 0). Evaluating f 


at these points, we see that the maximum value of f is f(+1,0) = 1 and the minimum is f(0,+1) = —1. 


. f(x,y) = 2’y, g(x,y) = £? + y! =5,and Vf =AVg > (2x, a?) = (2X2, Ady”), so we get the three equations 


4 


2xy = 2Az, i? = 4dy3, and x? + y 5. 2ey = 20% x = Qor y = A. If x = 0, the second equation implies y = 0 
or À = 0. The point (0, 0) does not satisfy the constraint, so x = A = 0 and the constraint gives a possible extreme value at the 


point (0, 1/5). Next, suppose y = A. Substituting into the second equation = <z? = 4A and substituting into the third 


equation gives 444+ A — 5. — A= 1. From the second equation with y = \ = 1, we get x = +2. From the second 


equation with y = A = —1, we get x = +2. So f also has possible extreme values at (+2, 1) and (+2, —1). Evaluating f at 


these 5 points, we see f (+2, 1) = 4 is the maximum value and f (+2, —1) = —4 is the minimum value. 


. f(x,y) = xy, g(x,y) = 4a? +y? = 8,and Vf =AVg => (ly, x) = (8A, 2Ay), so y = SAX, x = 2Ay, and 


4x? + y? = 8. First note that if x = 0 then y = 0 by the first equation, and if y = 0 then x = 0 by the second equation. But 


this contradicts the third equation, so x # 0 and y Æ 0. Then from the first two equations we have m" SAS = 
T y 
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2y? = 8a? = y? = 4x”, and substitution into the third equation gives 4x? + Ay? — 8 — x=+1. Ife =+1 then 


y? =4 => y=+2,s0 f has possible extreme values at (1, +2) and (—1, +2). Evaluating f at these points, we see that 


the maximum value is f(1,2) = f(—1,—2) = 2 and the minimum is f(1, 2) = f(—1,2) = —2. 


. f(x,y) = xe”, g(x,y) 2a? +y? =2,andVf=AVg => (e%, xe”) = (2Ax, 2Ay), so e” = 2Àz, xe? = 2dy, and 


xr? + y? = 2. First note that from the first equation x Æ 0. If y = 0, the second equation implies x = 0, so y # 0. Then from 


y y 
the first two equations we have = =A= = => 2ye” =?2r°e” = y= x?, and substituting into the third 

x y 
equation gives z? + (£x?) =2 > at+a?—-2=0 (a? + 2)(a? —1) 20 x = +1. From y = z? we 


have y = 1, so f has possible extreme values at (+1, 1). Evaluating f at these points, we see that the maximum value is 


f(1, 1) = e and the minimum is f(—1, 1) = —e. 
. f(x,y) = 2a? + by”, g(a, y) = z* + 3y4=landVf=AVg => (4a,12y) = (Ad2°, 12A), so we get the three 


1 
equations 4x = 4Az?, 12y = 12dAy3, and x^ + 3y^ = 1. The first equation implies that x = 0 or 2? = Xx The second 


equation implies that y = 0 or y? = X Note that x and y cannot both be zero as this contradicts the third equation. If x = 0, 


the third equation implies y = 3-4. If y = 0, the third equation implies that x = +1. Thus, f has possible extreme values at 


V3 
1 1 p 1\? 

(v. £8) and (+1, 0). Next, suppose z? = y? = Y Then the third equation gives (3) + x1) =1 A= +2. 
A = —2 results in a nonreal solution, so consider A = 2 r=y=+ E Therefore, f also has possible extreme values 
at (+ L n ) (all 4 combinations). Substituting all 8 points into f, we find the maximum value is 

JB VS . g p > 
(+ iid ) = 4 and the minimum value is f(+1,0) = 2 

V? V2) — IUE 


. f(x,y) = aye" ^, g(x,y) = 2r — y = 0, and Vf = AVg > 


Qe — Qe? ye? V. get? — Saye wo = (2X, —A), so we get the three equations 


2 


ye ^ m m 222ye-* 7 = 2), ge 9 v^ 2xy)e-* Y? = —A, and 2x — y = 0. Multiplying the second equation by 2 


and adding it to the first gives 2me7* — Axyle- Y? + ye * v — Qa? ye* 7 ——2A4-2A-0 


2x — Axy? + y — 2a?y = 0 (as er Æ 0). From the third equation, 2x = y, and substituting into the new equation, we 


2 90 f 


have 2a — Ax(21)? + 2a — 2x?(2x) = 0 4x — 201? = 0 Ax (1— 52?) =0 zx —00rz—d 


1 2 1 2 
has possible extreme values at (0, 0), (+ — J, and | ——2,— —~ |. Substituting these into f, we see that the minimum 
v5 V5 v5 v5 


1 2 1 2 2 
lue i = th i lue i . 
value is f/ (0,0) = 0 and the maximum value is (=. =) ( JE A) Se 
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9. f(x,y,z) = 2x + 2y +z, g(x,y, z) = a2 +y? +z? 29,and Vf 2 AVg => (2,2,1) = (222,24, 2Az), so 29x = 2, 
y y ACEC) 


: 1 1 1 OX 
2y = 2, 2Az = 1, and x? + y? + z? = 9. The first three equations imply x = Y y= Y and z = 2X But substitution into 
m ef ta E 9 
the fourth equation gives ( 3 + ( 3 + ( 2 3 9 De 9 À ti, so f has possible extreme values at 


the points (2,2, 1) and (—2, —2, — 1). The maximum value of f on z? + y? + z? = 9 is f(2,2, 1) = 9, and the minimum is 
10. f(x,y,z) = e°”, g(z,y,z) = 2a? +y? +2? = 24,and Vf =AVg => — (yze* ^ ze"? , gye”) = (Ada, 2y, 2A). 


Then yze*"^ = AXz, rze?” = 2\y, xye""^ = 2Az, and 2x? + y? + z? = 24. If any of z, y, z, or À is zero, then the first 
y Y, TY 


three equations imply that two of the variables x, y, z must be zero. If x = y = z = 0 it contradicts the fourth equation, so 


exactly two are zero, and from the fourth equation the possibilities are (x23, 0, 0), (0, X246, 0), (0, 0, 2v6) s 


all with an f-value of e? = 1. If none of x, y, z, A is zero then from the first three equations we have 
y q 


4A 2A 2A 2 os 

Ban = oper CUM 2 eee EX a a, Ž., This gives 2x72 = y?z 243? =y? and ay? =r? = 
yz cz cy yz “vz ay 

y? = z?. Substituting into the fourth equation, we have y? + y? + y? = 24 y =8 y = £2V2, so 


r? =4 > c=42 and z2? =y? => z= £22, giving possible points (+2, +2V2, +22) (all combinations). 


$ 


The value of f is e? when all coordinates are positive or exactly two are negative, and the value is e^! when all are negative 
p y g g 


or exactly one of the coordinates is negative. Thus the maximum of f subject to the constraint is e!? and the minimum is e^ '°. 


1. f(x,y,z) = zy?’z, g(x,y, z) = 2? +y? +2? =4, andVf=AVg > (yz, 2xyz, vy?) = A (2x, 2y, 2z). Then 


y!z —2Az, 2ryz —2Xy, xy? —2Az, and a? +y?4+ 27 = 4. 


Case 1: If A = 0, then the first equation implies that y = 0 or z = 0. If y = 0, then any values of x and z satisfy the first three 


equations, so from the fourth equation all points (x, 0, z) such that z? + 2? = 4 are possible points. If z = 0 then from the 


third equation x = 0 or y = 0, and from the fourth equation, the possible points are (0, +2, 0), (+2, 0,0). The f-value in all 
these cases is 0. 
Case 2: If A Æ 0 but any one of x, y, z is zero, the first three equations imply that all three coordinates must be zero, 


contradicting the fourth equation. Thus if A Z 0, none of z, y, z is zero and from the first three equations we have 


2 2 

= =A= rz = ČL. This gives y?z = 2a7z y? =2r° and 2y?z? =227y? => z? =a”. Substituting into the 
x z 

fourth equation, we have x” + 22? + 3? = 4 z? =1 x = +1, so y = +v 2 and z = +1, giving possible points 

(+1, +yV2, +1) (all combinations). The value of f is 2 when x and z are the same sign and —2 when they are opposite. 


Thus the maximum of f subject to the constraint is f (1, +V2,1) = f(—1,+V2, — 1) = 2 and the minimum is 


f(Q, £2, —1) = f(-1,+v2, 1) = -2. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


12. 


13. 


14. 


15. 


16. 


SECTION 14.8 LAGRANGE MULTIPLIERS 1453 


f(ejyz) = 2? +y? +2, g(z,y z) = £? +y? EE + zy = 12, and Vf =AVg > 


(2a, 2y, 2z) = (A(2x + y), A(2y + x), A2z), so (1) 2x = A(2x + y), (2) 2y = A(2y + z), (3) 2z = A2z, and 


(4) 2? +y? + 2° + zy = 12. First note that À = 0 x = y = z = 0, which contradicts (4), so assume A Z 0. Then 


(3) implies A = 1 or z = 0. If à = 1, then (1) and (2) imply r =y =0 => 0°+0+2+0=12 > z= +v12. If 


z = 0, y(1) - (2) 0 = Ay? — Ax? xz = y or x = —y. Substituting x = y into (4) > y=ax=+2. 


Substituting x = —y into (4) = y = +v12. Thus, f has possible extreme values at (0, 0, V 12), 


(2, 2,0), (—2, —2,0), (v 12, —/12, 0), and (- 12, v12, 0). Evaluating f at these points, we see that the maximum value 
is f (V12, —/12,0) = f (—V12, V12, 0) = 24 and the minimum is f(2,2,0) = f(—2, —2,0) = 8. 


f(z,y,z)-a +y --£7,9(xy,2)—a'-y 4:421 = Vf = (22, 2y,2z), Vg = (4A, AA? , 42°). 


M 


Case 1: Ifa #0, y £ 0, and z £ 0, then Vf = AVg implies \ = 1/(22?) = 1/(2y?) = 


4 = +- ivi i Sas ok ate oe a eee el feeds ve el 
3x = Lora = + giving the points ( ys wp 1), (+4, Vs 3 ) (+ D ) 


/ (22?) or x? = y? = z? and 


Je Soe le 
Nap 4 yg 


all with an f-value of 3. 


Case 2: If one of the variables equals zero and the other two are not zero, then the squares of the two nonzero coordinates are 
equal with common value P and corresponding f-value of /2. 
Case 3: If exactly two of the variables are zero, then the third variable has value +1 with the corresponding f-value of 1. 


Thus on z^ + yf + 2^ = 1, the maximum value of f is 3 and the minimum value is 1. 


f(x,y,z) =a +y +24, g(x,y, z) =r +y +22 =1 > Vf- (423, 4y?, 42°), AV g = (2Aa, 2Ay, 2Az). 

Case 1: If z #0, y £0, and z Æ 0 then Vf = AVg implies A = 2a? = 2y? = 22? ora? = y? = 2? = i giving 8 points 
each with an f-value of i. 

Case 2: If one of the variables is 0 and the other two are not, then the squares of the two nonzero coordinates are equal with 


common value i and the corresponding f-value is i. 


Case 3: If exactly two of the variables are 0, then the third variable has value +1 with corresponding f-value of 1. 


i 


Thus on z? + y? + z? — 1, the maximum value of f is 1 and the minimum value is 3 


f(x,y,z,t) =£ +y+z+t, g(x,y, z, t) =r +y4+24+eP=1 > (1,1,1,1) = (2x, 2y, 2rz, 2At), so 


A = 1/(2x) = 1/(2y) = 1/(2z) = 1/(2t) and z = y = z = t. Buta? + y? + 2? + t? = 1, so the possible points are 


E dp A Sa AE ; ; Be De Be c - . 
( PESE i). Thus the maximum value of f is Jf. 2:55 i) — 2 and the minimum value is 


f(-5-5-9-3)--2 


f(zi,22,..., En) = 21+ £2 +- an, g(1i,22,..., 24) = Yid xl +r —-1 3 
(1,1,...,1) = (2221,2AÀ22,...,2A24), 80 A = 1/(221) = 1/(222) —--: = 1/(2£n) and x1 = x2 =- -< = Tn. 


[continued] 
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But £? + 03 E... a2 = 1, so z; = +1//n fori 1,...,n. Thus the maximum value of f is 


fF An, 1n, ..., 1//n) = yn and the minimum value is f(1//n, —1//n, ..., — 1A/m) = —m. 
If the two numbers are x and y, we want to minimize f(x,y) = £ + y, x > 0, y > 0 subject to g(x, y) = xy = 100. Then 


Vf —AVg => (1,1) = (Ay, àx), so 1 = ày, 1 = Az, and zy = 100. The first two equations imply y = La x and 


A 
wt EN ; ; : 1 i ers 1 
substitution into the third equation gives = 100 > A= TAY Since x > 0 and y > 0, we have A = 10 and hence, 


r=y= i = 10. Thus, the minimum value of f is f(10, 10) = 20. By comparing nearby values we can confirm that this 


gives a minimum and not a maximum. Therefore, the two numbers are 10 and 10. 


If x and y are the dimensions of the rectangle in meters, we want to minimize f(x,y) = 2x + 2y, x > 0, y > 0 subject to 


g(x,y) = xy = 1000. Then Vf = AVg => (2,2) = (Ay, Ax), so 2 = Ay, 2 = Az, and zy = 1000. The first two 


2 4 1 
equations imply y = = = x and substitution into the third equation gives — = 1000 => A= +——. Since x > 0 and 
q ply y A q g M 5J10 
0, we have A = NT and hence, x = y = Es 104/10. Thus, the minimum value of f is 
TP 5V10 ge id 


f (10V 10, 104/10 ) = 40v 10. By comparing nearby values we can confirm that this gives a minimum and not a maximum. 


Therefore, the dimensions of the rectangle that minimize the perimeter are 104/10 m by 104/10 m. 


Let x and y be the dimensions of the rectangle in meters. Then the perimeter constraint is given by 2x + 2y = 100 => 
x+y = 50. We want to maximize f(x,y) = zy, x > 0, y > 0 subject to g(x,y) = x + y = 50. Then Vf = AVg => 
(y,z) = (A, A), so y = A, x = A, and x + y = 50. Substituting the first two equations into the third gives 24 = 50 = 


A = 25. Thus, the area is maximized when z = y = 25 meters and f(25,25) = 625 m?. 


Let x, y, and z be the dimensions of the box. The box has a square bottom, so x = y. We want to minimize 
f(a, z) = x? + 4xz subject to g(x, z) = x?z = 32,000. Then Vf =AVg = (2x - Az, 4x) = (20uz, Ax?), so 
2x + Az = 2Azz, Ax = Ax”, and z?z = 32,000. The second equation implies x = 0 or Ax = 4. Note that x = 0 results in a 


zero volume. So let A = 4/z. Substitution into the first equation gives 2x + 4z = 8z = wx = 2z, and substituting 2z for x 


into the third equation gives 42? = 32,000 z = 20 x = 40. Therefore, the dimensions of the box that will 


minimize the surface area are 40 cm by 40 cm by 20 cm. 


The distance d from any point (x, y) in the zy-plane to the origin is given by d = \/x? + y?. We will minimize 


d? = f(x,y) = £? + 3? subject to g(x,y) = —2x + y = 3. Then Vf =AVg = (2x,2y) = (—2A, A), so 2a = —2A, 


2y = A, and —2x + y = 3. The first equation implies x = — A, and the second, y = 7 Then substitution into the third 
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rai Ton) 
8 


$ and y = 3. Thus, the point on the line y = 2x + 3 that is closest to 


equation gives 2A + à 3 À 
the origin is (-$, 3). 


Let r and h be the radius and height of a right circular cylinder. We want to maximize V (r, h) = mrh subject to 


g(r, h) = h + 22r = 108. Then VV = AVg (2nrh, nr?) = (22A, X), so 2rrh = 2TA, vr? = A, and 

h + 2nr = 108. The first equation implies rh = A and substitution into the second gives mr? = rh r=Oorh=mTr. 
r Æ 0 (else, V = 0), so substitute h = rr into the third equation. Then zr + 27r = 108 mr = 36 h = 36. 
Therefore, the dimensions that maximize the volume are r = 3 inches and h = 36 inches for a volume of V = ame inë. 


f(£,y) =£? +y?, g(x,y) = xy =1,and Vf =AVg => (2z,2y) = (Ay, Ax), so 2x = Ay, 2y = Az, and xy = 1. 


From the last equation, x 4 0 and y Æ 0, so 2x = Ay => A= 2z/y. Substituting, we have 2y = (Qx/y)x = 


y =x => y= +r. But ry = 1, so x = y = +1 and the possible points for the extreme values of f are (1, 1) and 
(—1, —1). Here there is no maximum value, since the constraint ry = 1 < y = 1/z allows x or y to become arbitrarily 


large, and hence f(x,y) = x? + y? can be made arbitrarily large. The minimum value is f(1,1) = f(—1,—1) = 2. 


f(z,y,z) = £? + 2y? +32”, g(a,y) 2 x --2y + 3z = 10, and Vf =AVg => (2x, 4y,6z) = (A, 2A, 3A), so 2a = A, 
4y = 2X, 6z = 3A, and x + 2y + 3z = 10. From the first three equations we have 2r = A = 2y = 2z x = y = z, and 
substituting into the fourth equation gives x + 2x + 3x = 10 x $ y — z. Thus the only possible point for an 


extreme value of f is (2, 3, 2). Notice here that the constraint x + 2y + 3z = 10 allows any of |x], |y|, or |z| to be arbitrarily 


large, and hence f(a, y, z) = a? + 2y? + 32? can be made arbitrarily large. So f has no maximum value subject to the 


50 
a 


constraint. The minimum value is fG, 3, 3) =6 (E = 
f(z,y) =e", g(£, y) 2a? +y? = 16. Then Vf = AVg => (ye™”, ce") = (3A2?,3Ay?), so ye*" = 3Az?, 

re?” = 3dy”, and z? + y? = 16. Multiplying the first equation by x and the second by y gives zye"" = 3Ax? and 

rye?” = 3d\y> => 3143? = 3y? => x — yand substituting x for y into the third equation, we have z? + z? = 16 => 
x = y = 2. Therefore, f has an extreme value at the point (2, 2) and evaluating f at that point we see f (2,2) = e^. Notice 
from the constraint that y? = 16 — z? and y? becomes increasingly negative as x? becomes arbitrarily large (similarly, x? can 


be increasingly negative while y? is arbitrarily large). Thus, for any small value £ > 0, we can find x and y that satisfy the 


constraint such that 0 < e?” < £. Thus, f has no minimum value subject to the constraint and f (2, 2) = e4 is a maximum. 
f(x,y,z) = 4r + 2y + z, g(z,u,z) = £? +y +2? = 1. Then Vf = AVg = (4,2,1) = (22, À, 2Az), so 

4 = 2)\a,2 = À, 1 = 2dz, and £? + y + 2? = 1. As À = 2 by equation two, we have z = 1 and z = + by equations one and 
three, respectively. Substituting these values into equation four gives 1? + y + (Ay =1 > y=- i Thus, f has an 


extreme value at (1, -i, Js Notice that y = 1 — (x? + 2°) < 0 fora? + z? > 1, and substituting into f, we see that 


1 
4 
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L,Y, Z) = Ax + 2 + z — 2(x? + 2?) can decrease without bound for values of (x, y, z) that satisfy the constraint. Thus, 
y 


has no minimum value subject to the constraint and f (1, — $, i) = E is a maximum. 


f(x, y) = x? +y? + 4a — 4y. For the interior of the region, we find the critical points: f, = 2x + 4, fy = 2y — 4, so the 
only critical point is (—2, 2) (which is inside the region) and f(—2,2) = —8. For the boundary, we use Lagrange multipliers. 


z,y)-—2a?--y! =9,s0 Vf —- AVg => (2x -- 4,2y — 4) = (222, 2dy). Thus 2x + 4 = 2Aa and 2y — 4 = 2A. 
g 


Adding the two equations gives 2x + 2y=2Ar+2Ay => a«ty=Xat+y) (x + y)(A— 1) = 0, so 

zt+y=0 y——rorA—-1-0 A = 1. But \ = 1 leads to a contradition in 2x + 4 = 2AÀz, so y = —« and 
2 2. Qimnh Dx eat) ORAE: m A 

x^ + y^ = 9 implies 2y 9 y = X25. We have f (3s. 3) = 9 + 12/2 ~ 25.97 and 


f(- 3 +) = 9 — 12/2 ~ —7.97, so the maximum value of f on the disk x? + y? < 9 is f (3. -+5) = 9+ 12/2 and 


the minimum is f(—2,2) = —8. 


f(a, y) = 2a? + 3y? — 4a — 5 Vf = (4a — 4, 6y) = (0,0) x = 1, y = 0. Thus (1, 0) is the only critical point 
of f, and it lies in the region z? + y? < 16. On the boundary, g(x, y) = a? + y? = 16 AV g = (2Ax,2Ay), so 
6y —2Ay => either y = Qor à = 3. If y = 0, then x = +4; if \ = 3, then 4x — 4 = 2Ax x = —2 and 


y = +2 V3. Now f(1,0) = —7, f(4,0) = 11, f(—4,0) = 43, and f(—2, +2 v3) = AT. Thus the maximum value of 


f(a, y) on the disk z? + y? < 16 is f(-2, +2 V3) = 47, and the minimum value is f(1,0) = —7. 


f(x,y) =e 7. For the interior of the region, we find the critical points: f; = —ye ^", fy = —xe 7”, so the only 
critical point is (0,0), and f(0,0) = 1. For the boundary, we use Lagrange multipliers. g(x,y) = a? --4y? 2-1 => 


AV g = (2Ax, 8Ay), so setting V f = AVg we get —ye ^" = 2Ax and —ze ^" = 8Ay. The first of these gives 


e ^" = —2)x/y, and then the second gives -r(—2Acz/y) = 8Ay z? = 4y”. Solving this last equation with the 
TEN. V So A pean ieee pal aed) aya 

constraint z^ + 4y^ = 1 gives x = 75 and y = +55. Now FEF) — e^ g 1.284 and 

f (+45. +5) = e™ 1/4 = 0.779. The former are the maximums on the region and the latter are the minimums. 


f(z,y,z) = z, g(z,y, z) = £? +y? — 2? —0, h(z,y,z) = x£ +y +z = 24,and Vf =AVgtuVh => 


(0,0, 1) = (2Aa, 2Ay, —2Az) + (u, u, u). Then 0 = 22x --u, 0—2Ay +u, 1=—2Az+yp, a? +y?— 2? — 0, and 


x+y +z = 24. From the first two equations we have —2Ax = u = —2Ay A=0org=y.ButA=0 > w=0 


which contradicts the third equation, so x = y and substitution into the last equation gives z = 24 — 2x. From the fourth 


equation we have x” + a? — (24 — 22)? = 0 2x? + 96a — 576 = 0 x? — 48r +288=0 => 
48 + v 1152 
p BENU ier 12/2 = y. Now z = 24 — 2x, so the possible points are (24 + 12/2, 24 + 12/2, —24 — 24/2) 


2 


and (24 — 12/2, 24 — 12/2, —24 + 24/2). The maximum of f subject to the constraints is 
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f (24 — 12/2, 24 — 12/2, —24 + 24,/2) = —24 + 24/2 ~ 9.94 and the minimum is 


f (24+ 12/2, 24 + 12/2, —24 — 24/2) = —24 — 24/2 ~ —57.94. 


f(@,y,z) =£ +y +z, g(£,y, z) =a? +2? =2, A(a,y,z) =x +y = 1, and Vf =AVgt+uVh => 


(1,1,1) = (222,0,2Àz) + (u, p, 0). Then 1 = 2Az + u, 1 =u, 1—2Az, 2? +22 —2, and x+y = 1. Substituting 


H = 1 into the first equation gives A = 0 or x = 0. But A = 0 contradicts 1 = 2Az, so x = 0. Then z +y =1 > y=1 


and £z? +2? 22 => z= +vV2, so the possible points are (0, T; +v2). The maximum value of f subject to the 


constraints is f(0, 1, V2) = 1 + v2 z 2.41 and the minimum is f(0,1,-/2) = 1 — V2 ~ —0.41. 


Note: Since x + y = lis one of the constraints, we could have solved the problem by solving f(x, z) = 1 + z subject to 


^pa S79: 
f(z,y,z) =£? ty +2, g(r,y z) yl h(z,y,2)=y?- 2 =1 Vf = (2a, 2y, 2z), 
AVg = (A, —A, 0), and u Vh = (0, 2uy, —2uz). Then 2x = A, 2y = —A + 2uy, and 2z = —2uz z=Olorn=-l. 


If z = Othen y? — z2 =1impliesy?=1 => y= +1. Ify = 1, x — y = 1 implies x = 2, and if y = —1 we have x = 0, 


so possible points are (2, 1,0) and (0, —1, 0). If u = —1 then 2y = —A + 2uy implies 4y = —A, but A = 2x so 


4y = —2x x = —2y and x — y = 1 implies -3y = 1 y= +. But then y? — z? = 1 implies 2? = —$ an 


impossibility. Thus the maximum value of f subject to the constraints is f(2, 1, 0) = 5 and the minimum is f(0,—1,0) = 1. 


Note: Since x — y = 1 x = y + 1 is one of the constraints we could have solved the problem by solving 


f(y, z) = (y - 1 +y? + 2 subject to y? — 2? = 1. 


f(v,9,2) = yz + zy, gl£, y,z) = xy =1, h(z,y,z) =y4?+2?=1 => Vf=(y,£+2z,y), AVG = (ày, Az, 0), 


LVh = (0, 2uy, 2uz). Then y = Ay implies A = 1 [y Z 0 since g(x,y, z) = 1], x + z = Ax + 2uy and y = 2uz. Thus 


u = z/ (2y) = y/ (2y) or y? = z?, and so y? + 2? = 1 implies y = 2s. gx +5. Then zy = 1 implies x = +2 and 


the possible points are (+v2, t7» à) ^ (+v2, t — à) . Hence the maximum of f subject to the constraints is 


f(+v3, tfo tA) = 3 and the minimum is f(+v2, t TA) =4. 
Note: Since xy = 1 is one of the constraints we could have solved the problem by solving f(y, z) = yz + 1 subject to 


y 42-1. 


34. (a) f(x, y) = 2x + 3y, g(x,y) = Vr + Vy —5 Vf — (2,3) 2 AVg x : l ) me 


2Vzr 2/y 


ee = 2 so 4V/x = A 6 /y Jy 2V/z. With Vx + y = 5 we have Vx + 2Va =5 => 
2Va 2/y 


Vr=3 => «x =9. Substituting into Jy = 2vz gives Jy = 2 or y = 4. Thus the only possible extreme value 


subject to the constraint is f (9, 4) = 30. (The question remains whether this is indeed the maximum of f.) 
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(b) f(25, 0) = 50 which is larger than the result of part (a). 


(c) We can see from the level curves of f that the maximum 
occurs at the left endpoint (0, 25) of the constraint curve g. 


f 
fi 
f 
f The maximum value is f (0,25) = 75. 
f 
f 
f 


(d) Here Vg does not exist if x = 0 or y = 0, so the method will not locate any associated points. Also, the method of 
Lagrange multipliers identifies points where the level curves of f share a common tangent line with the constraint curve g. 


This normally does not occur at an endpoint, although an absolute maximum or minimum may occur there. 


(e) Here f (9, 4) is the absolute minimum of f subject to g. 


35. (a) f(z,y) =z, g(x,y) =y? -a* r? —0 Vf = (1,0) 2 AVg A (4a? 32°, 2y). Then 


1- (403 — 32?) (1) and 0 = 2Ay (2). We have A Æ 0 from (1), so (2) gives y = 0. Then, from the constraint equation, 


z*—23 =0 z*(y—1)-20 x = O or x = 1. But x = 0 contradicts (1), so the only possible extreme value 


subject to the constraint is f(1,0) = 1. (The question remains whether this is indeed the minimum of f.) 


(b) The constraint is y? + z^ — 3? = 0 y? = x? — z^. The left side is nonnegative, so we must have x? — z^ > 0 
which is true only for 0 < x < 1. Therefore the minimum possible value for f(x,y) = x is 0 which occurs for x = y = 0. 


However, AVg(0,0) = A(0 — 0,0) = (0,0) and V f (0,0) = (1,0), so Vf(0,0) Z AV g(0, 0) for all values of A. 


(c) Here Vg(0, 0) = 0 but the method of Lagrange multipliers requires that Vg 4 0 everywhere on the constraint curve. 


36. (a) The graphs of f(x, y) = 3.7 and f(x, y) = 350 seem to be tangent to the circle, and 7 


so 3.7 and 350 are the approximate minimum and maximum values of the function 


f(x, y) = x? + y? + 3xy subject to the constraint (x — 3)? + (y — 3)? = 9. 
(b) Let g(x, y) = (x — 3)? + (y — 3)?. We calculate f; (x, y) = 3x? + 3y, 


fy (x, y) = 3y? + 3a, gx (v, y) = 2x — 6, and g, (x, y) = 2y — 6, and use a 1 7 


CAS to search for solutions to the equations g(a, y) = (x — 3)? + (y — 3)? = 9, =i 
fz = Age, and fy = Agy. The solutions are (x, y) = (3 — 2/2,3— 3/2) & (0.879, 0.879) and 


(x,y) = (8+ 3V2,3 + 3V2) ~ (5.121, 5.121). These give f(3 — 32,3 — 3V2) = 3 — ?23 2 = 3.673 and 


f(34+3V2,3+4 4v2) = 3 + 28/2 = 347.33, in accordance with part (a). 
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P(L, K) =bL°K'~*, g(L, K) mL -nK =p VP = (abL^-! K17*,(1— o)bL" K-?), AVg = (Am, An). 


Then ab(K/ L)! ^ = Am and (1 — a)b(L/K)* = An and mL + nK = p, so ab(K/L)'~*/m = (1 — o)b(L/ K)^/n or 
no/[m(1 — o)] = (L/ K)* (D/ K)!* or L = Kna/[m(1 — a)]. Substituting into mL + nK = p gives K = (1— o)p/m 


and L = ap/m for the maximum production. 


C(L,K) =mL+nkK, g(L,K) -bL^K! ^ =Q = VC = (m,n), Vg = (AaobL^! K!-*, A(1— o)bL? K^). 


míLN'? n KN? na pL e Jp 
Then 2 ( = eg frees a fimo _ Lido. ne A 
max) gar) e a a (x) 7 


L= i and so b -Kra Ri =Q. Honce K= —— ee (1— 0) 
m(1-— a) m(1-— a) b (na /[m(1 — o)]) bn*ae 
cune bea). d cnr POP T 5 Soa 
and L — ma TEST = jmi-9(-— a) 2 minimizes cost. 


Let the sides of the rectangle be x and y. Then f(x,y) = xy, g(z,y) = 2r --2y =p => Vf (x,y) = (yx), 


AV g = (2A, 2X). Then A = iy = ir implies x = y and the rectangle with maximum area is a square with side length ip. 


We maximize A? = f(x,y,z) = s(s — x)(s — y)(s — z) subject to g(x,y, z) =a + y + z. Then 


Vf = (-s(s — y)(s — z), —s(s — v)(s — z),—s(s— x)(s — y), AVg = (À, A, A). Thus 


(s—y)(s—z) = (s — x)(s — z) (1), and (s — x)(s — z) = (s — x)(s — y) Q). (1) implies x = y while (2) implies y = z, 


so z = y = z = p/3 and the triangle with maximum area is equilateral. 


The distance from (2, 0, —3) to a point (x, y, z) on the plane is d = \/(x — 2)? + y? + (z + 3)?, so we seek to minimize 


d? = f(x,y,z) = (x — 2)? + y? + (z + 3)? subject to the constraint that (x, y, z) lies on the plane z + y + z = 1, that is, 


thatg(r,y,z) =£ +y+z=1. Then Vf — AVg (2(x — 2), 2y, 2(z + 3)) = (A, à, A), so x = (A+ 4)/2, 
DE : . . 4 A, A-6 
y = A/2, z = (A — 6) /2. Substituting into the constraint equation gives T + a Ue 1 3A-2=2 
AÀ $ so x 3, y 2, and z — eo This must correspond to a minimum, so the shortest distance is 
= 8 2 2)2 7 2 5,/4.2 
d-4($-2) +(5) +(-3 +3) 38 
The distance from (0, 1, 1) to a point (a, y, z) on the plane is d = ,/x? + (y — 1)? + (z — 1)?, so we minimize 


d? = f(x,y,z) = x? + (y — 1)? + (z — 1)? subject to the constraint that (x, y, z) lies on the plane z — 2y + 3z = 6, that is, 


g(x,y,2) = x — 2y +3z=6. ThenVf 2 AVg = (2z,2(y — 1,2(z — 1) = (A, 224,33), sor = A/2, y = 1 — à, 


3A + 2 
2 


z = (3A + 2)/2. Substituting into the constraint equation gives à —2(1—23) -3 6 à= Žž, sox = i, 


y= 2, and z = 2. This must correspond to a minimum, so the point on the plane closest to the point (0, 1, 1) is (3. 2, 2), 
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Let f(x,y,z) = d? = (x — 4)? + (y — 2)? + 2”. Then we want to minimize f subject to the constraint 


g(x,y, z) =a? +y?-2=0. Vf-AVg (2 (x — 4) ,2 (y — 2) ,2z) = (222,2Ay, —2Az), so x — 4 = Ax, 


y — 2 = Ay, and z = —Az. From the last equation we have z + Az =0 = z(1+A)=0,soeither z = 0orA = —1. But 


from the constraint equation we have z = 0 x+y? =0 x = y = O which is not possible from the first two 
equations. SoA = —1 and x — 4 = Ax x = 2, y — 2 = ày y= 1,and z? +y? -2 =0 = 

4+1-2 =0 z = +v5. This must correspond to a minimum, so the points on the cone closest to (4, 2, 0) 

are (2, 1, +v5). 


. Let f(x,y, z) = d? = x? + y? + 22. Then we want to minimize f subject to the constraint g (x, y, z) = y? — zz = 9. 
y y 


Vf —AVg => (2a, 2y,2z) = (—Az, 2Ay, — Ax), so 2x = —Az, y = Ay, and 2z = —Az. If x = 0 then the last equation 


implies z = 0, and from the constraint y? — xz = 9 we have y = +3. If x Æ 0, then the first and third equations give 
à = —2r /z = —2z/x z? = z?. From the second equation we have y = O or À = 1. Ify = 0 then y? — rz =9 = 
z = —9/x and x? = 2? > a?-—81/a? => x =+H3. Since z = —9/x, x = 3 z = —3 and x = —3 


z = 3. If A = 1, then 2x = —z and 2z = —x which implies x = z = 0, contradicting the assumption that x ZZ 0. Thus the 


possible points are (0, +3, 0), (3,0, —3), (—3,0, 3). We have f (0, +3, 0) = 9 and f (3,0, —3) = f (—3, 0,3) = 18, so the 


points on the surface that are closest to the origin are (0, +3, 0). 


. Maximize f(x,y,z) = xyz subject to g(z,y,z) = x +y +z = 100. Vf =AVg => (yz,xz, ry) = A (1, 1, 1). Then 


100 


à = yz = xz = xy implies z = y = z = 3 


. Minimize f(x,y, z) = x? + y? + 2? subject to g(z,y,z) = £ + y + z = 12 with z > 0, y > 0, z > 0. Then 


Vf=AVG = (2z,2y,2z) = A (1,1,1) 2x = À, 2y = à, 2z = À t=y=2z,sor+y+z=12 


3x = 12 x = 4 = y = z. By comparing nearby values we can confirm that this gives a minimum and not a maximum. 


Thus the three numbers are 4, 4, and 4. 


If the dimensions are 2x, 2y, and 2z, then maximize f(x,y,z) = (2r)(2y)(2z) = 8xyz subject to 


g(x,9,2) =e y? +2 —r (z >0,y 50,220) Then Vf =AVg => (8yz,8rz,8xzy) = À (2z, 2y, 22) => 


4 4 4 oed ; 
8yz = 2Az, 8rz = 2Ay, and 8ry = 2Az,s0 A = " = a = T This gives z?z = y?z => a? = y’ (since z Æ 0) 
and ry? = r? > 2 =y’ sor =y =z x = y = z, and substituting into the constraint 
equation gives 3z? = r? x = r/v3 = y = z. Thus the largest volume of such a box is 


1 do de) (a (0) G) 


. If the dimensions of the box are z, y, and z, then minimize f(x,y,z) = 2xy + 2xz + 2yz subject to 


g(z,y,z) = zyz = 1000 (x > 0, y > 0, z > 0). Then Vf = AVg => 
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(2y + 2z, 2x + 22,2” + 2y) = A (yz, £z, xy) => 2y--2z = Ayz,2x + 2z = Axz, 2x + 2y = Axy. Solving for A in 


each equation gives A 


27.12: 721, 12e 2202 
gH mu Freee = x= y = z. From ryz = 1000 we have x? = 1000 > 


y 2 Y y 


x = 10 and the dimensions of the box are x = y = z = 10 cm. 


Maximize f(x,y,z) = xyz subject to g(x,y, z) =x+2y+3z=6. Vf =AVg (yz, xz, xy) = à (1,2,3). 


Then A = yz = daz = iry implies x = 2y, z = y. But 2y + 2y + 2y = 6 so y = 1, x = 2, z Z and the volume 


i —4 
is V = 5. 


Maximize f(x,y,z) = xyz subject to g(z,y,z) = zy + yz + zz = 32. Vf —AVg => 


(yz, xz, cy) = àA (y + z, x +z,x£ +y). Then A(y + z) = yz (1) A(x +z)= xz (2), and A(z-y)-— zy (3). And 


(1) minus (2) implies A(y — x) = z(y — x) so x = yor A = z. If A = z, then (1) implies z(y + z) = yz or z = 0 which is 


false. Thus x = y. Similarly (2) minus (3) implies A(z — y) = z(z — y) soy = zor À = zx. As above, Az z,soy—y-—z 


and3z? = 32 or z = y = z yg em. 


Maximize f(x,y,z) = xyz subject to g(z,y, z) =4(a@+y+z)=ca Vf —AVg (yz, az, xy) = A (4,4, 4). Then 
yz = Ar, zz = AA, and zy = 4X. Multiplying by x, y, and z, respectively, gives us xyz = 4Àx = 4Ay = 4Az, s0 £ = y = Z. 


a 
12 


Substituting y and z for x in g gives us 4(3r) = c L=y=z care the dimensions of the cube giving the 


maximum volume. 

Maximize C (x,y,z) = 5ay + 2zz + 2yz subject to g (x,y,z) = ryz = V. VO=AVGg => 

(5y + 2z, 5x + 2z, 2x + 2y) = A (yz, xz, zy). Then Ayz = 5y + 2z (1), Arz = 5x + 2z (2), Ary =2(x+y) (3), 
and xyz = V (4). Now (1) — (2) implies Az(y — x) = 5(y — x), so x = yor À = 5/z, but z can’t be 0, so x = y. 

Then twice (2) minus five times (3) together with x = y implies Ay(2x — 5y) = 2(2z — 5y) which gives z = 3y 


[again A Z 2/y or else (3) implies y = 0]. Hence žy’ = V and the dimensions which minimize cost are 
qs 2v units, z — yu E units. 


If the dimensions of the box are given by x, y, and z, then we need to find the maximum value of f(x,y,z) = xyz 


[x,y,z > 0] subject to the constraint L = J/z? + y? + 22 or g(x,y, z) = £? +y +2 =L. Vf -AVg > 


(yz, @z, xy) = A(22,2y, 22), so yz = 2Ax À eee cz —2Ay À ee andzy —2Az => A= 2 
2x 2y 2z 

Thus A T 2 r? —4? [sine z Z0] => z-—yandA T = x=z [since y Z 0]. 

Substituting into the constraint equation gives £? + z? + z? = L? z? = L?/3 x = L/V3 = y = z and the 


maximum volume is (L/V3)° = L*338/8). 
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54, 


55. 


56. 


57. 


Let the dimensions of the box be x, y, and z. Then we wish to maximize f(x,y,z) = xyz subject to 


g(x,y, z) = 2x + 2y + z = 108 Vf = (yz, xz, xy) and AVg = (2X, 2A, A). Now yz = 2A, zz = 2A, and zy = A, 


witha Æ 0, y # 0, z # 0. Then yz = xz = y=a (1) and2rzy — zz = 2y — z (2). Substituting (1) and (2) into 


the constraint, we get 2y + 2y + 2y = 108 y = x = 18, and hence z = 36. Thus, the dimensions of the box that will 


give the largest volume and still meet USPS guidelines are 18 in by 18 in by 36 in. 


If r and h are the radius and the height of the silo, respectively, we need to maximize V (r, h) = nr?h + inr? 


subject to g(r, h) = 2»rh + ar? + (4rr?)/2 = 2zrh + 311? = S. Then VV =AVg => 


(2nrh + 2nr?, n r?) = (2Arh + 6Anr, 2Arr), so the three equations are 2zrh + 27 r? = 2Arh + 6Anr, nr? = 2XnT, 


and 2zrh + 3rr? = S. The second equation implies r = 2 [r Æ 0]. Substituting r = 2A into the first equation gives 


21 (2A)h + 21(2A)? = 2Arh + 6AT (2A) An Ah + 812? = 20th + 122A? 22 Ah = 4n M? h = 2X. 
Thus, r = 2A = h, and the volume of the silo is maximized, subject to a given surface area, when the radius and height are 
equal. 

Let the dimensions of the box be z, y, and z, so its volume is f(x, y, z) = xyz, its surface area is 2xy + 2yz + 2rz = 1500 
and its total edge length is 4a + 4y + 4z = 200. We find the extreme values of f(x, y, z) subject to the 

constraints g(x,y, z) = zy + yz + xz = 750 and h(a, y,z) = x +y + z = 50. Then 

Vf = (yz, xz, cy) = AVg + uVh = (Ay + z), A(x + 2), Am + y)) + (u, p, p). So yz = Aly + z) + u (1), 


uz = A(x + z) + u (2), and ry = A(x + y) + u (3). Notice that the box can’t be a cube or else x = y = z = 


|S 


but then zy + yz + xz = 2900 # 750. Assume z is the distinct side, that is, x A y, x A z. Then (1) minus (2) implies 


z (y — x) = A(y — x) or A = z, and (1) minus (3) implies y(z — x) = A(z — x) or ÀA = y. So y = z = Aand z + y + z = 50 


750 — A? 
—— 0 


implies x = 50 — 2A; also zy + yz + zz = 750 implies x(2\) + A? = 750. Hence 50 — 2\ = 2X 


r 


3A? — 100A + 750 = 0 and À = , giving the points (4 (50 + 10 v10) , 4 (50 + 5 v10) , 4 (50 + 5 v10 )). 


50£5v10 
3 


Thus the minimum of f is f (4 (50 — 10 V3) , 4 (50 + 5/10) , 4 (50 + 5 v10 )) = 4 (87,500 — 2500 v10), and its 
maximum is f (4 (50 +10 v10), $ (50 — 5 v10) , (50 — 5 V10 )) = = (87,500 + 2500 v10). 

Note: If either y or z is the distinct side, then symmetry gives the same result. 

We need to find the extreme values of f(a, y, z) = 2? + y? + 2? subject to the two constraints g(x, y, z) =a + y + 2z = 2 
and A(x,y,z) =£? +y? —2 20. Vf = (2x, 2y,2z), Vg = (A, à, 2A) and uVh = (2ux, 2y, —1). Thus we need 
Q2a=AX+2Que (D, 2y—A-2uy (2), 22=2A\—p (3), et+y+2z=2 (4), and z? +y?—z=0 (5). 

From (1) and (2), 2(a — y) = 2u(a — y), so if x A y, u = 1. Putting this in (3) gives 2z = 24 — 1 or A = z + 4, but putting 


u = 1 into (1) says À = 0. Hence z + 4 = 0 or z = —4. Then (4) and (5) become z + y — 3 = 0 and z? + y? + 4 = 0. The 
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last equation cannot be true, so this case gives no solution. So we must have x = y. Then (4) and (5) become 2x + 2z = 2 and 
2x? — z = 0 which imply z = 1 — x and z = 2x. Thus 2x? = 1 — z or2z? + z — 1 = (2x — 1)(z + 1) = Oso z = or 
x = —1. The two points to check are (5. i, i) and (—1, —1, 2): f(s, i. i) = 3 and f(—1, —1, 2) = 6. Thus (5, i, i) is 
the point on the ellipse nearest the origin and (—1, —1, 2) is the one farthest from the origin. 
58. (a) After plotting z — V2? t y?, the top half of the cone, and the plane 
z = (5 — 4x + 3y)/8 we see the ellipse formed by the intersection of the 
surfaces. The ellipse can be plotted explicitly using cylindrical coordinates 
(see Section 15.7): The cone is given by z — r, and the plane is 
4r cos — 3r sin 0 + 8z = 5. Substituting z = r into the plane equation 


5 $ 


gives 4r cos 0 — 3r sin 0 + 8r = 5 P ey noT. 


Since z = r on the ellipse, parametric equations (in cylindrical coordinates) 


5 


are 0 = t, r = z = —————————, 
4cost — 3sint + 8 


0x t € 2m. 


(b) We need to find the extreme values of f (x, y, z) = z subject to the two 


constraints g(x, y, z) = 4r — 3y + 8z = 5 and h(x,y,z) = £? +y? — 2? — 0. 


Vf —AVgd uNh. => (0,0,1) = A(4, 3,8) + (2x, 2y, —2z), so we need 4A + 2ux = 0 


8 


2 (1), 


—3\+ 2uy=0 => y= 34 Q), 8A-2uz—1 z = 85-1 (3, Ar —3y+82=5 (4), and 


2u 


x? +y? = z? (5). [Note that u Z 0, else A = 0 from (1), but substitution into (3) gives a contradiction.] 


2u 2u 


Substituting (1), (2), and (3) into (4) gives 4( 2.) 3 ( 2) + 8 ( S) =5 H= ALS and into (5) gives 


(-2y «(mj -(eay = 16? +9 = (81-1)? + seX-i1941-0 > A= Hora=t. 


3 
13» 7 


If A = d then p = 4 and x ay i IfA = 5 then u = 5 anda = —3,y = 1, z = 3. Thus the 


highest point on the ellipse is (- $ 1, 3) and the lowest point is (4; = 4, 3). 
59. f(x,y,z) = ye” ^, g(x,y, z) = 9a? + Ay? + 362? = 36, A(z, y,z) = zy +yz — 1. 


Vf=AVgtuVh > yee @ —ye*~*) = A(182,8y, 72z) + u(y, x + z, y), so ye" ^ = 18Az + py, 


e*-* = 8dy + u(x + z), —ye* ^ = 72Az + uy, 9x? + Ay? + 362? = 36, xy + yz = 1. Using a CAS to solve these 
5 equations simultaneously for x, y, z, A, and js (in Maple, use the al lvalues command), we get 4 real-valued solutions: 
x ~ 0.222444, y ^: —2.157012, z œ~ —0.686049, Ax —0.200401, pu ~ 2.108584 
x ~ —1.951921, yx —0.545867, z ~ 0.119973, A ~ 0.003141, u F2 —0.076238 
x & 0.155142, y ~ 0.904622, z & 0.950293, A œ —0.012447, p ~ 0.489938 
x ~ 1.138731, y F2 1.768057, z R4 —0.573138, A ~ 0.317141, u ~ 1.862675 


[continued] 
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Substituting these values into f gives f(0.222444, —2.157012, —0.686049) ~ —5.3506, 
f(—1.951921, —0.545867, 0.119973) ~ —0.0688, f(0.155142, 0.904622, 0.950293) ~ 0.4084, 
f (1.138731, 1.768057, —0.573138) z 9.7938. Thus the maximum is approximately 9.7938, and the minimum is 


approximately —5.3506. 


f(x,y, z) —rctyctz G(x, y, z) =a -y —z=0, h(a, y, z) =x? +27 = 4. 
Vf =AVG+tuVh => (1,1,1) = AQz,—-2y, —1) + (2a, 0, 2z), so 1 = 20x + Qua, 1 = —2rAy, 1 = —A + 2uz, 
r? — y? Ie e+e — 4. Using a CAS to solve these 5 equations simultaneously for x, y, z, A, and u, we get 4 real-valued 


solutions: 
x ~ —1.652878, ys —1.964194, zs —1.126052, A £z 0.254557, u ~ —0.557060 


x œ~ —1.502800, y =~ 0.968872, z ~ 1.319694, A —0.516064, pu ~ 0.183352 
x 82 —0.992513, y & 1.649677, z œ —1.736352, A mœ~ —0.303090, u =~ —0.200682 
x ~ 1.895178, y ~ 1.718347, z ~ 0.638984, Az —0.290977, pu ~ 0.554805 
Substituting these values into f gives f(—1.652878, —1.964194, — 1.126052) ~ —4.7431, 
f(—1.502800, 0.968872, 1.319694) ~ 0.7858, f (—0.992513, 1.649677, —1.736352) ~ —1.0792, 
f (1.895178, 1.718347, 0.638984) ~ 4.2525. Thus the maximum is approximately 4.2525, and the minimum is 


approximately —4.7431. 


f(a,y) 23a? + y?, g(z, y) = £? +y? — 4y = 0. Then Vf = AVg =>  (62,2y) = (22x, A(2y — 4)), so the three 


equations are 6x = 2Ax, 2y = A(2y — 4), and x? + y? — 4y = 0. The first equation implies x = 0 or À = 3. If x = 0, the 


third equation implies y = 0 or y = 4. If A = 3, the second equation implies y = 3 and substitution into the third equation 


gives x = +,/3. Thus, f has possible extreme values at (0, 0), (0, 4), (5/3; 3). Evaluating f at these points we see that the 


maximum value is f (x3, 3) = 18 and the minimum value is f (0, 0) = 0. 
The minimum value of f occurs at (0, 0). Substituting y = 0 into the second equation gives 2(0) = A(2(0) — 4), which is 
true only if \ = 0. Thus, the minimum value corresponds to A = 0. 


(a) Let f(z1,...,25,91,..., n) = D> viys, g(i,..., £n) = X a}, and h(zi,..., £n) = Y y?. Then 


i=1 tr t= 


Vf —N ML uui = (Y1, Y2,..-, Yn, £1, 02,-.-,2n), Vg =V M x? = (2x1, 2£2,... , 2£n,0,0,...,0} and 


i=1 IS 


Vh =V 3 y? = (0,0,...,0, 241, 2y2,---,2yn). So Vf = AVg+uVh & yi = 2x and z; = 2uyi, 


i—1 


1XixXn Thenl- Y) y? = Y 4NN 2? = 4)? Yo? = 4? = à = 4. IfA = 4 then y; = 2(4) z; = wi, 


i=1 =A. i=1 


1<i<n. Ths Y] ziyi = Y; x? = 1. Similarly if A = —4 we get y; = —v; and >> riy; = —1. Similarly we get 
i=1 i=1 i=1 


b= ti giving y; = +x;, 1 < i < n, and 5 ziyi = +1. Thus the maximum value of > ziyi is 1. 


i=l i=1 
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(b) Here we assume 57 a? X 0 and 2 b? £0. (If X a? = 0, then each a; = 0 and so the inequality is trivially true.) 


i=1 t= I=L 


; 2 
s: = Py = 2j — 1. Therefore, from part (a), 


se 2-2% and y; = 
We s EET ELLE Eo Do; 
Frys sa fea € aibi < /35034/ o. 


63. (a) We wish to maximize f/(x1,22, ..., X4) = Q/TiX2---x$ subject to 


g(@1, £2, ..., Xn) = T1 + £2 d: an = cand zi > 0. 
1.4 1 Ton 1 l1 
Vf = (l(riza-- m4)" (£2: En), (£182 an)" (£183 En), ..., i(viwass]ma)t  (2ics]maci) 
and AVg = (A, À, ..., A), so we need to solve the system of equations 
1. 
(gixa: £n)” l(g3 +++ En) =A’ > aya AEE = nàzı 
iL 
4 (@1@2+++En)™ l(zizg..x4)—2 A => gig IIS. eap = nA 
"NS 
L(rira-]m4)* l(gi..-24 1) =A => ay! g i” ean!” = ng, 
This implies nàz1 = nÀza =--- = NATn. Note A Æ 0, otherwise we can’t have all x; > 0. Thus x1 = £2 =- +- = Tn. 
c 2 
But zı + t2 +- zs =c nzı =c Ti £2 = $3 = +++ = Ly. Then the only point where f can 
n 
c c c . 
have an extreme value is (5. Sy 0$ <). Since we can choose values for (z1,22,... , x4) that make f as close to 
n n n 


zero (but not equal) as we like, f has no minimum value. Thus the maximum value is 


ue c 2 [fe € c c 
n'n' "n n n n mn 


(b) From part (a), Z is the maximum value of f. Thus f (£1, £2, ..., En) = Y21122- En X 


. But 


Slo 


ti ttz etr — 
Lı H £2 +: + En = C, SO Vmziz2-::-Xa X 21772 7 mw These two means are equal when f attains its 
n 


; c ; : c c c : 
maximum value —, but this can occur only at the point (5. EN £) we found in part (a). So the means are equal only 
n n n 


Cc 


when zı = £2 = 3 —-:— Ln : 
n 


APPLIED PROJECT Rocket Science 


1. Initially the rocket engine has mass M, = Mı and payload mass P = M» + M3 + A. Then the change in velocity resulting 


; 1 — S)M TP ; 
from the first stage is AV; = —cln (1 Ms : JA 2) y x M ) . After the first stage is jettisoned we can consider the 


rocket engine to have mass M, = M» and the payload to have mass P = M3 + A. The resulting change in velocity from the 
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(1 — S)Mp 


d stage is AV; = —cln| 1 — —————— — 
second stage is AV2 cln( MAG OMS 


) . When only the third stage remains, we have M, = Mz and P = A, so 


(1 — S)Ms 


the resulting change in velocity is AV3 = —cln (: AE Ms 


) . Since the rocket started from rest, the final velocity 


attained is 


vp = AV, + AV + AV3 


E -em(: M ee im) SE in(1 B ix oo) "(1 E pr) 


| (MM (PSEA) 
= —e} l| —— ——À — —— —— —————— | 41n[ ——————————————— 


Mi + Ma + M3 +A M2+M3+A 
Ma + A — (1— S)Ms 
+ m( M À 
Salik Mı + Ma + M3 + A FS M2+M3+A a Ms + A 
SM; +M2 - Ma +A SMa-c Msc Aj ` NSMs A 
Mi + Ma + M3 +A M» + M3 + A Ms + A 
2. Define Ny = ——————— ——————À, N2 = ———_———__ N3 = —————.Th 
EURO Gin Mate See MA Men 
(1— S) Mı + Mə + M3 +A 
Q@-5S)Ni _ SMı + M2 + M3 +A _ (1 — S)(Mı + M» + Ms + A) 
1— SNı A 1-5 Mı + Mo + Ma +A — SM; + M2 + Ms + A — S(Mı + Ma + Ms + A) 
SMi1 + Mə + M3 +A 
_ (1 —S)(Mi + M2 + Ms +A) _ Mi+M2+M3+A 
(1 — S)(M» + Mz + A) M2+M3+A 
as desired. 
Similarly, 
(1—S)No — (1 — S)(M» + Ms + A) (8) (Mat Mess A) Mot Me+A 
1—SN3  SM2+M3+A—S(Mz2+ Ms 4- A) (1 — S)(Ms + A) M +A 
and (1— S)Ns E (1— S)(Ms + A) E (1— S)(M3 + A) = M3+ A 
1— SN3 S Ms + A — S(Ms + A) (1— S)(A) A 
Then 
M-c-A MitMoctMstA Mit Mot Ma cA Mot Mas cA Masc A 
A A M» + M3 + A M3 + A A 
(1—S)N, (1—S)No (1—S)Ns (1 — S)» N1 NoN3 


1—SNi 1—SNi 1—SN3  (1—SN)- SN3)(1— SN3) 


3. Since A > 0, M + A and consequently us is minimized for the same values as M. In x is a strictly increasing function, 


and hence M. We then wish to minimize 


M+A : ae. 
so In y must give a minimum for the same values as 


M+A ; ; 
m( + ) subject to the constraint c (In Ny + In N2 + In N3) = vy. From Problem 2, 
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n(A) - (ret sert os) 


= 3In(1 — S) + In Ni, + In No + In Na — In(1 — $N;) — In(1 — $N3) — In(1 — SN) 


M+A 
A 


Using the method of Lagrange multipliers, we need to solve V he( | = AV[c(In M + In N2 + In N3)] with 


c(In N; + In N2 + In N3) = v; in terms of Ni, N2, and N3. The resulting system is 


1 n S LN [s 1 di S pin c 1 d S ES c 
Ny 1-SN, Ni No 1—SNs3 Ne N3 1— SNa N3 


c (ln Ny + In No + In Nz) = v; 


One approach to solving the system is isolating cA in the first three equations which gives 


SNı S N2 S Na N, N2 N3 
te n Ae a ee LL 
ticsnm O 4 qpuews = RN 1-SN; 1- 5N: 1- 9M 
Nı = Nə = Ns (Verify!). This says the fourth equation can be expressed as c(In Ni +ln Nı -In Nj) =v; > 


3clnN; =v > InN, = o Thus the minimum mass M of the rocket engine is attained for 
[s 
Ni = No = N3 = e"t/ (3c). 


3 
gy (1— Sy [erre] oq ur/c 
. Using the previous results, M+A_  —— Q-SyNUGNS NE 2 AL SE 


A (1 — SN1)(1— SN3)(1— SNs) [1 — Sevr/Go]? [1 — Seer 00] 


o 3, vr/c 
Then M — Auc —A 
[1 — Sev/69] 


AQ 0.2)3 (17,500/6000) 


(condanna! «45 000 AC RO 


. (a) From Problem 4, M — 


Ms +A Ms - A A(1 = e?5/36) 
First. Na = [17,500/(3-6000)] — = LT CL LC em 3494. 
GOES MEE oe E 0.2Ms +A 3 = gogo ~ 949 
Ma -- Ma - A Ma --3.49A + A 4.49A(1 — e35/36) 
Then N2 = = Mz = a~ 15.67A 
on 2 = SM, +M3+A 0.2M,+349A+A s 0.2635/36 — 1 LSTA ang 
Mı 4- Ma - Ma +A Mı 4- 15.67A -- 3.494 + A 20.16A(1 — e35/36) 
N3 = = Mı = = 70.364. 
SMı + M2 + M3 +A 0.2Mı +15.67A + 3.49A + A 0.2e35/36 — 1 
. _ Mat A 24,700/(3-6000) _ M3 +A _ Al- a) is 
. As in Problem 5; N3 = SMs t À > € = 02M3+A Ms = 0 .2¢247/180 — vi 13.94, 
4 4 _ 247/180 
Nes M» M3 A u Mə + 13.9A + A Mz = 14.9A(1 e ) m 208A, and 
SM2 + M3 +A 0.2M: +13.9A +A 0.2e247/180 — 1 
Mı 4- Ma 4- Ma +A Mı 4- 208A + 13.94 + A 222.9A(1.— e?^7/180) 
Na = = Mı = x 31104A. 
SMı +M2 + M3 +A 0.2M, +2084 + 13.9A+ A 0.2e247/180 — 1 


Here A = 500, so the mass of each stage of the rocket engine is approximately Mı = 3110(500) = 1,550,000 Ib, 


Mz = 208(500) = 104,000 Ib, and M3 = 13.9(500) = 6950 Ib. 
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1. We wish to maximize the total energy production for a given total flow, so we can say Qr is fixed and we want to maximize 
KW, + KW» + KWs. Notice each KW; has a constant factor (170 — 1.6. 107997), so to simplify the computations we 
can equivalently maximize 


KW + KW» + KW 


f(Q1, Q2, Qs) S 170 — 1.6- 10-592. 


= (—18.89 + 0.1277Q1 — 4.08 - 10 Q1) + (—24.51 + 0.1358Q2 — 4.69 - 10 ?Q) 
+ (—27.02 + 0.1380Qs — 3.84 - 10? Q3) 

subject to the constraint g(Q1, Q2, Qa) = Q1 + Q2 + Qs = Qr. So first we find the values of Qi, Q2, Qs where 
Vf (Qi, Qo, Q3) = AVg(Q1, Q2, Q3) and Q1 + Q2 + Qs = Qr which is equivalent to solving the system 

0.1277 — 2(4.08-1079)Q1 = » 

0.1358 — 2(4.69 -107°)Q2 =A 

0.1380 — 2(3.84-107°)Q3 =A 

Qi+Q2+Q3=Qr 

Comparing the first and third equations, we have 0.1277 — 2(4.08 - 107°)Q1 = 0.1380 — 2(3.84-107°)Q3 => 
Qı = —126.2255 + 0.9412Q3. From the second and third equations, 
0.1358 — 2(4.69 - 107°)Q2 = 0.1380 — 2(3.84-107°)Q3 = | Qa = —23.4542 + 0.8188Q3. Substituting 
into Q1 + Q2 + Qs = Qr gives (—126.2255 + 0.9412Q3) + (—23.4542 + 0.8188Q3) + Qs = Qr => 
2.76Q3 = Qr + 149.6797 = Q = 0.3623Qr7 + 54.23. Then 
Qı = —126.2255 + 0.9412Q3 = —126.2255 + 0.9412(0.3623Q 7 + 54.23) = 0.3410Qr — 75.18 and 
Q2 = —23.4542 + 0.8188(0.3623Q7r + 54.23) = 0.2967Qr + 20.95. As long as we maintain 250 < Q1 < 1110, 
250 < Q2 < 1110, and 250 < Qs < 1225, we can reason from the nature of the functions KW; that these values give a 


maximum of f, and hence a maximum energy production, and not a minimum. 


2. From Problem 1, the value of Qı that maximizes energy production is 0.3410Q7 — 75.18, but since 250 < Qi < 1110, 
we must have 250 < 0.3410Q7 — 75.18 < 1110 = 325.18 € 0.3410Qr < 1185.18 = 953.6 < Qr < 3475.6. 
Similarly 250 < Q2 < 1110 = 250 < 0.29067Q7 + 20.95 < 1110 = 772.0 € Qr < 3670.5, and 
250 < Qa < 1225 = 250 < 0.3623Qr + 54.23 < 1225 = 540.4 € Qr < 3231.5. Consolidating these results, we 
see that the values from Problem 1 are applicable only for 953.6 < Qr < 3231.5. 


3. If Qr = 2500, the results from Problem 1 show that the maximum energy production occurs for 
Qi = 0.3410Q7 — 75.18 = 0.3410(2500) — 75.18 = 777.3 
Q2 = 0.2967Q7 + 20.95 = 0.2967(2500) + 20.95 = 762.7 


Q3 = 0.3623Qr + 54.23 = 0.3623(2500) + 54.23 = 960.0 


[continued] 
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The energy produced for these values is KW, + KW2 + KW3 ~ 8915.2 + 8285.1 + 11,211.3 ~ 28,411.6. 

We compute the energy production for a nearby distribution, Q1 = 770, Q2 = 760, and Qa = 970: 

KW, + KW2 + KWs ~ 8839.8 + 8257.4 + 11,313.5 = 28,410.7. For another example, we take Qı = 780, Q2 = 765, 
and Qs = 955: KW + KW» + IKWa ~ 8942.9 + 8308.8 + 11,159.7 = 28,411.4. These distributions are both close to the 
distribution from Problem 1 and both give slightly lower energy productions, suggesting that Q1 = 777.3, Q2 = 762.7, and 


Qs = 960.0 is indeed the optimal distribution. 


. First we graph each power function in its domain if all of the 


140001 Turbine 3 
flow is directed to that turbine (so Q; = Qr). If we use only one - 12000 7 Re 
100004 
turbine, the graph indicates that for a water flow of 1000 ft?/s, ; 8000 7 
Turbine 3 produces the most power, approximately 12,200 kW. & SA T 
In comparison, if we use all three turbines, the results of 20007 
Problem 1 with Qr = 1000 give Q1 = 265.8, Q2 = 317.7, 0| 200 400 600 800 1000 1200 


Water Flow (ft?/s) 


and Q3 = 416.5, resulting in a total energy production of 

KW, + KW2 + KW3 ~ 8397.4 kW. Here, using only one turbine produces significantly more energy! If the flow is only 
600 ft?/s, we do not have the option of using all three turbines, as the domain restrictions require a minimum of 250 ft?/s 
in each turbine. We can use just one turbine, then, and from the graph Turbine 1 produces the most energy for a water flow 


of 600 ft?. 


. If we examine the graph from Problem 4, we see that for water flows above approximately 450 ft?/s, Turbine 2 produces the 
least amount of power. Therefore it seems reasonable to assume that we should distribute the incoming flow of 1500 ft?/s 
between Turbines 1 and 3. (This can be verified by computing the power produced with the other pairs of turbines for 
comparison.) So now we wish to maximize KW, + K Ws subject to the constraint Q1 + Qs = Qr where Qr = 1500. 

As in Problem 1, we can equivalently maximize 


zr KW, + KW3 
MQ, Qs) = i09 1610-992 


= (—18.89 + 0.1277Q; — 4.08 - 10-°Q7) + (—27.02 + 0.1380Q3 — 3.84- 107°Q3) 

subject to the constraint g(Q1, Q3) = Q1 + Qs = Qr. 

Then we solve V f(Qi,Qs) = AVg(Qi,Qs) — 0.1277 — 2 (4.08 - 1075) Qı = A and 
0.1380 — 2(3.84- 107°)Q3 = A, thus 0.1277 — 2(4.08 - 107°)Qi = 0.1380 — 2(3.84. 10 )Qs. => 
Qı = —126.2255 + 0.9412Q3. Substituting into Q1 + Qs = Qr gives — 126.2255 + 0.9412Q3 + Qs = 1500 => 
Qa ~ 837.7, and then Qı = Qr — Qs & 1500 — 837.7 = 662.3. So we should apportion approximately 662.3 ft?/s to 
Turbine 1 and the remaining 837.7 ft?/s to Turbine 3. The resulting energy production is 
KW, + KW3 ~ 7952.1 + 10,256.2 = 18,208.3 kW. (We can verify that this is indeed a maximum energy production by 


checking nearby distributions.) In comparison, if we use all three turbines with Qr = 1500 we get Qı = 436.3, Q2 = 466.0, 
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and Q3 = 597.7, resulting in a total energy production of KW; + KW» + KWs ~ 16,538.77 kW. Clearly, for this flow level 


it is beneficial to use only two turbines. 


. Note that an incoming flow of 3400 ft?/s is not within the domain we established in Problem 2, so we cannot simply use our 


previous work to give the optimal distribution. We will need to use all three turbines, due to the capacity limitations of each 
individual turbine, but 3400 is less than the maximum combined capacity of 3445 ft?/s, so we still must decide how to 
distribute the flows. From the graph in Problem 4, Turbine 3 produces the most power for the higher flows, so it seems 
reasonable to use Turbine 3 at its maximum capacity of 1225 and distribute the remaining 2175 ft?/s flow between Turbines 1 
and 2. We can again use the technique of Lagrange multipliers to determine the optimal distribution. Following the procedure 
we used in Problem 5, we wish to maximize KW, + KWo subject to the constraint Q1 + Qo = Qr where Qr = 2175. We 
can equivalently maximize 


KW; + KW» 
f(91,93) = 175 —1:6-10-9QE 


= (—18.89 + 0.1277Q1 — 4.08 - 107? Q1) + (—24.51 + 0.1358Q — 4.69 - 107 Q3) 
subject to the constraint g(Qi, Q2) = Qi + Q2 = Qr. Then we solve V f(Qi,Q») = AVg(Qu,Qo) => 
0.1277 — 2(4.08 - 10-°)Qi = A and 0.1358 — 2(4.69 - 10 9)Qs = A , thus 
0.1277 — 2(4.08- 10 ?)Q: = 0.1358 — 2(4.69 - 1075)Q2 = Qi = —99.2647 + 1.1495Q». Substituting 
into Q1 + Q2 = Qr gives —99.2647 + 1.1495Q2 + Q2 = 2175 = Qe & 1058.0, and then Qi ~ 1117.0. This value for 
Qı is larger than the allowable maximum flow to Turbine 1, but the result indicates that the flow to Turbine 1 should be 
maximized. Thus we should recommend that the company apportion the maximum allowable flows to Turbines 1 and 3, 1110 
and 1225 ft?/s, and the remaining 1065 ft?/s to Turbine 2. Checking nearby distributions within the domain verifies that we 


have indeed found the optimal distribution. 


Review 
TRUE-FALSE QUIZ 

. True. f,(a, b) = lim Lab n= fp from Equation 14.3.3. Leth = y — b. Ash — 0, y — b. Then by substituting, 

—Á f(a, y) — f (a,b) 
we get fy(a, b) = lim Toe. 7 

. False. If there were such a function, then fry = 2y and fy; = 1. So fry # fyz, which contradicts Clairaut's Theorem. 
a f 

. False. fey = dy Ox 

. True. From Equation 14.6.14 we get Dx. f(x,y,z) = V f(x,y,z)  (0,0,1) = f(x,y,z). 


. False. See Example 14.2.3. 
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6. False. See Exercise 14.4.54(a). 


7. True. If f has a local minimum and f is differentiable at (a, b) then by Theorem 14.7.2, fr(a,b) = 0 and fy(a,b) = 0, so 
V f (a; b) = (f (a, b), f, (a; b)) = (0, 0) = 0. 


8. False. If f is not continuous at (2, 5), then we can have lim, " f(x,y) # f (2,5). (See Example 14.2.8.) 
x,y) (2, 


9. False. Vf (x, y) = (0,1/y). 

10. True. This is equivalent to part (c) of the Second Derivatives Test (14.7.3). 

11. True. Vf = (cos z, cos y), so |V f| = \/cos? x + cos? y. But |cos0| < 1, so |V f| < V2. Now 
Du f(x,y) = Vf - u = |V f| |u| cos 0, but u is a unit vector, so |Du f(z,y)| € vV2-1:1-— V2. 


12. False. See Exercise 14.7.41. 


EXERCISES 
"" yA 
1. f(x,y) = In(z- y + 1) is defined only whenza+y+1>0 & y>-a«-1, N 
so the domain of f is { (x,y) | y > —x — 1}, all those points above the b > 
line y = —z — 1. N 


yA 
2. f(x,y) = J/4— zx? —? + v1- x?. 
x+y =4 
V/A — x? — y? is defined only when 4 — z? —4? > 0 & a? +y? « 4, and 
V1- 2? is defined only when 1 — z? > 0 & —1 < x < 1, so the domain of f x 
is((m,y)| —1 < x € 1,-VA4—2? € y € VA— 2? }, which consists of those 
points on or inside the circle a? y? — 4for —1 € x € 1. 
3. z = f(x,y) = 1 — y?, a parabolic cylinder 4. z = f(x,y) =x?” + (y — 2), a circular paraboloid with 


vertex (0, 2, 0) and axis parallel to the z-axis 


A 
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5. The level curves are VAr? +y? =kor 6. The level curves are e” + y = k or y = —e^ + k, a 
Ax? +y? = k?, k > 0, a family of ellipses. family of exponential curves. 
yA » 
2 
s > 
347 : : 


8. (a) The point (3, 2) lies partway between the level curves with z-values 50 and 60, and it appears that (3, 2) is about the same 
distance from either level curve. So we estimate that f (3, 2) ~ 55. 

(b) At the point (3, 2), if we fix y at y — 2 and allow z to vary, the level curves indicate that the z-values decrease as x 
increases, so f; (3, 2) is negative. In other words, if we start at (3, 2) and move right (in the positive x-direction), the 
contours show that our path along the surface z — f(x, y) is descending. 

(c) Both f,(2,1) and f, (2, 2) are positive, because if we start from either point and move in the positive y-direction, the 
contour map indicates that the path is ascending. But the level curves are closer together in the y-direction at (2, 1) than at 


(2, 2), so the path is steeper (the z-values increase more rapidly) at (2, 1) and hence f, (2,1) > f, (2,2). 


9. f isarational function, so it is continuous on its domain. Since f is defined at (1, 1), we use direct substitution to evaluate 


ess : 2xy 2(1)(1) 2 
the limit: l = =>. 
ce (ayy) +2 +20)? 3 


2xy 
x? + Qy?" 


10. f(x,y) = As (x, y) — (0,0) along the x-axis, f (2,0) = 0/z? = 0 for z 4 0, so f(x, y) — 0 along this line. 


As (x, y) — (0,0) along the line z = y, f(a, 2) = 2x?/(3a7) = 2,80 f(x,y) — 2. Thus, the limit doesn’t exist. 


T(6+h,4) — T(6, 4) 
h 


, so we can approximate T, (6, 4) by considering h = +2 and using the values 


1. (a) Ta (6,4) = lim 


T(8,4)— T(6,4) 86—80 _ 


3, 
2 2 


given in the table: Tz (6, 4) ~ 
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T(4,4) — T(6,4) _ 72—80 


T, (6,4) z E x 4. Averaging these values, we estimate T, (6, 4) to be approximately 
3.5°C/m. Similarly, Ty (6,4) = jim 1 Hs ) =e) , which we can approximate with h = +2: 
Ty (6, 4) z £900) 5 ERGO NT 5 Sos —2.5, Ty (6, 4) z HAG: 2) 6. zi a = —3.5. Averaging these 


values, we estimate T, (6, 4) to be approximately —3.0? C/m. 


(b) Here u — (3 à) so by Equation 14.6.9, Du T(6,4) = VT(6,4) - u = T+ (6, 4) 45 + Ty (6,4) Sy. Using our 


V2 V2 


estimates from part (a), we have Du T (6, 4 3.5 +(-3.0) 5 = & 0.35. This means that as we move 
và v2 


1 
2/2 
through the point (6, 4) in the direction of u, the temperature increases at a rate of approximately 0.35? C/m. 


T (6 h 3s, 4 hd) — T(6,4) 


Alternatively, we can use Definition 14.6.2: Du T'(6, 4) = lim 7 : 
T(8,6)— T(6,4) | 80— 80 


which we can estimate with ^ = +2 4/2. Then Du T(6, 4) z 
v2 (6, 4) 2J8 2J2 


— 0, 


T(42)- T(6,4) 74-80 | 
—2 y2 UA -5 
ð 


Da T(6, 4) zm Averaging these values, we have Du T'(6,4 x 1.1°C/m. 
R ag Ai 


T. (6,4 + h) — T, (6,4) 


h which we can 


Fs) 69 T,, (6,4) = lim 


estimate with h = +2. We have Tz (6, 4) ~ 3.5 from part (a), but we will also need values for Ta (6, 6) and T; (6, 2). If we 


use h = +2 and the values given in the table, we have 
T -T — T(4,6)— T (6,6 68 — 75 

diio npn C= 10,8) 90-49 ur medie cer 469. E 

2 2 —2 —2 
Averaging these values, we estimate T,,(6,6) ~ 3.0. Similarly, 
T,(6,2) & T(8,2) —T,(6,2) 90 — 87 _ 1.5, T,(6,2) & T(42)—T(62) 74-87 . 6.5. 

2 2 —2 —2 
Averaging these values, we estimate T} (6,2) ~ 4.0. Finally, we estimate Try (6, 4): 

Tx (6,6) — Tz (6, 4 0 — 3. Tz (6, 2) — Tz (6, 4 4.0 — 3. 

Try (6,4) e I6.) T0) = a = —0.25, Try (6,4) e 6,2) E64) = a = —0.25. 


Averaging these values, we have Try (6, 4)  —0.25. 


12. From the table, T'(6, 4) = 80, and from Exercise 11 we estimated T, (6, 4) ~ 3.5 and T,,(6, 4) zz —3.0. The linear 


approximation then is 


T (x,y) © T(6,4) + T;(6,4)(x — 6) + Ty (6, 4)(y — 4) © 80 + 3.5(x — 6) — 3(y — 4) = 3.52 — 3y + 71 


Thus at the point (5, 3.8), we can use the linear approximation to estimate T (5, 3.8) ~ 3.5(5) — 3(3.8) + 71 e 77.1°C. 


13. f(x,y) = (5j? +207y)® => fe = 8(5y? + 22? y)' (dry) = 32xy(5y? + 2x? y)", 


fy = 8(5y? + 2a?y)' (15y? + 2x7) = (16a? + 120y?) (5? + 2x?y)7 
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u + 2v ds — (u? +07)(1) — (w+ 2v)(Qu) _ v? — u? — 4uv 


Melee, ie ey NE ee 
u2 + v2 , 


14. g(u,v) = CIENT CIEN 


_ (u? c v?)(2) - (u + 2v)(2v) | 2u? — 29? — 2uv 


Jv (u2 + v2)2 (u? + v2)? 
1 2a? 
15. F(a, 8) = o? In(o? + 8?) Fy =a’: NUES (2a) + In(a? + 8?) - 2a = ae + 2a In(o? + 6), 
1 2078 
Fo. at ——— (98). = = = 
B a ar. g (78) o2 + B? 


16. G(r,y,z) = e"^sin(y/z) => Gz = ze" sin(y/z), Gy = e”? cos(y/z)(1/z) = (e**/z) cos(y/z), 


G, = e” - cos(y/z)(—y/2?) + sin(y/2) < ze”? = e** [x sin(y/2) — (y/2?) cos(y/2)] 


a c SL 
pen 1+ (vyw) ( es )*5 r9 


18. C = 1449.2 + 4.6T — 0.055T? + 0.00029? + (1.34 — 0.01T)(S — 35) +0.016D => 
OC/OT = 4.6 — 0.11T + 0.00087T ? — 0.01(S — 35), 9C/OS = 1.34 — 0.01T, and 9C/OD = 0.016. When T = 10, 
S = 35, and D = 100 we have OC/OT = 4.6 — 0.11(10) + 0.00087(10)? — 0.01(35 — 35) zz 3.587, thus in 10°C water 
with salinity 35 parts per thousand and a depth of 100 m, the speed of sound increases by about 3.59 m/s for every degree 
Celsius that the water temperature rises. Similarly, OC'/OS = 1.34 — 0.01(10) = 1.24, so the speed of sound increases by 
about 1.24 m/s for every part per thousand the salinity of the water increases. OC/OD = 0.016, so the speed of sound 


increases by about 0.016 m/s for every meter that the depth is increased. 


19. f(x,y) = 4x? — xy? fe = 122? — ^, fy — —2xy, fes = 240, fyy — —20, fry = fys = —2y 


—2y —2y 


= -2 -2 
20. z= re?” > z,—e , Zy = —2xe ^", Zaz — 0, Zyy = Axe ^7, Zey = Zyz = —2e 


21. f(x,y,z) = z'y'z" => fa = katyte", fy = Iz y 17", f, = ma*ylz"-1, for = k(k — 1)z*-?y'z", 
fay =U Da y "32^, faa m(m — 1a y 2773, foy = fys = klz 71 12”, fa, = few = ema ly 27, 


fas = fey = lma*yl 1771 


22. v = rcos(s + 2t) Ur = cos(s + 2t), vs = —rsin(s+ 2t), v = —2rsin(s + 2t), Urr = 0, vs. = —r cos(s + 2t), 


vit = —4r cos(s + 2t), Urs = vs» = —sin(s + 2t), Urt = Ver = —2sin(s + 2t), vs: = Vis = —2r cos(s + 2t) 


23. z = ry Hre? = OE Malls euis, OF 5 sc Pan 
Ox x Oy 
ta UB. = z(y- Ze”? + e” )+y(s +e ) = gy — ye?" * + ae" +ay+ye"" = ry + ry + ze"? = ty+ z. 
z y x 
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26. 


27. 


28. 


29. 
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z —sin(r--sint) > a = cos(x + sin t), a = cos(x + sint) cost, 
z 


2 2 
ru = — sin (x + sint) cost, 25 = — sin (z + sin t) and 
Oz O?z cos(x + sin t) [— sin (a + sint) cost] = cos (x + sin t) (cost) [— sin (x + sint)] = Oz O?z 
Ox OxOt = =o. 
(a) z = 3a? — y? + 2x, (1,-2,1). zz — 6-2. =  z,(1,—2) = 8 and zy = —2y Vp csi en ud aequi 


of the tangent plane is z — 1 = 8(x — 1) + 4(y + 2), or z = 8r + 4y + 1. 


(b) A normal vector to the tangent plane (and the surface) at (1, —2, 1) is (8, 4, — 1). Then parametric equations for the normal 


: : ; 1 
line there are x = 1 + 8t, y = —2 + 4t, z = 1 — t, and symmetric equations are S EST E l1 


(a) z =e” cosy, (0,0,1). ze = e” cosy = z5,(0,0)— land zy = —e^siny = 24(0,0) = 0, so an equation of the 


tangent plane is z — 1 = 1(z — 0) + 0(y —0),orz =x + 1. 


(b) A normal vector to the tangent plane (and the surface) at (0, 0, 1) is (1,0, —1). Then parametric equations for the normal 


line there are x = t, y = 0, z = 1 — t, and symmetric equations are x = 1 — z, y = 0. 


(a) Let F(x,y, z) = x? + 2y? — 322. Then Fs = 2a, Fy = 4y, F; 6z, so F;(2, 1,1) = 4, F,(2, 1,1) = —4, 


F (2, —1,1) = —6. From Equation 14.6.19, an equation of the tangent plane is 4(z — 2) — 4(y + 1) — 6(z — 1) = 0 


or, equivalently, 2x — 2y — 3z = 3. 


b) From Equations 14.6.20, symmetric equations for the normal line are ose = yti E n E Parametric equations are 
q yl q 1 6 q 


x = 2 + 4t, y = —1—4t,2 = 1— 6t. 


(a) Let F(a, y, z) = xy + yz + zx. Then Fy = y + z, Fy = £ + z, F; = £ + y, so 
F,(1,1,1) = F,(1,1,1) = F;(1,1, 1) = 2. From Equation 14.6.19, an equation of the tangent plane is 
2(x — 1) + 2(y — 1) + 2(z — 1) = 0 or, equivalently, x + y+ z = 3. 


b) From Equations 14.6.20, symmetric equations for the normal line are mcr vet =Ž2 1 or, equivalently, 
q y q 2 2 q y, 


x = y = z. Parametric equations are x = 1 + 2t, y = 1 + 2t, z = 1 + 2t. 


(a) Let F(x,y, z) = x + 2y + 3z — sin(zyz). Then F; = 1 — yz cos(xyz), Fy = 2 — zz cos(xyz), F; = 3 — xy cos(xyz), 
so F;(2, —1,0) = 1, Fy (2, —1,0) = 2, F2(2, —1,0) = 5. From Equation 14.6.19, an equation of the tangent plane is 
l(a — 2) + 2(y+1) + 5(z — 0) = O or z + 2y + 5z = 0. 


xr—2 y+1 


(b) From Equations 14.6.20, symmetric equations for the normal line are 


Parametric equations are x = 2 + t, y = —1 + 2t, z = 5t. 
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30. Let f(x,y) = a? + y*. Then f(x, y) = 2x and fy(a, y) = 4y?, so f. (1,1) = 2, 
f, (1, 1) = 4 and an equation of the tangent plane is z — 2 = 2(a — 1) + 4(y — 1) 


or 2a + 4y — z = 4. A normal vector to the tangent plane is (2, 4, — 1) so the 


normal line is given by “== = s= EE = orz —14 2t, y=1+4t, 


z—2-t. 


31. The hyperboloid is a level surface of the function F(x, y, z) = x? + 4y? — z?, so a normal vector to the surface at (xo,yo, zo) 
is V F(xo,yo, zo) = (2x0, 8yo, —2zo). A normal vector for the plane 2x + 2y + z = 5 is (2, 2, 1). For the planes to be 


parallel, we need the normal vectors to be parallel, so (2x9, 8yo, —220) = k (2,2, 1), or £o =k, yo = ik, and zo — —tk. 


But rà + 4ya — 2@ =4 k? 4 ik ik? 4 k?—4 k = +2. So there are two such points: 
(2, $, —1) and (—2, - 1,1). 


Ou Ou e^t 25e?t 
32. u = In(1 2) > du = —ds+ — dt = ——~ ds + ——— dt 
m Ld “= 85 + Ot T+ sex 7? T 1+ se? 


3 3 
33. f(x,y,z) = a V y? + z? => f (m, y, z) = 3a? V y? t z, fy(x,y, z) = LIE fz (x,y, 2) E = 


ve VES 
so f(2,3,4) = 8(5) = 40, f. (2,3, 4) = 3(4) V25 = 60, f,(2,3,4) = 42 = %, and f.(2,3,4) = 42 = €. Then the 


linear approximation of f at (2, 3, 4) is 


f(z,y, z) © f(2,3,4) + f.(2,3,4)(x — 2) + f,(2,3,4)(y — 3) + f-(2,3, a — 4) 
= 40 + 60(a — 2) + (y — 3) + Ẹ (2 — 4) = 60x + Sy + Bz — 120 


Then (1.98)? \/(3.01) + (3.97)? = f(1.98,3.01,3.97) e 60(1.98) + 22 (3.01) + 32 (3.97) — 120 = 38.656. 


34. (a) dA — "d dz + a dy = $y dz + 3x dy and |Az| < 0.002, |Ay| < 0.002. Thus, the maximum error in the calculated 


area is about dA = 4 (12) (0.002) + 2(5)(0.002) = 0.017 m? or 170 cm?. 


(b) z = fa? + y?, dz = — dz + — dy and |Az| < 0.002, | Ay| < 0.002. Thus, the maximum error in the 


fa? + y? fa? + y? 
calculated hypotenuse length, with x = 5, y = 12, and z = v5? + 12? = 13, is about 
dz = Š (0.002) + Ł (0.002) = 247 ~ 0.0026 m or 0.26 cm. 


du udr , Ou dy Qu dz 


35. u = ry? £z > 
preme we dp ðr dp Oy dp Oz dp 


= 2ry?(1 + 6p) + 3z?y? (pe? + e?) + Az? (pcos p + sin p) 

dv _ Əvəz | Dv Oy 

ðs Ox Os oy Os 
Ov 


s=0,t=1 z—2,y 0,50 5- —0-F (4+1) (0 =5. 


36. v = x?’ siny +ye”™” => = (2xsiny + y?e**) (1) + (x? cosy + zye** + e*") (t). 


Ov  OvOxr , Dv Oy 


PAG oe D Dy Ot = (2xsiny + y? er) (2) + (a? cosy + aye” + e**) (s) =0+0=0. 
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37. By the Chain Rule, a = aped XU When s = 1 and t = 2, x = g(1,2) = 3 and y = h(1, 2) = 6, so 


əz Shenu aaa 
3: fr (3,6)gs(1, 2) + fy (3,6) hs (1,2) = (7)(—1) + (8(—5) = —47. Similarly, ot ^ Oz 8t + Dy or 8° 
o 
2 = f2(3,6)9.(1,2) + fy (3,6) h.(1,2) = (7)(4) + (8)(10) = 108. 

38. w Using the tree diagram as a guide, we have 


t i T p Ot Op OuOdp  OvOp ðq | OtOq Oudq  OvOq 
PART JAX ANS ðw  OwOt , QüwOu , ðw ðv Ow Ow dt , OwOu , Ow Ov 
p @ toS p Gr o6 p q Doc 


Or Ot Or  OuOr Ov Or Os Ot Os uðs v Os 


EM Ow  OwOt  OwOu ,OwOv ðw  OwOt ,OwOu , ðw Ov 
ð 


Oz Oz df 
2. 2 OZ _ (a2 — 2) OF 4 _ (ua nD 1 
39. z = y + f(x^ — y^) 25 2x f'(x^ — y^), Dy 1—2yf'(r^— y^) where f dy . Then 
Oz Oz ; j 
Vos" Oy = 2zyf'(z? — y?) + x — 2xyf'(a? — y?) = x. 


40. A = ixysin0 [Formula 6 in Appendix D], dx /dt = 3, dy/dt = —2, d0/dt = 0.05, and 


dA  1[, . „dr Loy dU do = ES =z 
D (ysin0) T + (xsinð) di + (xy cos0) dt So when x — 40, y — 50 and 0 — $5 
dA 1 35 + 504/3 ag 

TE = Z256)  Q0)-2) + (1000 v3) (0.05)] = 7*7 ~ 60.8 in?/s, 


Oz Oz 4 z —y 
Or Ou y Qv x? 


Oz 0 (dz 42907 | -y 0 Oz — 2y Oz | OP z 4 Oz —y ced Oz ER Pz 
Ox? dE Ou x3 Ov x? Ox \ Ov x3 Ov y Qu? V Ov Ou x? x? \ Ov? x? ðu ðv l 


41. z = f(u, v), u = zy, and v = y/x and 


2y 0z 2 Oz 9?y Oz y? Pz 
xe Ov | y Ou? x? OuOv | zxz* Ov? 
Asa Z sg OF a DOE sia 


Oy ðu xov 


P. | (By 1B (de) (Pss, Pel) (Pel Pe Naza Oe Os 
ay?” dy Ou x Oy \ dv ~ *\ G2” Budu x rVOwr OuOv ] ` du? Oudv x? Ov? 


Thus 


OP z Oz;  2y0z O?z Pz y? Pz OP z O?z y? Oz 
2 2 "o 2 2,2 2 
70g ? Oy? rv ^7 aw 2y Ou Ov d 08 ^U Du? 2y Oudv x2 Ov? 
_ 2yðz 9 DES. 20% E O?z 
x Ov 4y dudv ^" Bv sup Ou Ov 


. uv 2 
since y = zv = — or y^ = wv. 
y 
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cos(zyz) = 1 + a?y? + z2, so let F(x,y, z) = 1 + a?y? + z? — cos(ayz) = 0. Then by 


2 : 2 A 
Equations 14.5.6 we have pe Fe ay + sin(xyz) yz 22y +yz sin(xyz) ; 
Ox F, 2z + sin(wyz)- zy 2z + zysin(xyz) 


Oz Fy 2z^y + sin(zyz):vz _ E 2a?y + sz sin(zyz) 
Oy F, 2z-sin(ryz) vy  2z+sysin(£yz) ` 


Jenos" co VPS ahs e sr, etur iot gage qae visti aeta, 


. (a) By Theorem 14.6.15, the maximum value of the directional derivative occurs when u has the same direction as the gradient 


vector. 
(b) It is a minimum when u is in the direction opposite to that of the gradient vector (that is, u is in the direction of — V f), 


since D, f = |V f| cos 0 (see the proof of Theorem 14.6.15) has a minimum when 6 = . 
(c) The directional derivative is 0 when u is perpendicular to the gradient vector, since then Du f = V f - u = 0. 


(d) The directional derivative is half of its maximum value when Du f = |Vf|cosó = 3|Vf| <= cos0—3 e 


0— &. 


given by (2 — (-2), -3 — 0) = (4, —3), so u = ——4+—— (4, -3) = 1(4, -3). Thus, 


. flay, z) = £y +ryI Fz Vf = (2zy + /14 z,2?,v/(2 /1- z)), Vf(1,2,3) = (6, 1, 4). The 


direction is given by 2i +j — 2k, sou = 1 (2,1, -2) = = (2,1, —2). Thus, 


Du f(1,2,3) = Vf(1, 2,3) -u = (6,1, 4) - 4 (2,1, -2) = £(1221- 2) = 2. 
f(a,y) -a?y + Jy > Vf= (22y, r? + 1/(2 vo)» Vf(2,1) = (4, 3). Thus, the maximum rate of change of f at 


(2,1) is |Vf(2,1)| = |(4, 2)| = 148 in the direction (4, 2). 


. f(x,y,z) = ze?". Vf = (zye"*, zxe””, e""), Vf (0,1, 2) = (2,0, 1) is the direction of most rapid increase while the rate 


is (2,0, 1)| = V5. 


. First we draw a line passing through Homestead and the eye of the hurricane. We can approximate the directional derivative at 


Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed between the points where 
this line intersects the contour lines closest to Homestead. In the direction of the eye of the hurricane, the wind speed changes 
from 45 to 50 knots. We estimate the distance between these two points to be approximately 8 miles, so the rate of change of 


wind speed in the direction given is approximately 3025 = 2 = 0.625 knot/mi. 
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50. The surfaces are f(x,y,z) = z — 22? + y? = 0 and g(x,y, z) = z — 4 = 0. The tangent line is perpendicular to both V f 


51. 


52. 


53. 


54. 


55. 


and Vg at (—2, 2,4). The vector v = V f x Vg is therefore parallel to the line. V f(x,y,z) = (—4a,2y,1) => 


Vf(—2,2,4) = (8,4, 1), Vg(z, y, z) = (0,0, 1) 
ijk 
8 4 1 
00 1 


v=VfxVg= 


f(x,y) =x? — ry +y? +9r-— 6y +10 => fr =2e—y4+9, 

fy =—x + 2y — 6, frs — 2 = fyy, fey — —1. Then f; = 0 and fy = 0 imply 
y = 1, x = —4. Thus the only critical point is (—4, 1) and frs(—4,1) > 0, 
D(—4,1) = 3 > 0, so f(—4, 1) = —11 is a local minimum. 

f(x,y) = z? —6ry+8y? => fr =32? — 6y, fy = —6x + 24y’, fro = 62, 
fuy = 48y, fry = —6. Then fs = 0 implies y = x?/2, substituting into fy = 0 
implies 6x (a E 1) — 0, so the critical points are (0, 0), (1, i). 

D(0,0) = —36 < 0 so (0,0) is a saddle point while f. (1, 3) = 6 > 0 and 


D(1, $) = 108 > 0 so f (1, $) = —1 is a local minimum. 


f(zvy)-3zy-a)y— ay! => fe =3y—2ay—y’, fy = 3x — x? — 2y, 
for = —2y, fyy = —22, fry = 3 — 2x — 2y. Then f; = 0 implies 

y(3 — 22 — y) = 0 so y = O or y = 3 — 2x. Substituting into f, = 0 implies 
x(3 — x) = 0 or 3z(—1 + x) = 0. Hence the critical points are (0,0), (3, 0), 
(0,3) and (1, 1). D(0,0) = D(3,0) = D(0,3) = —9 < 0 so (0,0), (3,0), and 
(0, 3) are saddle points. D(1, 1) = 3 > Oand f, (1,1) = —2 < 0, so 


f(1, 1) = 1 is a local maximum. 


f(x,y) = (a? tye"? > fe = 2xe??, f, = e”? (2 +x? +y)/2, 
fas = 2692, fyy = e"? (4 + £? +y)/4, fry = ve¥/?. Then f, = 0 implies 
x = 0, so fy = 0 implies y = —2. But /,,(0, 2) > 0, D(0,-2) =e? —0» 0 


so f (0, —2) = —2/e is a local minimum. 


f(x,y) = 4ry? — xy? — wy’. First solve inside D. Here f. = 4y? — 223? — y’, 
fy = 8xy — 2a? y — 3zy?. Then fe = 0 implies y = 0 or y = 4 — 2z, but y = 0 
isn't inside D. Substituting y = 4 — 2x into fy = 0 implies x = 0, x = 2 or 

x = 1, but x = 0 isn't inside D, and when x = 2, y = 0 but (2,0) isn't inside D. 
Thus the only critical point inside D is (1, 2) and f(1,2) = 4. Secondly we 


consider the boundary of D. 


Vg(—2,2,4) = (0,0, 1). Hence 


= 4i — 8j. Thus, parametric equations are: x = —2 + 4t, y = 2 — 8t, z = 4. 


D 
K> 
X 
SAA 


On 
Lani f 
KAA di 
KKA // 
CSKA Ay 
OO Ay 
Ew 


[continued] 
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On Lı: f(z,0) = Oandso f = Oon L1. On La: x = —y + 6and f(—y + 6, y) = y? (6 — y)(-2) = -2(6y? — y?) which 
has critical points at y = 0 and y = 4. Then f(6,0) = 0 while f (2, 4) = —64. On La: f(0,y) = 0,so f = 0 on Ls. Thus 


on D the absolute maximum of f is f(1,2) = 4 while the absolute minimum is f(2,4) = —64. 


56. f(x,y) = e-* —* (x? + 2y?). Inside D: fe = 2ze-* Y? (1 — 2? — 2y?) = 0 implies x = 0 or z? + 2y? = 1. Then if 


c=0, fy = 2ye-* -v (2 — z? — 25?) = 0 implies y = 0 or 2 — 23? = 0 giving the critical points (0, 0), (0, +1). If 


x? + 2y? = 1, then fy = 0 implies y = 0 giving the critical points (+1, 0). Now f(0,0) = 0, f(+1,0) = e^! and 


f(0,+1) = 2e~*. On the boundary of D: z? + y? = 4, so f(x,y) = e ^(4 + y?) and f is smallest when y = 0 and largest 


when y? = 4. But f(+2,0) = 4e~*, f(0, +2) = 8e ^^. Thus on D the absolute maximum of f is f(0, +1) = 2e ^! and the 


absolute minimum is f (0,0) = 0. 


57. f(z,y) = a? — 3a - y  — 2? 


2 = 
os Jl EN 
Ye WY RX 
C? / SW z 0 
PA i 
-2 
-1 0 1 
J. 


From the graphs, it appears that f has a local maximum f (—1, 0) e 2, local minimums f (1, +1) e —3, and saddle points at 


(—1, +1) and (1, 0). 


To find the exact quantities, we calculate f, = 3a? — 3 = 0 x = +1 and fy = 4y? — 4y = 0 
y 


y = 0, £1, giving the critical points estimated above. Also fr2 = 62, fry = 0, fyy = 12y? — 4, so using the Second 


Derivatives Test, D(—1,0) = 24 > 0 and fz2(—1,0) = —6 < 0 indicating a local maximum f(—1,0) = 2; 


D(1, X1) = 48 > Oand fre (1, +1) = 6 > 0 indicating local minimums f(1, +1) = —3; and D(—1, +1) = —48 and 


D(1,0) = —24, indicating saddle points at (—1, +1) and (1, 0). 


58. f(x,y) = 12 + 10y — 22? — 8ry — y f(x,y) = —4a — 8y, fy (zx, y) = 10 — 8a — 4y?. Now f(x,y) 2-0 => 
x = —2z, and substituting this into fy (x,y) = 0 gives 10 + 16y — 4y? = 0 5 + 8y — 2y? = 0. 
12 
2 Ww 3 
4 
—12 253. 


From the first graph, we see that this is true when y ~ —1.542, —0.717, or 2.260. (Alternatively, we could have found the 
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CHAPTER 14 REVIEW 1481 


solutions to fz = fy = 0 using a CAS.) So to three decimal places, the critical points are (3.085, —1.542), (1.434, —0.717), 


and (—4.519, 2.260). Now in order to use the Second Derivatives Test, we calculate fre = —4, fey = —8, fy, = —124?, and 
D = 48y? — 64. So since D(3.085, —1.542) > 0, D(1.434, —0.717) < 0, and D(—4.519, 2.260) > 0, and fir» is always 
negative, f(x, y) has local maximums f(—4.519, 2.260) ~ 49.373 and f (3.085, —1.542) ~ 9.948, and a saddle point at 


approximately (1.434, —0.717). The highest point on the graph is approximately (—4.519, 2.260, 49.373). 


f(z,.y=27y g(x,y) =x? +y? 21 => Vf = (2xy, à?) = AVg = (2I, 2dy). Then 2xy = 2Ax implies z = 0 or 


y = X. If z = 0 then z? + y? = 1 gives y = £1 and we have possible points (0, +1) where f (0, +1) = 0. If y = A then 


x? = 2Ay implies x? = 2y? and substitution into z? + y? = 1 gives 3y? = 1 y= B and z = VE The 


EJs): The absolute maximum is f (+ Nd 3 A) = 2 while the absolute 


corresponding possible points are (+ 5 325 


minimum is f(& 3.) = -57 


f(z,y) — 1x + 1/y, g(z,y) = 1/2? +1/y? =1 Vf- ( x ?, y?) AVg ( 2Ax7?, 2Ay ^). Then 


—a~? = —2Az? or x = 2A and -y ? = —2Ay ? or y = 2X. Thus x = y, so 1/2? + 1/4? = 2/z? = 1 implies x = 4-2 


and the possible points are (--./2, +2). The absolute maximum of f subject to £7? + y~? = 1 is then f (V2, V2) = V2 


and the absolute minimum is f(-v2, -2) = —/2. 


f(x,y, 2) = zyz, glz, y, z) =£? +y? +2 =3. Vf —AVg => (yz, ez, xy) = A(22,2y, 2z). If any of a, y, or z is 


zero, then z = y = z = 0 which contradicts x? + y? + 2? = 3. Then À vet 
2r 2y 2z 


2y?z = 2x?z 


y? = x”, and similarly 2yz? = 2z?y z? = x. Substituting into the constraint equation gives x? + z? +z? =3 > 


= z*. Thus the possible points are (1, 1, +1), (1, — 1, +1), (—1,1,+1), (—1, —1, +1). The absolute maximum 


is /(1,1,1) = f(1, 1, -1) = f(-1,1, -1) = f(—1, —1, 1) = 1, and the absolute minimum is 


f(1,1,-1) = f(, -1,1) = f(-1,1,1) = f(-1,-1,-1) = -1. 


f(x,y,z) = x? + 2y? +32, g(m,y,z) =£z+y+z= 1, h(my,z)—-r—y-42z—2 

V f = (2x, 4y,6z) =AVg + uVh = (A+ p, à — u, A+ 25) and 2x = à + p (1), 4y=A-—p Q) 62 =A+ 2p (3), 
xr+y+z=1 (4), x-—y+2z=2 (5). Then six times (1) plus three times (2) plus two times (3) implies 

12(x + y + z) = 11A + 7p, so (4) gives 11\ + 7u = 12. Also six times (1) minus three times (2) plus four times (3) implies 


12(x — y + 2z) = 7A + 17u, so (5) gives 7A + 17u = 24. Solving 11\ + 7u = 12, 7A + 17u = 24 simultaneously gives 


A= $, H= 3. Substituting into (1), (2), and (3) implies x = 1$, y A z b giving only one point. Then 


f(33,— &. 43) = 38. Now since (0, 0, 1) satisfies both constraints and f(0,0,1) = 3 > 32, f(#8,-%, #4) = S3 isan 


absolute minimum, and there is no absolute maximum. 
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63. f(z,y,z) =a? cy? 4 22, g(a,y,2z) = ryz? —2 Vf = (22,2y,2z) = AVg = Ou? 23, 2Aryz?, 3Axy? z?). 


Since zy?2? = 2, x Æ 0, y Æ 0 and z Æ 0, so 2x = M?z? (1), 1— Azz? (2), 2 = 3Axry?z (3). Then (2) and (3) imply 


1 2 yee ay ey) 2 Qua : 2x 2 2 2 1 
c gp ory” = $2^s0y = +z "E Similarly (1) and (3) imply qms = Bayz or 3a" = z^ sox = taz. But 


xyz? = 2 so x and z must have the same sign, that is, £ = 23 Thus g(a, y, z) = 2 implies zu (82) =2or 


z = +3'/4 and the possible points are (+37 1/4, 371/4,/2, +31/4), (+3714, -3-1/4,/2, +31/4), However at each of these 
points f takes on the same value, 2 /3. But (2, 1, 1) also satisfies g(a, y, z) = 2 and f(2,1,1) = 6 > 2 V3. Thus f has an 


absolute minimum value of 2 4/3 and no absolute maximum subject to the constraint xy?z? = 2. 
Jeu 2 2 
Alternate solution: g(x,y, z) = zy?z? = 2 implies y? = —z SO minimize f(x, z) = x ToS zo z”. Then 
cz 


2 4 24 S tede 
fe = 20 — = EX M for — 24 = me = -z t and fos = EPA 
LE x?z 


20323 — 2 = Q or z = 1/z. Substituting into fy = 0 implies —6x? + 2r! = 0 or x = -, so the two critical points are 


cit 
va 


(235. 03). Then D(4 t43) = (2+ 4)(2+ 22) (<5) > Oand £s (525.98) = 6 > 0, so each point 
isa minimum. Finally, y? = pn so the four points closest to the origin are (4 tae 3 +V3 ) 5 (+4. — E + $8) s 
64. (a) The distance from a point (x, y) to the point (—3, 0) is J/(x + 3)? + y?. yt 
The distance from (z, y) to (3, 0) i is /(a — 3)? + y?. Then the function k 210.5 EMEN 
that gives the sum of the distances is uma i 
(x +3) +y? + 3g x 
The graph shows several curves of f(x, y) = k for k = 9, 10, 10.5, 
and 11. The smallest value of k that g(x, y) = 16a + 15y intersects appears 


to be 10, so the point that minimizes the distance is approximately 


(x,y) = (4, 2.4). 
ur Xm Je ech eee) Wo = (1618). Now 
vV(-39-y JS@-3P+y V+ ty JS@-3P+y 


Vf(4, 2.4) = (4 t ys l, 244 23) B ($25, 20) and Vg(4, 2.4) = (16,15). V f and Vg are parallel if V f = AVg 


for some value of A, which is true when A = AI Thus, V f and Vg are parallel. 


65. The area of the triangle is ica sin 0 [Formula 6 in Appendix D] and the area of the 
a a 
PAX rectangle is bc. Thus, the area of the whole object is f(a, b,c) = ica sin 0 + bc. 
The perimeter of the object is g(a, b, c) = 2a + 2b + c = P. To simplify sin 0 in 


2 


; . 2 
terms of a, b, and c notice that a? sin? 0 + ($c) =a > 
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sing = + V4a? — c?. Thus, f(a, b,c) = " vV/ 4a? — c? + bc. (Instead of using 0, we could just have used the Pythagorean 


Theorem.) As a result, by Lagrange’s method, we must find a, b, c, and A by solving V f = AV g which gives the following 


equations: ca(4a? — ?)-1/? = 2 (1), c= 2X (2), 1 (4a? — pae. ic'(4a? — c2) 1/7? +b = A (3), and 


2a + 2b + c = P (4). From (2), A = ic and so (1) produces ca(4a? — roe NES = (4a? gle =a 
M 5 1/2 sinh. HCO c 
4a? — 2 = a? c= V/3a (5). Similarly, since (4a? — e) = a and À = łe, (3) gives TET +b = z so from 
a 
[5 ipe v3a a V8a__, b= £(1+ V3) (6). Substituting (S) and (6) into (4) we get: 
4 4 2 2 2 2 
2a +a(1+ V3) +/3a=P => 3a4+2V3a=P > a= a = 2 V3 — 3 p and thus 
3423 3 


b 


x ONDES) pe — e = (2- V3)P. 


6 
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1. The areas of the smaller rectangles are A1 = xy, A2 = (L — x)y, I L 4 
As = (L — zx)(W — y), As = x(W — y). ForO< x € L,0 < y € W, let M | 
f(z,y) = Ai A3 + A3 + A4 W-y | 
= zy? + (L — x)?y? + (L- x)? (W - y +2°(W —y)? x L-x 


[z? + (L — x)°]ly? + (W — y] 


Then we need to find the maximum and minimum values of f (x, y). Here 


fc(x,y) = [2a — 2(L — x)|[y? + (W — y)? = 0 4x — 2L = 0 ora = 1L, and 


ful, y) = [a? + (L — 2)? | [2y - 2(W —)] = 0 4y — 2W = 0 or y = W/2. Also 


foe = Aly? + (W — y^] fay = Ala? + (L — c], and foy = (4x — 2L) (4y — 2W). Then 


D = 16[j? + (W — yY'][z? + (L — x)?] — (4x — 2L)? (4y — 2W)?. Thus when x = 1L and y = IW, D > 0 and 
fzx = 2W? > 0. Thus a minimum of f occurs at (3L, iW) and this minimum value is f(3L, iW) = ipDw-. 


There are no other critical points, so the maximum must occur on the boundary. Now along the width of the rectangle let 


gly) = f(0.) = f(L,y) = L° |y? + (W — y), 0 € y € W. Then g'(y) = L?[2y - 2(W — y) = 0 y= 3W. 
And 9(3) = 4 L?W?. Checking the endpoints, we get g(0) = g(W) = L?W?. Along the length of the rectangle let 
h(x) = f(x,0) = f(z, W) 2 W?[z? + (L — z)?], 0 € x € L. By symmetry '(z) =0 €& <= Land 

h(3L) = $L?W?. At the endpoints we have h(0) = h(L) = L?W?. Therefore L^W? is the maximum value of f. 


This maximum value of f occurs when the “cutting” lines correspond to sides of the rectangle. 


- (2? 42y?)/104 


2. (a) The level curves of the function C (x, y) = e are the 


2 2 4 " ued $ . . 
curves e" *2v)/10 _ (k is a positive constant). This equation is 


equivalent to £? + 2y? = K = 1, where 


ae ene 
(VK) (VER) 
K = —10* Ink, a family of ellipses. We sketch level curves for K = 1, 


2, 3, and 4. If the shark always swims in the direction of maximum 


increase of blood concentration, its direction at any point would coincide 


with the gradient vector. Then we know the shark’s path is perpendicular 


to the level curves it intersects. We sketch one example of such a path. 
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(b VC = — e- G^ +2y")/108 (zi-4-2yj). And VC points in the direction of most rapid increase in concentration; that is, 


VC is tangent to the most rapid increase curve. If r(t) = x(t) i + y(t) j is a parametrization of the most rapid increase 


d d dy d d 2 
curve, then A = =i i+ T is tangent to the curve, so = AVC = À Tot e- G2) | and 
dy 2 (a? +2y?)/104 dy _ dy/dt y dy _ dz 
aE = À =s ( v (2y). Therefore Wi dud 2 z zn 2 2 In |y| = 21n |z| so that 
y = kx? for some constant k. But y(xo) = yo yo = kzå k— yo/xà (xo =0 yo —0 the 


shark is already at the origin, so we can assume zo 4 0.) Therefore the path the shark will follow is along the parabola 


y = yo(z/zo)". 


3. (a) The area of a trapezoid is zh(bi + b2), where h is the height (the distance between the two parallel sides) and b1, b2 are 


the lengths of the bases (the parallel sides). From the figure in the text, we see that h = x sin 0, by = w — 2a, and 


b2 = w — 2x + 2x cos 0. Therefore the cross-sectional area of the rain gutter is 


A(x,0) = &vsin6 [(w — 2x) + (w — 2x + 2x cos0)] = (x sin6)(w — 2x + x cos) 


= wzsin0 — 22? sin 0 + z?sin6cos0, 0 < x < iw 0c6-x El 


We look for the critical points of A: OA/Ox = wsin0 — Ar sin0 + 2r sin 0 cos 6 and 


0A/80 = wx cos0 — 2a? cos0 + a? (cos? 0 — sin? 0), so OA/Ox =0 & sin0(w—4x--2rcos0) 2-0 & 


2- Los = (0-04 = sin0 > 0). If, in addition, 04/00 = 0, then 
x x 


cos = 


0 = wr cos0 — 22? cos + z? (2 cos? 0 — 1) 


= we(2- 22) -22*(2 2) +a bGe-z) -1 


1,,2 2 2 4w w? 2 
= 2wg — 5w* — 4x" + wg + z’ |8 +5 aa wa + 32° = «(32 — w) 
x x 
Since x > 0, we must have z = iw, in which case cos 0 =4, so 0 = 4, sin ĝ = v3 we Buy, bi = iw, b2 = iw 


and A — X7 V3.2. As in Example 14.7.6, we can argue from the physical nature of this problem that we have found a local 
maximum of A. Now checking the boundary of A, let 


g(0) = A(w/2,0) = 4w’ sind — Sw? sind + iu? sin 0 cos0 = gu? sin 20, 0 < 0 < $. Clearly g is maximized when 


sin 20 — 1in which case A — gu? . Also along the line 0 = $, let h(x) = A(z, 7) = wr — 2x, 0< £< iw => 


h'(x) =w-— 4r =0 z = iw,andh(iw) = w(Fw) — 2(4w w)’ = Lu. Since tw? < X3 w?, we conclude that 


the local maximum found earlier was an absolute maximum; that is, the base and the sides are of equal length. 
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w)? w 
b) If the metal were bent into a semicircular gutter of radius r, we would have w = «r and A = im r? = ir(>) = 
( g 2 

T 


2 Buw? 
w 3w 

Si — 

ais 2n a 12 


, it would be better to bend the metal into a gutter with a semicircular cross-section. 


. Since (z + y + z)'/(a? + y? + 2°) is a rational function with domain {(x, y, z) | (x,y,z) Æ (0,0, 0)}, f is continuous on 


IR? if and only i nn T f(x,y, z) = f(0,0,0) = 0. Recall that (a + b)? < 2a? + 20? and a double application 
2,y,2)— (0,0, 


of this inequality to (x + y + z)? gives (x + y + z)? < 4x? + Ay? + 22? < A(a? + y? + 2”). Now for each r, 


r/2 


|(z 4- y 4- z)7| EM (Iz +y +z = [(z 4- y 4- 22]? < [4(z? + y? + 22)] = 27 (a? +y? +27)? 


for (x,y,z) # (0,0,0). Thus 
CERTE r/2 


_ @+yt2)"| ar ty t) 
g2 4 Fy? + 22 


= 9" 2 2 2Y(r/2)-1 
x? + y? z? E x? + y? + 2? (x +y tz) 


If(z,y, 2) - 0| = 


for (x,y,z) Æ (0,0,0). Thus if (r/2) — 1 > 0, that is r > 2, then 2" (x? + y? + 22) 0/2-1 — Qu as (x,y,z) — (0,0,0) 


and so lim ; (x +y 4- z)" / (a? +y? +27) = 0. Hence for r > 2, f is continuous on R?. Now if r < 2, then as 
$,U,2) (0,0,0 


(x,y,z) — (0,0,0) along the x-axis, f(x,0,0) = x"/a® = z" ^? for x £ 0. So when r = 2, f(x,y,z) ^ 1 # Oas 
(x,y,z) — (0,0,0) along the x-axis and when r < 2 the limit of f(x,y,z) as (x,y,z) — (0,0,0) along the x-axis doesn't 


exist and thus can’t be zero. Hence for r < 2 f isn't continuous at (0, 0, 0) and thus is not continuous on R?. 


. Let g(z,y) — -af(2). Then g,(z, y) = (#2) +af'(4) (-4) = 1(4) E HAC and 


z vos(#) = (2) wat (2) |(e— a) +r (2 iy yo) = 


(£) — yore‘ f’ (2 2) Ja + [r(2)]y-z=0 But any plane whose equation is of the form az + by + cz = 0 
0 0 


passes through the origin. Thus the origin is the common point of intersection. 


6. (a) At (1, y1, 0) the equations of the tangent planes to z = f(x, y) and z = g(x, y) are 


Pi: z— f(x1,y1) = fe(x1,y1)(£ — x1) + fy(@1, 1) (y — y1) 


and Po: z — g (#1, y1) = ga (£1, Y1)(£ — £1) + gy(x1,y1)(y — 1) 


respectively. P, intersects the xy-plane in the line given by fs(x1, y1) (£ — £1) + fy(£1,y1)(y — yi) = —f (z1,y1), 
z = 0; and P^ intersects the xy-plane in the line given by gs (zi, y1)(x — 21) + gy (x1, y1)(y — y1) = —g(z1, y1), 


z = 0. The point (2, y2, 0) is the point of intersection of these two lines, since (x2, y», 0) is the point where the line of 
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intersection of the two tangent planes intersects the zy-plane. Thus (22, y2) is the solution of the simultaneous equations 


fe (a1, y1)(@2 — 21) + fy(zi, ji) (ya — y1) = —f (21, 91) 


and Ju(@1, y1)(@2 — 21) + gy (21, y1)(y2 — Y1) = —g(21, y1) 
For simplicity, rewrite f; (1,1) as f; and similarly for fy, gx, gy, f and g and solve the equations 


(fx)(w2 — 21) + (fy)(y2 — y1) = —f and (gz )(£2 — 21) + (gy)(y2 — v1) = —g simultaneously for (x2 — xı) and 


(y2 — yı). Then y2 — yı = dm — es or y2 = yı fe — "D and (f.)(za — 21) + DU no — —fso 
u = —f — Uv gfs — fox) /(gefy — f«9v)] f9u — fug fg» — fug 
a " Gx fy — fey BOTHE feGy — Gu fy 


(b) Let f(x, y) = x” + y" — 1000 and g(a, y) = x” +y” — 100. Then we wish to solve the system of equations f(x,y) = 0, 


g(x,y) = 0. Recall £ [z^] = z” (1 + In x) (differentiate logarithmically), so fs (x,y) = £z” (1 + 1n z), 
z 


fu(x,y) = y” (1+ lny), g«(z, y) = yx" + y” Iny, and g,(z,y) = x” Inx + xy”™t. Looking at the graph, we 
estimate the first point of intersection of the curves, and thus the solution to the system, to be approximately (2.5, 4.5). 


Then following the method of part (a), xı = 2.5, yı = 4.5 and 


f(2.5,4.5) gy (2.5, 4.5) — fy (2.5, 4.5) g(2.5, 4.5) 


20 a E AREE Eco Nui Mc 
2 Ja (2-5, 4.5) gy (2.5, 4.5) — fy (2.5, 4.5) g« (2.5, 4.5 


& 2.447674117 


fa (2-5, 4.5) g(2.5,4.5) — f (2.5, 4.5) ga (2.5, 4.5) 


Sp pear E9) IAE Rage AINT HU Ns 
T f. (2.5, 4.5) gy (2.5,4.5) — fu (2.5, 4.5) ge (2.5, 4.5) 


x 4.555657467 


Continuing this procedure, we arrive at the following values. (If you use a CAS, you may need to increase its 


computational precision.) 


t= 2.5 yı = 4.5 


z2 = 2.447674117 


y2 = 4.555657467 
x3 = 2.449614877 y3 = 4.551969333 


z4 = 2.449624628 ya = 4.551951420 
z5 = 2.449624628 


ys = 4.551951420 


Thus, to six decimal places, the point of intersection is (2.449625, 4.551951). The second point of intersection can be 


found similarly, or, by symmetry it is approximately (4.551951, 2.449625). 
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CHAPTER 14 PROBLEMS PLUS 


7. Since we are minimizing the area of the ellipse, and the circle lies above the x-axis, 
the ellipse will intersect the circle for only one value of y. This y-value must 


satisfy both the equation of the circle and the equation of the ellipse. Now 


2 2 2 


T 2 Q 
qi t Kec 


(b? y’). Substituting into the equation of the 


1489 


2 


b? — a? 


circle gives 4 (b? — y?) + y? — 2y =0 => (Tg) -wte =o, 


b2 


In order for there to be only one solution to this quadratic equation, the discriminant must be 0, so 4 — 4a 


2b? — a? 


=0 


b2 


b? — a? b? + a* = 0. The area of the ellipse is A(a, b) = mab, and we minimize this function subject to the constraint 


g(a, b) = b? — a? -- a^ =0. 


mb 


E 2 2 
= =—— (1 
Now VA — AVg «b = A(4a* — 2ab^), ma = A(2b — 2ba^) À aa — 88 (1), 
Ta Tb Ta 
A= 2), bD? — a? + a* = ing (1 2) gi = 
WO — a2) (2), a'b +a 0 (3). Comparing (1) and (2) gives 2a(2a? — 6) WO — a2) 
Qnb? = 4na* a? + b. Substitute this into (3) to get b = + > a=,/2 


va 2 


8. Let u = (a,b,c) and v = (a, y, 1), so |u| = Va? + b? + c?, |v| = fa? + y? + 1, and u- v = az + by + c. Then by the 


Cauchy-Schwarz Inequality, |u - v| < |u| |v] = |ax+by+c| € Va? +b? +c? \/a? + y? + 1. Squaring both sides, 


we have (ax + by -- c)? < (a? +b? +c”) (a? +y? +1) 


(since z? + y? +1 > 0). Thus f(x,y) = 


2 
ee?) <a +b te 
z? +y? +1 


(ax + by 4- c)? 
1 


> e « a? +b? +c. We have 
x? +y? + 


equality if (ax + by + c)? = (a? +b? + c?) (z? +y? + 1) or equivalently 


c? [(a/c)a + (b/c)y +1]? 


c [(a/c)? + (b/c)? + 1] (a? +y + 1) which is true when z = a/c and y = b/c. Thus the 


maximum value of f is f(a/c, b/c) = a? +b? + 2. 
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15 O MULTIPLE INTEGRALS 


15.1 Double Integrals over Rectangles 


1. (a) The subrectangles are shown in the figure. y 


The surface is the graph of f(x, y) = xy and AA = 4, so we estimate 


Ve Y Y f(259) AA 


i-21j-1 


= f(2,2) AA + (2,4) AA + f(4,2) AA + f(4,4) AA + f(6,2) AA + f (6,4) AA 


= A(4) + 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288 


(b) V & > 2 f(749;) AA = f(,1) AA + f(1,3) AA + f(3, DAA + f(3,3) AA + f(5,1) AA + f(5,3) AA 


= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144 


2. (a) The subrectangles are shown in the figure. 


Here AA = 2 and we estimate 


3 


Shr (172) dA ~ 2 » f(x Lij iy) AA 


t=1j=1 


= f(2,-1) AA + f(2,0) AA + f(2,1) AA + f(4,-1) AA + f(4,0) AA + f(4,1) AA 


= (-1)(2) + 12) + (-1)(2) + (-3(2) + 12) + (-3)(2) = -12 


(b) the (1-— zy? )dA x pe = f(x 21,9) AA 


= f(0,0) AA + f(0,1) AA + f(0,2) AA + f(2,0) AA + f(2,1) AA + f(2,2) AA 
= 1(2) + 1(2) + 1(2) + 1(2) + (-1)(2) + (-7)(2) = -8 


3. (a) The subrectangles are e in the figure. Since AA = 1- i = i we estimate 


Jip ze ^" dA m x 2 f (xij, yig) AA 
=f(1,5) AA + f(1,1) AA + f (2, 4) AA + f (2,1) AA 1 
= eV? (3) +e71(4) + 2e71 (3) + 2e? (3) ~ 0.990 | 
(b) ff, ve dA ~ x 2 f(24,9;) AA 1 
= f(51) A4 f(3,1) AA (3,2) AA € f(2, 2) AA M : 
= peT (8) eem + FMCG) + FAG) waa O ; 
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4. (a) The subrectangles are shown in the figure. 


YA 


3+ 
The surface is the graph of f(x,y) = 1 + £? + 3y and AA = i . 3 = EA 
so we estimate 
dog 1.54 
V = ff o c? 3y) dA E Y, fat, yi) ^A 


0 1152 x 
SZ(IPRPXGPRCSGO) TG) 245) = 14625 
2 2 
(b) V = ff (1-3? + 3y) dA x D M fy) AA Mi 
=l j= l 
SIG RAASIUDSTRAAT FG AAT AA . 
E (Ð + () 9 (8) + AB (G) = t = 28.487 | 
0 1152 x 


5. The values of f(x,y) = 4/52 — x? — y? get smaller as we move farther from the origin, so on any of the subrectangles in the 
problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper 
right corner, and any other value will lie between these two. So using these subrectangles we have U « V < L. (Note that this 


is true no matter how R is divided into subrectangles.) 


. To approximate the volume, let R be the planar region corresponding to the surface of the yA 
water in the pool, and place R on coordinate axes so that x and y correspond to the 30 
dimensions given. Then we define f (x, y) to be the depth of the water at (x, y), so the 20 a 
volume of water in the pool is the volume of the solid that lies above the rectangle 10 ° ° 
R = (0, 20] x [0, 30] and below the graph of f(a, y). We can estimate this volume using > : "5 : D ES 
x 


the Midpoint Rule with m = 2 and n = 3, so AA = 100. Each subrectangle with its 
midpoint is shown in the figure. Then 
2 8 
Vg», DY f(zi,y;) AA = AA[f(5,5) + f(5, 15) + f(5,25) + f(15, 5) + f(15, 15) + f(15,25)] 
4-1 j-1 
= 100(3 +7 + 10 + 3 4- 5 + 8) = 3600 

Thus, we estimate that the pool contains 3600 cubic feet of water. 

Alternatively, we can approximate the volume with a Riemann sum where m = 4, n = 6 and the sample points are taken to 
be, for example, the upper right corner of each subrectangle. Then AA = 25 and 


4 6 
Vg», D flay) AA 
i=1 j=1 
—925[3--4 - 7-8 -10--8 4-6 -8 4-10 - 12-10 1-34 54-64-84 74-24-24 24-34-44 4] 
— 25(140) — 3500 


So we estimate that the pool contains 3500 ft? of water. 
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7. (a) With m = n = 2, we have AA = 4. Using the contour map to estimate the value of f at the center of each subrectangle, 


we have 
2 


Sfr f(y) dA ~ > Y (z7) AA = AA[f(L 1) + f(1,3) + f(3, 1) + £(3, 3)] & 4(27 + 4 + 14 + 17) = 248 


S171. 
(b) fave = a Se f (y) dA ~ Gg (248) = 15.5 


8. As in Example 9, we place the origin at the southwest corner of the state. Then R = [0, 388] x [0,276] (in miles) is the 


rectangle corresponding to Colorado and we define f(x, y) to be the temperature at the location (x, y). The average 


foe aay | | /e 924 = sum |] fee 


To use the Midpoint Rule with m = n = 4, we divide R into 16 regions of equal size, as shown in the figure, with the center 


temperature is given by 


of each subrectangle indicated. 


NE 
c 


C 


D 


— 6693, so using the contour map to estimate the function values at each 


The area of each subrectangle is AA = 388 : 276 


midpoint, we have 


4 


Mn fenda & Y 32 FET) AA 


$—132z1 
x~ AA [31 + 28 + 52 + 43 + 43 + 25 + 57 + 46 + 36 + 20 + 42 + 45 + 30 + 23 + 43 + 41] 
— 6693(605) 


6693 - 605 


Therefore, fave 7 388 276 


& 37.8, so the average temperature in Colorado at 4:00 PM on a day in February was 
approximately 37.8°F. 


9. z = \/2 > 0, so we can interpret the double integral as the volume of the solid S that lies below the plane z = /2 and above 


the rectangle [2, 6] x [—1,5]. S is a rectangular solid, so ff, v2dA = 4- 6 - V2 = 24/2. 
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10. z = 2x + 1 > 0 for0 € x < 2, so we can interpret the integral as the (2,0,5) ZA 


volume of the solid S that lies below the plane z = 2x + 1 and above 
the rectangle [0, 2] x [0, 4]. We can picture S as a rectangular solid 


(with height 1) surmounted by a triangular cylinder; thus 


[gx + 1) dA = (2)(4)(1) + 


(2)(4)(4) = 24 


NI 


11. z = 4 — 2y > 0 for 0 € y € 1, so we can interpret the integral as the 
volume of the solid S that lies below the plane z = 4 — 2y and above 
the square [0, 1] x [0, 1]. We can picture S as a rectangular solid (with 


height 2) surmounted by a triangular cylinder; thus 


[fa (4 — 29) dA = (1)(1)(2) + 500(2)2) = 3 


12. Here z = \/9 — y?, so z? + y? = 9, z > 0. Thus the integral 
represents the volume of the top half of the part of the circular cylinder 


z? + y? = 9 that lies above the rectangle [0, 4] x [0, 2]. 


2 3 m—2 
13. "(a 43224?) dz = E +3 Z 2 = [iz? + a = [3 (2)? 
pag 
3 y? y=3 E 
o (x + 3a?y?) dy = ey +32? | = [zy + z?y?] ee = [x(3) + z?(3?] — [z(0) + z?^(0)?] = 3a + 272? 
y=0 
z1—2 
14. fo ver Bde = |y: Be +2)°7| = gD- 3y(2)*? = By — $V2y = $4 - V2). 
3 y ut 
fo ye 2dy = | z Vt | = 4(3)/e+2— 4(0P Va F2 = SVr F2 
y=0 


15. ds CT — 2x) dy dz = f [3x?°y? — 2x] om dx = fi [(122? — 4x) — (0 — 0) | dz 


= fi (122? — 4x) dz = [4z? — 227]? = (256 — 32) — (4 — 2) = 222 


16. re T (x+y)? dxdy = Js ds (a? + 2zy + y?) dx dy = i [42° Tay + ry? | We: dy 


1 
= fog tutv')dy Be + av] =34+9+5-0= 5 
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SECTION 15.1 DOUBLE INTEGRALS OVER RECTANGLES 
is J? (x +e") dz dy = So [$27 + me^] dy = To [(2 + 2e7*) — ($ - e *)] dy 
= h (È +e) dy = [iy- e]; = (8-67)-(0-0-7 8-67 
Sia fe (8 +97) dy dar = J, [y y 7] de = Sia [(22? - 8) - G^ — 0] de 
1 
= Jie dese ,-G43-CT-9-$ 
m ne (y + y? cos x) dz dy = J3 [ry +y? sinz] 227 dy = ie (£y - y?) dy 
= [t iv]. [(F +9) - (F -9] = 18 
3 f5 lny 1 1 T lny 
: dy dz — dx d by Equation 11 
f | zy ” e y” [by Eq ] 
3 
= [im al | [4(ny)?]? [substitute u = lny = du = (1/y) dy] 
= (In3 — 0) - $[(In5)? — 0] = 4 (In 3) (ln 5)? 
4 2 4 y=2 4 
: f f (2+2) dyde = [ eme ege] ac = f (2m2+ x) dx = [i x’ In2+ 2 In|z|] 
ivi WY € 1 r 2 = 1 2x 
y 
= (8In2+ $1n4) — (31n2- 0) = 32 1n2 + 31n4 or 15 In2 + 31n(4'/?) = 32 
s ial ye" * dz dy = Tele ye"e "dx dy = Js e” da fo ye "dy [by Equation 11] 
= [e*] [(-y — 1)e7*] [by integrating by parts] 
= (e? — e?)[-2e7! — (—e°)] = (e? — 1)(1— 2e) or e? —2e + 2e! - 1 
. [2 7?  sinódódt = [7^ sin?ódo f? tdt [by Equation 11] = f"/?(1—cos’¢) sing dg f? t dt 
= [4 cos*¢ — cos d]? [14°] = [(0 — 0) - (4 —1)]- 4 (27-0) = 2(9) =6 
fee d zy / 2 +y? dy dx =f z x|3( r ey as = zie (x? +1) 3/2 z?|d — Lf [r(z? +13 — x 


-i[pe? af - 245]! = 3 [2° 1) - 0-0] Rev- 


fo fo v(u-- v?)* dudv = fi [Ev(u - v?)9] 77 dv = E fo v [(1 + v?)® — (0 +0?) 5] du 
1 
0 
= 2v dv in the first term] 


2)5 1i AV, 5 
-ih [v(1 +07)? - eH] du = 3[5- £1 7)? - 1] 
[substitute t — 1--v? => dt 


-4[05-1-a-o]-24(63-1-3 


s=1 1 
- fo fo Vsttdsdt = f, [3c +0] o B= FoI + HP? - OP) dt = ajat- ge] 


= (P^ -)-ü0-0]- $9" -2) e $(2/2-1) 


— 2 [7/4 _ r2 n/4 = 2 n/4 
. ffo sec? y dA = f, Io asec” ydy dz = fo ada fo sec? y dy = liz? [tany] 


= (2 — 0) (tan $ 


tan0) = 2(1—0) 22 
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28. [f (y - xy ?)dA = j^ IC + £y’) dz dy = i. [zy + ia?y ?] m dy — m (2y + 2y~?) dy 


-[)-3y7]22(4-1-à-2)-54 


1 3 1 3 

x 2 1 2 1,3 

29. dy dx = d. d -[iu 1 È | 
[[ 2 M [25 ce I r? +1 sfv i-r tna No 39 | s 


= i(In2— In1)- $(27+ 27) = 91n2 


= (sin! $ — sin! 0) (In [sec £ | — In |sec0|) = (€ — 0) (In2— In 1) = £ In2 


31. ff, rsin(z + y) dA = ie 7/3 v sin(z + y) dy da 


= iu [—2 cos(x Wes dx = quum [z cosx — x cos(x + £)] da 
= efpine —sin(e + gp) - p [pine -sin(c + g)]de — [mee | 


= &[8 - 1] - [-cose cosa  )]; ^ =- - |- +0- (1 2)] = - 


0 


3. ies te s n pend f [In(1 + zy)] 75 da= f [In(1 + 2) — In 1] dz 
= Jo In 


(1+ x)dx = [a + a2)In(1+2)— zli [by integrating by parts] 


= (2In2— 1) — (n1 — 0) =2In2-1 


33. [fr ye” dA = fe Us ye "" dxdy = p [-e **] ux dy = f; (-e?* + 1) dy = [1e 7?" t y]a 
= 4e +3 -— (4 +0) = łeã® +3 
1 == y=2 3 
34. Il A E Teeny tude = SÈ [In(1 +r + y) [257 de = f? [n(x + 3) — ln(z + 2)] dz 
= [((e + 3) n(x + 3) — (z + 3)) — ((x + 2)In(z + 2) — (x + 2)) ]1 


[by integrating by parts separately for each term] 
= (6In6 — 6 — 5ln 5 + 5) — (4I1n4—4—31n341 3) = 6 ln 6 — 5115 — 4ln 4 + 3ln 3 


35. z = f(x,y) = 4 — x — 2y > 0for0 € x < land 0 < y < 1. So the solid 


is the region in the first octant which lies below the plane z = 4 — x — 2y 


and above [0, 1] x [0, 1]. 
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tan 1/2 [7/5 tang 1/2 1 2/8 21,112 7/3 
30. d0 dt — dt tan d0 = sin t In |sec 0 
erm um 0 0 /1-— t? I V1—t? f | F | | |J, 


36. 


37. 


38. 


39. 


40. 
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z—2—a?—3?»0for0 € x <1and0 < y < 1. So the solid is the 


region in the first octant which lies below the circular paraboloid 


z = 2 — x? — y? and above [0, 1] x [0, 1]. 


z = 4— x? > 0for —2 < x < 2and —1 < y < 3. So the solid is the 
region that lies below the parabolic cylinder z — 4 — x? and above 


[-2,2] x [-1, 3]. 


(a) For any given value of x = k, 0 € k < 2, we have the curve z = k? Vy, x=k,1<y<4. 


e EA OR 3j] 2k? 14k? 
The area below the curve and above xy-plane is given by k Vy dy = - y EH (8—1)- ; 
1 y-1 
2 2 
For k = 1, the area is nu ys = For k = 2, the area is He ) = T 


(b) For any given value of y = k, 1 < k < 4, we have the curve, z = x? /k, y = k, 0 < x € 2. The area below the curve and 


x vil as 8/1 8 


2 
above xy-plane is given by J a^ Vkda = E = ——. Fork = 1, the area is m For k — 3, the area 
0 


3 m^ 3 
is 93 
x 
4 p2 4 3 1—2 4 4 
E 8 16 16 112 
of | evudea=f [Evi] a= f vya |E] =Fe-n= 
1 Jo 1 3 dco 13 9 i 9 9 


(a) The volume under the surface z = xy and over the square R = [0, 2] x [0, 2] is given by R s xy dz dy. 


2 (2 2p42 xr=2 2 [952 02 2 2 
t f f zydsdy= [ B ydy= f Iz- s |ve- f 2y dy — v] =4 
o Jo 0 z—0 0 0 0 


-4,3 


+,7| x [—4, £] is given by 


(a) The volume under the surface z = cos x cos y and over the square R 


der deu cos x cos y dz dy. 


(b) (en Sla cos x cos y dx dy = Ee, cosa dz f7, cos y dy [by Equation 11] 


E [sinz] oon [siny] Pu = [sin i- sin(- z)]* 
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42. 


47. 


CHAPTER 15 MULTIPLE INTEGRALS 


(a) The volume under the surface z = 1+ ye*” and over the rectangle R = [0, 1] x [1,2] is given by 


[2 fo Q+ yer) dz dy. 


2 pl 2 =i 2 2 
o» f f (1+ye™)dedy= | eee te] ay = [ [((1 +e”) — (0+ 1)] ay = f e" dy=e —e 
1 Jo 1 y ET 1 1 


(a) The volume under the surface z = x” + y? and over the square R = [1,2] x [1,3] is given by X Jf (x? + y?) da dy. 


fernen PIT m PIG) Gm) e £n) 
of fe +0)dedy= f [gw] wf (E+ qty ay = | g ty dy 


EN | 70-0 240 
= [fur] = 0+9 (1*3) 3 


. The solid lies under the plane 4x + 6y — 2z + 15 = 0 or z = 2r + 3y + i so 


V = ffp(2e + 3y + B)dA = ee fA (2x + 8y + 19) da dy = f^ [z? -3xzy + g)? dy 


= f^4 [19 + 6y) - (- 33 — 3y)] dy = f1 (E + 9y) dy = [By 4 2y] = 30 — (—21) = 51 


V = fhu — 2? +2)dA = f1, fP(y? — a? - 2)dydz = f}, [y? — a?y + 29] 7 dz 


= f, [12-22?) - (3-32)] de = ^, (9-27dz) = [9x — 14?|., = 28 + £ — & 


. The solid lies under the surface z = x” + ay” and above the rectangle R = [0,5] x [—2, 2], so its volume is 


V= T + zy’) dA = Sa fue + zy’) dydz = fý [xy +4 zey’ T, dz 
= dus [(22? + $x) — (722? — $£x)] dx = fo (42? + Bx) dx 


_ [44,8 1 8,275 500 , 200 700 
= [$2 + $27], 5 53-0 3 


The solid lies under the surface z = 1 + a? ye" and above the rectangle R = [—1, 1] x [0, 1], so its volume is 


V= ff, a x ye*)dA = te: T5 (l+2 ?ye!) dx dy = fo [e+ 42° ye" | =n dy 


= do + ye") dy = [2y + i (y — 1) e" [by integrating by parts in the second term] 


= (2+0) -— (0 - ĝe) 2272-3 


. The cylinder z = 16 — z? intersects the xy-plane along the line x = 4, so in the first octant, the solid lies below the surface 
y. y 


z = 16 — x° and above the rectangle R = [0, 4] x [0, 5] in the z:y-plane. 


V = fe o 6 — 2) da dy = Jo. (16 — 2?) dz Jody 


= [16 - $0°}} [v]; = (64— & —0)(5 —0) = Se 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 15.1 DOUBLE INTEGRALS OVER RECTANGLES 1499 


49. The solid lies below the surface z = 2 + z? + (y — 2)? and above the plane z = 1 for —1 < x < 1,0 < y < 4. The volume 


of the solid is the difference in volumes between the solid that lies under z = 2 + x? + (y — 2)? over the rectangle 


R = [-1,1] x [0, 4] and the solid that lies under z = 1 over R. 
V = fi f^, 2? + (y—2)?] dz dy — f; f*, (1) dz dy 
B i [2x + i3? + z(y — 2p dy — f°, dx Jody 
(2-8 (y - 27) - (-2- 8 - (y - 2)")] dv - [e]. [uo 


[ 
= fo [4 + 2(y - 27] dy - [1 - (-0][4 - 0] = [3 + 8(y — 2)]5 — (2)(4) 
6 


50. The solid lies below the plane z = x + 2y and above the surface 
2ry X 
LE $ed for0 < x < 2, 0 € y < 4. The volume of the solid is 


the difference in volumes between the solid that lies under 


z = x + 2y over the rectangle R = [0, 2) x [0, 4] and the solid that 


2xy 
z?-F1 


2 p4 2 p4 2 2 4 
2xy 219-4 2x 
V= 2y)dy dx — dy dz = dx — d d 
J, [etm ff PIYE), atate- [uut f, vm 


= fo [(4 + 16) — (0+ 0)] dz — [In |z? +1|]} [37], = [22? + 162]? — (In5 — 1n1) (8 — 0) 


lies under z — over R. 


= (8 +32 — 0) — 81n5 = 40 — 8In5 


51. In Maple, we can calculate the integral by defining the integrand as f 
and then using the command int (int (f,x=0..1),y=0..1);. 
In Mathematica, we can use the command 
Integrate [f,{x,0,1},{y,0,1}] 
We find that ffp x°y°e*Y dA = 21e — 57 ~ 0.0839. We can use plot 3d 


(in Maple) or Plot 3D (in Mathematica) to graph the function. 


52. In Maple, we can calculate the integral by defining 
f:-exp(-x^2)*cos(x^2*y^2);andg:-2-x^2-y^2; 
and then [since 2 — x? — y? > e7? cos(x? 4 y?) for 


-1l<a<1,-1< y < 1] using the command 


evalf (Int (Int (g-f£,x=-1..1),y=-1..1));. 


Using Int rather than int forces Maple to use purely 


numerical techniques in evaluating the integral. 


In Mathematica, we can use the command NIntegrate[g-f,{x,-1,1}, {y,-1,1}]. We find that 
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I [e -° usur yu (e cos(a? + y^) dA zz 3.0271. We can use the plot3d command (in Maple) or PLot3D 
R 


(in Mathematica) to graph both functions on the same screen. 
53. R is the rectangle [-1, 1] x [0,5]. Thus, A(R) = 2-5 = 10 and 


1 1 5 z—1 5 
fous = egy dh Fle) dA = 35 fo [^ m ndr dy = is fo [atula dv = io fo $9 dv = ilat ho = E- 


54. A(R) = 4- 1 = 4, so 
y—1 


foe = 3; If, foda=3 f fe vere ayae= f [Se c ey". dx 


4 
= 3-3 folle te)? — (e+ 1)? ]de = [SG c "7? — Be + 9|. 
= i.2[(4- e)V/? — 55/2 — e5/2 +1] = ic [(4 + e)? — e9/2 — 55/2 + 1] ~ 3.327 


1 pl 1 1 
zy 2 zy z x NC P 
55. [| aa=f f ipy df Ip d f ydy [by Equation 11] but f(x) = TET is an odd 


1 1 
function so I f(x)dx = 0 (by Theorem 5.5.7). Thus I SU q4JA=0- / ydy — 0. 
-1 nl-tz Ü 


56. (f, (1-- 2?siny - y^sinz) dA = ff, 14A - ff, a? sinydA + ffp y? sinz dA 
= A(R) + f*.. 7, a? sinydydx+ f7, f^. y? sina dy dx 
= (21) (2n) + [7 xde fT sinydy + f^, sinzdz fT y? dy 
But sin x is an odd function, so f. m sin z dz = f. P sin y dy = 0 (by Theorem 5.5.7) and 


Sfp +2? sin y + y? sinz) dA = 4x? +0 +0 = 47°. 


57. Let f(x,y) = Gri Then a CAS gives dodo f(x,y) dy dz = $ and dedo f(x,y) dz dy = —3. 


To explain the seeming violation of Fubini's Theorem, note that f has an infinite discontinuity at (0, 0) and thus does not 
satisfy the conditions of Fubini's Theorem. In fact, both iterated integrals involve improper integrals that diverge at their lower 
limits of integration. 

58. (a) Loosely speaking, Fubini's Theorem says that the order of integration of a function of two variables does not affect the 
value of the double integral, while Clairaut's Theorem says that the order of differentiation of such a function does not 
affect the value of the second-order derivative. Also, both theorems require continuity (though Fubini's allows a finite 
number of smooth curves to contain discontinuities). 


(b) To find gry, we first hold y constant and use the single-variable Fundamental Theorem of Calculus, Part 1: 


x y y 
d glz, y) = q f (f f (s.t) at) ds = f f (2, t) dt. Now we use the Fundamental Theorem again: 


duc E fæti) dt = f(x,y). 


[continued] 
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To find gy, we first use Fubini's Theorem to find that f? f" f(s,t) dtds = f” f? f(s,t) dt ds, and then use the 


Fundamental Theorem twice, as above, to get gy; = f(x,y). So gay = Jys = f (v, y). 


15.2 Double Integrals over General Regions 


1. lr fo (8v — 2y) dydxz = Js [Say -= y’] T dx = dr [8x (x) — (x)? — 8x(0) + (0)?]dx 


= f5 7x? de = 243]? = 7(125 — 1) = 868 
1 3 1 3 


N 


2 A 
. fü Pydrdy = fo [ry] E dy = JP &v [0 — (0)°] dy 


2- 17 171,872 1 32 
= fo ay’ dy = 5 [avt] = 382-0 =F 


ow 


: d Jo: zer dx dy 


Il 
Sm 
— 
I= 
R 
N 
e 
[^ 
Ms 
ce 
a 
ive] 
Il 
S 
I= 
oO 
e 
w 
my 
w> 
= 
N 
| 
A 
e 
= 
i 
a 
co 


4. qa Jo vsinydydz = Ma [z(— cos y)]7 5 da = qe xcosx + 2) dad um (x — x cos x) dx 


n/2 
0 


2 


= [$x — (xsin x + cos 231 (by integrating by parts in the second term) 


2 T T T 
-(i$-8-0)-0-0-0-$2-341 


=s? H 
ap 5^ os s?)dtds = [! [tcos(s? x ds = f} s? cos(s*) ds = isin(s?)|] = i (sin 1 — sin 0) = isinl 
o Jo 0 t=0 0 0 3 3 


a 


eo 


a w=e” 1 
. dodo Vite dwdv — f; [ua Tope] o dv = fo e" VIF e dv = $a ey] 


= 2(1+6)*/? — 2(14+:1)9/? = 21+ e)? — 4v2 


n 


2 3z—2? 
. (a) We express the iterated integral as a Type I: J / 2y dy dx. A Type II would require the sum of two integrals. 
0 x 


(b) T m 2y dy dx = is "end dx = "n [(3z — x”)? — (z)?] dx = r (8x? — 62? +3) dz 


0 


co 


. (a) We express the iterated integral as a Type II: f. Ü adc: + y) dz dy. A Type I would require the sum of two integrals. 


(b) [ [ ernawa f [Reps a- [ (E27 + e - v) = (5+) dy 


= f 2- 2y?) dy = [2y - 3]; 22-$-$ 


e 


1501 


. (a) We express the iterated integral as a Type II. A Type I would require the sum of two integrals. The curves intersect when 


Vr—z-2 r—a?—4r-4 Q0— az? — 5x4 (a —4)(x—1)-20 x = lor x = 4. The 


point for x = 1 is not in D. Thus, the point of intersection of the curves is (4, 2) and the integral is JS 2 Ge zy dx dy. 
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D her M n S 1 E 2 242 1^3 2 5 
o f i ny de dy= | 5 | ay=5 f y[(y + 2) -0 v= 5 f [y^ + 4y” + 4y — y] dy 
0 y2 0 0 0 


a=y2 


= livi + gu +2? — gu], = (4+ F +e- 2) =6 


10. (a) We express the iterated integral as a Type I. A Type II would require the sum of two integrals. The curves intersect when 


6—r—a? & z?4r:—6—-0 & (r-3)rx—2)-0 x = —3 or x = 2. The point for x = —3 is not 


2 6—c 
in D. Thus, the point of intersection of the two curves is (2, 4) and the integral is f / x dy dx. 
0 x2 


o [ f; sme f «bi S da = T a[(6 — 2) — x°] dz = nz z? — a?| dz 


3 412 
= faa” x z] i 8 " 16 


3 Bile 3 3 
4 p/m 4 27 y=Ve 4 
n. ff =! a-[[ =! ayar= f |" i4 da=} f Z de 
pz? +1 o Jo z? +1 o L£? +1 2], 2 Jo z? +1 


4 4 
= Hemet = i[n(? +1) | = i(In17—1n1) = į ln17 


12. [fp (2x 4-y) dA = ls f, Qo y) da dy = ff [2? tay. dy = ff [+y (y-1)? — y(y 1)] dy 


= fECV + 4y) dy = [- 5^ + 207], = (C$ +8) - 0$ +2) = 8 


x 


13. ff, eV dA = Js I eV. dx dy — i [ze] K dy = K (ye — 0) dy — 5 ye dy 


z= 


= -per i= e) = 3-9) 


2 
= fo 30° dz = į. įzt] = (16-0) = $ 


15. (a) At the right we sketch an example of a region D that can be described as lying él 
between the graphs of two continuous functions of x (a type I region) but not as 


lying between graphs of two continuous functions of y (a type II region). The 


regions shown in Figures 6 and 8 in the text are additional examples. 


(b) Now we sketch an example of a region D that can be described as lying between YA 
the graphs of two continuous functions of y but not as lying between graphs of two 


continuous functions of x. The first region shown in Figure 7 is another example. 
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16. (a) At the right we sketch an example of a region D that can be described as lying 2^ 


between the graphs of two continuous functions of x (a type I region) and also as 
lying between graphs of two continuous functions of y (a type II region). For 


additional examples see Figures 9—10 and 15-16 in the text. 


(b) Now we sketch an example of a region D that can’t be described as lying between 7^ 


the graphs of two continuous functions of z or between graphs of two continuous 


functions of y. The region shown in Figure 18 is another example. 


© 
xY 


As a type I region, D lies between the lower boundary y = 0 and the upper 


describe D as a type II region, D lies between the left boundary x = y and the 


0 y=0 (1, 0) x 


Thus [fp » dA = fi f; xdydz = f, [ey] o de = fj 2? dp = lg9] = iu 0) —-i or 


[lp 4A Jy fj zdedy = fo [B] dy = 8o tv ln I 30-9 9] = 4 


c=y 


18. 


x = yy for0 < y < 9, so D = { (x,y) | 0 < y < 9, y/3 < £ < /y]. Thus 


Sfp cy dA = Se id xy dy dx = i [æ Ay déc " x(9a? — x^) dx = 5 fo (9a? — a?) da 
= [9 ia^ - ds]; = 5[( -81— g - 729) —0] = 338 
or Sfp ey aA = fy Sya cy de dy = fg [3279]; Lys dy = 8 fo (9 — 8v )udu = $ fo (8? — $^) dv 


-iB-iivl-i( 72-34-6591 — 0] = 22 
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boundary y = z for 0 < x < 1, so D = {(x,y)| 0 < x < 1,0 < y < x}. If we 


right boundary z = 1 for 0 < y < 1,so D = { (x,y) |0 <y < 1,y<x< 1}. 


0 <z <3, so D= {(z,y) | 0 <æ <3, x? < y< 3r}. If we describe D asa 


1503 


The curves y = x° and y = 32 intersect at points (0, 0), (3, 9). As a type I region, 


D is enclosed by the lower boundary y = x? and the upper boundary y = 3x for 


type II region, D is enclosed by the left boundary x = y/3 and the right boundary 
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19. 


The curves y = z —20rz = y + 2 and x = y? intersect wheny+2=y? © 


y —-y-2-0 (y —2)(y4-1) 20 y 1, y = 2, so the points of 


intersection are (1, —1) and (4, 2). If we describe D as a type I region, the upper 


boundary curve is y = /z but the lower boundary curve consists of two parts, 


y = —yzx forO<a#<landy=x-2forl<a¢<4. 

Thus D = {lea |O<# <1, —VE<y< VE}U{(e,y) ll S2 «42-25 y X V8) and 

ffpydA= aps f. 2 y dy dx + E [v y dy dx. If we describe D as a type II region, D is enclosed by the left boundary 
x = y? and the right boundary x = y + 2 for —1 < y < 2, so D = (o. y) |-l<y<2y’<a< y +2} and 
SfpydA=f 2 far? y dx dy. In either case, the resulting iterated integrals are not difficult to evaluate but the region D is 


more simply described as a type II region, giving one iterated integral rather than a sum of two, so we evaluate the latter 
integral: 


[fp ydA= [?, fe? ydzdy = f?, [y]; = dy = f?,(y+2-y")ydy = f2,(y?  2y — V) dy 


yy? 


- [iy -avl = (44-4) -(-$+1-D 71 


20. As a type I region, D = ((z,y) | OX x < 4 z € y € 4} and 
Sfp ye” dA = we y’e* dy da. As a type II region, 
D = ((z,y)|0x y A40 z € y) and ff, yer dA = fo f? ye™ da dy. 


Evaluating f y^ e"* dy requires integration by parts whereas f y’e”” dz does not, so 


the iterated integral corresponding to D as a type II region appears easier to evaluate. 


Js ye" dA = Jr ie ye" da dy = 1 [ye] ee dy — jo (ve E v) dy 


= [je - wt - Ge*-9-G-9- 4e*- 3 


21. n If we describe D as a type I region, D = ((x,y) | 0 < x < 7/2,0 € y € cosa} 
(0, 1) 


and ffp sin? rdA = us fo" sin? x dy dz. As a type II region, 


D = {(x,y)| 0 < x < cos! y, 0 € y € 1) and 


—1 


1 cos | y cos y 
[fj si? xdA = ji / sin? x dz dy. Evaluating / sin? x dz will 
o Jo 0 


result in a very difficult integral. Therefore, we evaluate the iterated integral that 


describes D as a type I region because integrating sin? x with respect to y is easy. 


7/2 pcoosx " 7/2 " y=cos £ 7/2 à 
i 1 sin“ x dy dz = f sin“ x p dz = f cos z sin^ x dx 
0 0 0 y=0 0 


1 c 
2 u = sing, 
= u^ du : 
0 du = cos x dx 


L 
Il 
3 
w| So 
LLLI 
o m 
Il 
wI = 
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22. By inspection, the curves y = 2x + 4 and y = 2? intersect when z? = 2x +4 © 
x = 2, so the point of intersection is (2, 8). If we describe D as a type 1 region, 
D={(a,y)|0< a < 2,23 < y X 2x +4} and the integral is 
2 p2x+4 
"n 6x? dA = I f 6x? dy dx. 
D 0 23 
If we describe D as a type II region, the right boundary curve is x = V/y. , but the left boundary curve consists of two parts, 
x = 0 for 0 < y < 4and xz = y/2— 2 for4 < y < 8. 
In either case, the resulting iterated integrals are not difficult to evaluate, but the region D is more simply described as a 
type I region, giving one iterated integral rather than a sum of two, so we evaluate that integral: 
2 p2x+4 2 y-2244 2 2 
f i 6x? dy dx = T [6?y| dz = I [6z? (2x + 4 — z?)] dz = f (122? + 24a? — 6x?) dz 
3 =r3 
0 Jz 0 y 0 0 
= [3a* + 8? — 2°] 5 = 48 + 64 — 64 = 48 
2 = P 
23. (1, 1) T z cosy dydz = fo [zsiny] 5 da = f} zsina? dx 
= —icosz?], = —$(cos1 —cos0) = $(1 — cos 1) 
xu 
> 
40) x 
lez 1 =x 
24. Sb (a? +2y)dA = So [i (2 + 2y) dy da = fy [xy + v?] as dx 
= RC +x? — 2° — a9) dz = [1x^ + 1a? — 149 — is" 
dog p. Bik) B47, 723 
TR e qo TT gA 
y 2 2 (7—3y,2 2 2]2—7—3 
25. i Jus y dA = f, Ja y dz dy = J; [xy ms dy 
x=7-— 3y 2 j 
= fi 7 = 3y) - (y - 1)] y? dy = fi (8y? — 4?) dy 
ps 808-4]. 44. qn E dt 
> -[$-9]1 2 $ 3 L0 
26. ?t 


= So liry’ 5 C7 de = d pal =a") dz 
=} fo(e—2°)de = $[32? — $21]; 
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27. 


CHAPTER 15 MULTIPLE INTEGRALS 


pa = es 
y=V4-x? 4— z 


- f? po- 4y jay 


28. 


- 5 þe VITR- cg) eae VIHA 


2 
= f? 40 V4 x? dz = $(4 2 


—2 


a?)] dx 


=0 
[Or, note that 4x 4/4 — x? is an odd function, so [on Az V4 — z? dx = 0.] 
Sp yA = fo f; " y de dy 
= fo leyk dy = fo (4y — 34? — V?) dy 


= fo (4y — 4y?) dy = [2y? 


311 
ti]; -2-1-0-1i 


29. (a) 


0 


Y 


(4, 0) 


y As a Type I region, D = ((z,y) | OD <x € 1,x € y € 1} and the volume V 


of the solid that lies under the surface and above D is given by 
V = [fbl + xy)dA = Jes TA 1+ zy) dy dx. As a Type II region, 


D={(z,y)|0<y<1,0< x< y}and V = fj fi (+ zy) dz dy. 


Evaluate either integral in part (b). 


y 1 eet 1 3 2 411 1 1 5 
y y y 
1 dx dy = — dy — d I = | 
PA ete fetal i [@+4) o ay k at 28 8 


As a Type I region, D = {(x,y)|0 < £ < 1,0 < y € x7} and the volume V 


of the solid that lies under the surface and above D is given by 


V = Sfo? +y’) dA = Te D (x? + y?) dy dx. As a Type II region, 


- y?) da dy. 


> D ={(z,9)|0<Sy <1, yL es 1}and V = fj Spe? 


x - 2y) dy dz = fo [Bay + V? pz V? dy 


-— 


+ £) — (30° + x*)] dz = fo Gx? +a — 3r? — z^) dx 


1 
1,.5 6 a 3 3 
d pu. 0=3 
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33. 


34. 


35. 


36. 


37. 


y 
x+3y=7 
(4,1) 
> 
o| x 
ya 


yA 
(0, 4) 
2xty-4 
or 
y=4-2x 
0 Q,0 x 
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V= 1 I (1 4- z?y?) dz dy 


= f?, [et iry] dy = f?,(4 - By? — $5) dy 


_ 61,3 1,912 _ 488 512 488 512 2336 
[4y + gY asy 15a 8+ 7$ 2; + 8+ 7g 


27 27 


V= SEJE” vyda dy = d [ze leo. dy 


rz—l 


-i ipu [(7 — 3y)? — 1| dy = 1 f? (48y — 42y? + 9y?) dy 


2 
ipa - My + Gy], = E 


V = RR (2? +y? + 1) dydz = f; |zs yi iy ES 2-2 dy 


y=0 


Qo 4,:8 4 4:2 | 14 ISIEDAEisz4:53:.38 02-4 4422 
= Jo (7307 + 4x? — 5a + S) dz = [732^ + 32° — 32° + Za], 


V= R « 7 (4 — 2x — y) dy dz = f; [4y — 2zy — 4 ivl dex 


=f [4(4 2x) — 2x(4 — 2x) i(4 2x)? o] 22 


= fo (2x? — 8x +8) dz = [22° — 42? + 8x]; = 1$ — 16 +16 — 0 = 16 


V= i. [2 * x dy dz 


=f. | 


ry | uvm dx = [s (Qa — 22?) da 
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1—2 
V= Solo’ Vir dedy = fy leva-w[| dy 
2 
= fo 2y V/4 P dy = | He yy] -o-g-2 


39. y 


(0.7) Now 


M. 3 From the graph, it appears that the two curves intersect at x = 0 and 


N~ 


at x ~ 1.213. Thus the desired integral is 


2 
rdAzÍ[- pont d dx = [P] z dx 
Jm A ja 213 f3 ij aj 


a4 0 


Ed Cz E IS = hae Cg r? — a) dx = [z? lgt ier 


= 0.713 


m 


42. 


í 


M 


1 1 
y 00 x 0 


The desired solid is shown in the first graph. From the second graph, we estimate that y = cos x intersects y = x at 


x & 0.7391. Therefore the volume of the solid is 


Ve jns pepe zdy dz — Dye [zy] LS di 


0.7391 
0 


| (0.7391 
= Jo 


(a cosa — z?) dx = [cosa + z sinz — iz?] 


1 ~ 0.1024 


Note: There is a different solid which can also be construed to satisfy the conditions stated in the exercise. This is the solid 


bounded by all of the given surfaces, as well as the plane y = 0. In case you calculated the volume of this solid and want to 


check your work, its volume is V ~ ioe x dy dx + qus o? x dy dz ~ 0.4684. 
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43. The region of integration is bounded by the curves y = 1 — x” and y = x? — 1 which intersect at (1, 0) with 
1- z? > xz?— lon [—1, 1]. Within this region, the plane z = 2x + 2y + 10 is above the plane z = 2 — x — y, so 
2 2 
yes 177 (2x + 2y + 10) dy dz — Jus ied (2 — x — y) dy dx 


= ie ud (2x + 2y + 10 — (2 — x — y)) dy dx 


2 
(3z + 3y +8) dydz = [*, [Bay + Sy? + 8y] dz 
o 


= f^, [3z(1— 2?) + 2 (1 — 22)? + 8(1 — 2?) — 3z(2? — 1) - è (x? — 1)? — 8(x?° — 1)] dz 


=f (—62? — 162? + 6x + 16) dz = |- $14 — 1955 + 32? + 162]! 


= 3 16 3 16 — 64 
=-5-3+34+164+5-3-3+16=F 


44. The two planes intersect in the line y = 1, z = 3, so the region of 


integration is the plane region enclosed by the parabola y = x” and the 


line y = 1. We have 2+ y > 3y for 0 € y < 1, so the solid region is 


bounded above by z — 2 4- y and bounded below by z — 3y. 


1 pl 1 pl 1 pl 
v-f i (+0) dyde— | f (y) dydz — | I (2 + y — 3y) dy dx 
—1 Jzx2 —14J4z2? —1J22 


1 ml =1 
si / (2 —2y)dydx = f^, [2y - y dx 
—14z2 = 


1 1 
= f} (1-20? +04) de = 2-203 + 32°)" = 18 


45. The region of integration is bounded by the curves y = x” and 


y = 1 — ax? which intersect at (+45 +). 


The solid lies under the graph of z = 3 and above the graph of z = y, 


so its volume is 


1//2 pl—a? 1/ V2 pl—«? 1/vV2 pfl-r? 
V-fi 2 3dydx— f iya 2 ydydz = f 5 2 (3—y)dydx 


y=1—2? 
See: -3v] dz = [7 [(8(1 — 2?) - $1 — 2?) - (30? — 3(@?)*)] dz 


= Sia (G - 52%) dz = [Ee — E] us = (35s — ohn) - (75 + iin) 


—1/V2 \2 3 -1/v2 V2 6y2 /2 ' 6v2 
— 10 5v2 
Saya Ta 
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46. The region of integration is the portion of the first quadrant bounded by the axes and the curve y = v4 — x?. The solid lies 


under the graph of z = x + y and above the graph of z = xy, so its volume is 
/4—x2 4/4—22 V 4—2a2 
Ven * (x+y) dy dz — f; fs g zy dy dz = f; f 477" (x +y — vy) dy dx 
y= 4-2? 


y=0 


mU (zv A— a? - 2 — iz? — 22+ ia?) dr = |- 


=f [zy + 44- $a? dz = fy [s/4—- 2? + $(4 x?) — 3z(4 — 2?) — 0] dz 


4 1 3/21 _ 2 8 _ 10 
=(4-$-4+2) (-3-47) =248=2 


3 
47. So ame — x — y) dy dz. 
The solid lies below the plane z = 1 — x — y ii | 
or x + y + z = 1 and above the region x+y=1 
D= {(z,y)|0<£<1,0<y<1-z} D 
in the zy-plane. The solid is a tetrahedron. 0 (1,0) 


1 pi-z? 
48. f f (1 — x) dy dz. 
o Jo 


The solid lies below the plane z = 1 — x 


and above the region 
D = {(z,y)|0< x < 1,0<y<1-27} 


in the zy-plane. 


49. fie fo. V9 — 2? dz dy. 7 
(0, 3) (3, 3) 
The solid lies under the top half of the 


cylinder £? + 2? = 9; that is, z = /9 — 22, 


and above the region 


D={(a,y)|0<a2<y,0<y< 3}. 


2 p3—a? 
50. / e ? dy dz. Th 
-2J4-1 


y=3-x 
The solid lies below the surface z = e ¥ 
and above the region 
D = {(z,y)| -2 < z < 2,—1 < y < 3- r°}. > 
(-2, 1) (2, —1) 
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The two bounding curves y = z? — x and y = a? + x intersect at the origin and at x = 2, with x? + x > x? — x on (0,2). 


Using a CAS, we find that the volume of the solid is 


(iy 4 ry?) dy de — 13984735616 
E y“ + ay”) dyde = TI 549,535 


For |x| < land |y| < 1, 2z? +y? < 8 — a? — 2y°. Also, the cylinder is described by the inequalities —1 < x < 1, 


—V1-— z? € y < v1 -— z?. So the volume is given by 


VA - a2 
2 2 2 2 137 ; 
8 — z^—2y^) — (22° + y^) | dy dr = — [using a CAS] 
v-f. ji 2 


The two surfaces intersect in the circle x” + y? = 1, z = 0 and the region of integration is the disk D: z? + y? < 1. 


1 1-22 
T 
Using a CAS, the volume is ffa- — y?) da= f i (1— 2? — y’) dy dx = — 
D -1J—/1-2? 2 


The projection onto the xy-plane of the intersection of the two surfaces is the circle z? + y? = 2y => 
z?-y!—2y 20 => «a? +(y—1)? = 1, so the region of integration is given by —1 < x < 1, 
— y1 =r? <y<14V1— 2”. In this region, 2y > x? + y? so, using a CAS, the volume is 


1 1+./1-2? à ‘ ar 

V= [2y — (z^ + y )] dydz = > 

-1 1-/A-a2 2 
Because the region of integration is 


D = {(x,y)|0 <x <y, 0< y<1}={(xz,y)|ļ|r <y <1,0<x<1} 


we have fo Jo f(x,y) dx dy = ff, f(x, y)dA = fi f f (x, y) dy da. 


Because the region of integration is 


D= {(z,y)| x? <y <4,0<x<2} 


= {(z,y)|0<£ < V¥,0<y<4} 


we have R T f(x,y) dydx = ff, f(x,y)dA= ds T f(x, y) dx dy. 


Because the region of integration is 


y-^sinx D = {(x,y)| 0 < x < 1/2, sing < y < 1} 
or 


x= siny eu [os £ < sin™ty, 0< y< 1} 


> 
x 


we have 


T sin Phy 
Jo dus om f(x,y) dy dx = So £ T jV) )dA — (E ” f(x,y) dx dy 


a 
2 
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58. 


59. 


60. 


61. 


62. 


63. 
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8| 


kad 


Because the region of integration is 


D={(,y)|0<a< Y1- -2<y<2} 
{(z,y) | -V4—2? < y < V4= 17,0 < x < 2} 


we have 
J5s E v f(x,y) dady = ff, f(a,y)dA= Jo SY ae Fey) dy dz. 


Because the region of integration is 


D = {(x,y)|0 < y < Inz, 1 <x <2} = {(x,y)|e” <x <2,0<y<ln2} 


we have 


Fis SEF f(a,y) dydx = ff, f(z,y) dA = A aca f(x,y) dx dy 


Because the region of integration is 


D= T y)|arctanz < y € $,0X a<i} 
= {(x,y)|0< z< tany, 0<y< F} 


we have 


Áo alea SE 9) dy dx = ff, f(x) 4A = SE fe" f(x,y) dz dy 


1 734 3 fz/3 3 3 2 19-2/3 
If e* acdy= f f e” dyde = | le y dx 
0 J3y 0 Jo 0 y=0 
3 9 
XN z2 273 e" —1 
= lle" dz = Ł 3l = 
f (5)! re 8. da 6 


ae Vi sinydyde= [ [7 "Yi siny derdy = f Jy siny [x EV dy 


= Jo (vy siny) (Vy — 0) dy = fo y siny dy 
= —y cos vla + Te. cos y dy 
[by integrating by parts with u = y, dv = siny dy] 


= [-ycosy 4 sin y]. cos 1 + sin 1 — 0 = sin 1 — cos 1 


1 pl 1 py? : 
n VF *1aas- | f V Y 1asdy = | Vy +1 [z]755 
0 Ju o JO 0 

Ke. : 3/211 
[ PEFS] 


0 


2 (2 m ps) = 2 (2/2 — 1) 
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2 (1 1 p2m 
f f y cos(x? — 1) dz dy = ji i y cos(x? — 1) dy dx 
0 Jy/2 o Jo 


: —2z 
p cos(z? — 1) [i]? dx 


y=0 


64. 


ae? cos(z? — 1) dz — 2 sin(z? -1 


E sin(—1)] = —2sin(-1) = 2sin1 


: 1 fr/2 
65. > y=sinx or f f cos x y 1 + cos? z dz dy 
0 Ja 


X — arcsin y rcsin y 


= 4/7 fne cosa y1 + cos? x dy da 
= [7P cosg y 1 + cos? x y-sinz dy 
0 y 


y=0 


7/2 z : Let u = cos x, du = — sin x dz, 
=f cosx y1 + cos x sin z dx x 


dx = du/(— sin x) 


ff -u VTF du = -A( evi)" 
48-1) = 4B -1) 


66. 


j 

2 4 y=r? 2 4 
f e” [v] ax = | ve da 
0 y=0 0 


67. D= {(z,y)|0 <z <1, -e+1<yK< IU {(2,y)|-1<e<0,.n+1<y< 1} 


U{(x,y)|0<z<1,—1<y<xr-—1}U{(xz,y)|—-1<xz<0,—1<y<-—x-—l1}, all typeI. 


—x—1 
"ni xr’ dA= NA x Adde f ts x dee [f x aydos f T z? dy dx 
1-2 EM 


EZ! "n T ax” dy dx [by symmetry of the regions and because f(x, y) = x” > 0] 
0 —c 


— 4 fo a? dz = 4[1z*]5 =1 


6. D = {(x,y)|-l<y<0, -l<a<y-ysuUf{(z,y)|0<y<LYWy-1l<a<y-y’}, both type N. 


0 y-y? 1 py—y? 0 1 = 3 
"n yda= f f vdædy+ | f vdzdy= f [xy] 7 nn "af [ry] "a dy 
D -1 4-1 0 Jyg-i i ATY 


0 1 
= f? — yt + y)dy + fo? — y* — y? +y) dy 
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69. Since x? +y? < 1 on S, we must have 0 < z? < 1and0 < y? < 1,s00 < y? <1 > 
y 


3«4—zy «4 > V/3x /4- 277? < 2. Here we have A(S) = in(1) = 5, So by Property 10, 


$) € ds vVA—z^?dAx2A(S) => Lr < "np «4/4 — z?y? dA < m or we can say 
2.720 < ff. s V4 — x?y? dA < 3.142. (We have rounded the lower bound down and the upper bound up to preserve the 
inequalities.) 
70. T is the triangle with vertices (0, 0), (1,0), and (1,2) so A(T) = $(1)(2) = 1. We have 0 < sin*(x + y) < 1 for all x, y, 


and Property 10 gives 0 - A(T) < ff, sin'(z +y)dA X 1- A(T) = 0< ff, sin*(x - y)dA <1. 


71. The average value of a function f of two variables defined on a rectangle R was » 
(4,3) 
defined in Section 15.1 as favg = au J. fn f(x, y)d.A. Extending this 
y=3x 
definition to general regions D, we have five = 4 Dy Sp f(z, yd A. 
Here D = ((z,y) 0 < z € 1,0 € y € 3x), so A(D) = 4(1)(3) = 3 and » 
1 p32 
fus = a0 Sp FE y)dA = z7 fo h ty dy dx 
x ES 1 3 o ajio 0 s 
=3 fo [zy "ms dz = 3 fy 92 da = $27], — $ mn j 
72. Here D = ((z,y) 0< £ < 1,0 < y € a?], so yA 


(1,1) 
A(D) = EA a? dx = lg = i and 


a2 . 
foe = ados Jf F(E y)dA = By fd [^ wsiny dy de 
= au [—« cos y] o dx 


= 3 fi [x — xcos(x”)] dx = 3 [}2? — 3 sin(x”)]? 


(LO) x 


=3($ — isini— 0) = $(1— sin1) 
73. Since m < f(x,y) € M, ff, mdA < ff, f(a, y)dA< ff, MdAby(7) = 
m ff, 14A € ff, f(x,y)dA € M ff, 1dAby(6) = m-A(D) Xx ff, f(x,y) dA € M - A(D) by (9). 


74. 
1 p2y 3 p3—y 
[| tenaa f |" tenaa f f" rotes 
M f(x,y) dy dx 
75. First we can write [f (x 4-2) 4A = ff, x dA + ff, 24A. But f(x,y) = xis 


an odd function with respect to x [that is, f(—x, y) = — f (x, y)] and D is 
symmetric with respect to z. Consequently, the volume above D and below the 


graph of f is the same as the volume below D and above the graph of f, so 
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Sfp x 4A = 0. Also, ffp 2dA = 2- A(D) = 2- àn(3)? = 9m since D is a half disk of radius 3. Thus 
me + 2)dA = 0 + 9r = 9m. 


76. The graph of f(x,y) = \/R? — x? — y? is the top half of the sphere x? + y? + z? = R?, centered at the origin with radius 
R, and D is the disk in the zy-plane also centered at the origin with radius R. Thus ff p Vi? — a? — y? dA represents the 


volume of a half ball of radius R which is £ - $n R? = 2m Rè. 


77. We can write f, (2x + 3y) dA = ff, 2 dA 4- Jf, 3ydA. ffp 2: dA represents the volume of the solid lying under the 
plane z = 2x and above the rectangle D. This solid region is a triangular cylinder with length b and whose cross-section is a 


triangle with width a and height 2a. (See the first figure.) 


ZA 
(a, 0, 2a) zą — (0, b, 3b) 
(a, b, 3b) 
z=3y 
y 
0 (a, b, 0) 


(a, 0, 0) 


x 


Thus its volume is i -a+ 2a - b = ab. Similarly, ff p 3y dA represents the volume of a triangular cylinder with length a, 


triangular cross-section with width b and height 3b, and volume i -b-3b-a= ab’. (See the second figure.) Thus 
ff (2x + 3y) dA = a7b + $a? 


78. n In the first quadrant, x and y are positive and the boundary of D is x + y = 1. But D is 
symmetric with respect to both axes because of the absolute values, so the region of 
integration is the square shown at the left. To evaluate the double integral, we first write 
-1 (EE ffo 2^»? — y sinz) dA = ff, 24A + ff, x^v? dA — ff, y? sinzdA. 


Now f(x,y) = z?^y? is odd with respect to y [that is, f(x, —y) = — f (x, y)] 


ra and D is symmetric with respect to y, so ffp z?^y? dA — 0. 
Similarly, g(x, y) = y? sin x is odd with respect to x [since g(—7,y) = —g(x, y)] and D is symmetric with respect to x, 
so ffp y? sinz dA = 0. D is a square with side length V2, so ffp 2dA = 2- A(D) = 2(v2)* — 4, and 
ffo - 223? — y? sinz) dA 2 4-0 0 — 4. 

79. [fp (aa? + by? + Va? — 2?) dA — ff, ax? dA+ ff, by? dA+t ffp Va? — x? dA. Now az? is odd with respect 
to x and by? is odd with respect to y, and the region of integration is symmetric with respect to both x and y, 


so [fp ax? dA = ffp by? dA — 0. 


[continued] 
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f [p Va? — x? dA represents the volume of the solid region under the 


graph of z = Va? — x? and above the rectangle D, namely a half circular 


cylinder with radius a and length 2b (see the figure) whose volume is 


i -nr?°h = ira? (2b) = ma? b. Thus 


Sfp (aa? + by? + Va? — a?) dA = 0 + 0 + ra?b = ma?b. 


80. By the Extreme Value Theorem (14.7.8), f has an absolute minimum value m and an absolute maximum value M in D. Then 
by Property 15.2.10, mA(D) € ffp f(x,y) dA € M A(D). Dividing through by the positive number A( D), we get 
m < ID Í " f(x,y) 4A € M. This says that the average value of f over D lies between m and M. But f is continuous 
on D and takes on the values m and M, and so by the Intermediate Value Theorem must take on all values between m and M. 
Specifically, there exists a point (zo, yo) in D such that f (xo, yo) = XD II, f(x,y) dA or equivalently 
Sp f(a, v) dA = f (ao, yo) A(D). 


81. For each r such that D, lies within the domain, A(D,.) = mr”, and by the Mean Value Theorem for double integrals there 


exists (£r, yr) in D, such that f (£r, yr) = =f, f(x,y) dA. But lim (£r, yr) = (a,b), 
Dr 


rot 


. 1 
so lim = 
rot nr 


I f (z,y)dA = lim. f (zv, yr) = f(a,b) by the continuity of f. 
D, r—0 


82. To find the equations of the boundary curves, we require that the 


z-values of the two surfaces be the same. In Maple, we use the command 


solve (4-x*2-y*2=1-x-y,y) ; and in Mathematica, we use 01 
Solve[4-x^2-y^2--1-x-y, y]. We find that the curves have e : 
1t 13404 4r? Y 
; E — Y A 1 ' 
equations y = + 2 Z To find the two points of intersection Y 
| 0 
0 2 * 
of these curves, we use the CAS to solve 13 + 4x — 4x” = 0, finding that y 3 
r= 1Eva, So, using the CAS to evaluate the integral, the volume of intersection is 
(14 viày2 (1+ 13 + 4x — 4r? )/2 497 
=| | (4-2? —y?) - Qo z- y) dy de = ÊT 
(1- vidya (a — 4/13 + 4x — 402 y 


15.3 Double Integrals in Polar Coordinates 


1. The region R is more easily described with polar coordinates: R = ((r,09) |O <r < 4, 0 < 0 € 31/2). 


Thus, ff, f(z, y) dA = eo ie f(rcos0,rsin 6) r dr dé. 


2. The region R is more easily described by rectangular coordinates: R = {(z,y)|-l<a<1, -x<y< lI}. 
Thus, ff, f(x,y) dA = f^, f^, f(x, y) dy dz. 
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3. The region R is more easily described with polar coordinates: R = {(r,0)|1<r<3,0<0< 7}. 


Thus, ff. f(x,y) dA = fr ie f(r cos 0, r sin0) r dr dé. 


4. The region R is more easily described by polar coordinates: R = { (r,0) | 0 < r < 3,2 € 0 € 32). 


Thus, ff, f(z, y) dA = fu qm f(r cos 0, r sin0) r dr dð. 


5. The region R is more easily described with rectangular coordinates: R = ((z,y) | 2y — 2 < x € -2y + 2,0 <y € 1). 
Thus, ffp f(z,y) dA = fo Ja, 5° f(x, y) dz dy. 
6. The region R is more easily described with polar coordinates: R = {(r,0) | 8 < r < 10,0 < 0 € 2r}. 


Thus, ffp f(z,y) dA = i f(rcos@,rsin 8) r dr dé. 


7. The integral Js an ie f. " r dr d represents the area of the region 


R={(r,0)|1<r<2,7/4 < 0 € 32/4}, the top quarter portion of a 


ring (annulus). 


JU f? rar ao = (f27/* a0) (J? rar) 


= [0] 290 aei = (F-E) iu-noi i-i 


8. The integral Sa i 9^? v dr dO represents the area of the region R = ((r,9) | 0 € r € 2sin0, 1/2 X 0 € v). Since 


r—2sinÜ > r?=2rsind & r’ +y =2y e yt 
r2 
x? + (y — 1)? = 1, Ris the portion in the second quadrant of a disk of 


radius 1 with center (0, 1). 


Ka [27 rardo = [7,, [5] " do = [7,, 2sin? 040 


= fa 2- $(1— cos20) dó = [0 — 3 sin26]^ n 0 i: 


—-7—0-540-2-5 
9. The half-disk D can be described in polar coordinates as D = {(r,0) | O € r € 5,0 € 0 € 7}. Then 
faery =f d (r cos 0)? (r sin 8) r dr d0 = (fj; cos? 0 sin 0 d0) (I r tdr) 


= [-} cos" 8]; [3 


i r5] = —4(—1 — 1) - 625 = 1250 


= 


10. The region R is $ of a disk, as shown in the figure, and can be described by R = ((r,0) | 0 < r < 2, 7/4 € 0 < 1/2}. Thus 


SRC — v) = SR (2r cos0 — r sin 0) r dr d0 qe 
2 
Ta (2cos 0 — sin 0) d0 2 2 dy 
= fija 0 
R 
= [2sind + cos6]7 [1r] yr 
=(2+0- v2- 2)(§) = 3$ -4v2 0 : 
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11. ff, sin(z? + y?)dA = per sin(r 2) rdrdo = fr? do fè rsin(r?) dr = [0]? [—3 cos(r2)]1 


= (8) [-$(cos9 — cos 1)] = £(cos1— cos 9) 


2T b 27 b 
12. I= a= f f! eine rara [7 sin? odo | ra= f 30- cos20) a0 f rdr 
gg 0 a 0 2 a 


= i [0 — T ELM = $ (27 —0—0)- 5 (P — a?) = Z? — a?) 


13. [xe aa f er drd = f7, de reet dr 


= 02, [-4e 7] = ree gae) 


14. ff cos /z? +y? dA = nd iy cos Vr? rdr dó = H do ig r cosr dr. For the second integral, integrate by parts with 


u = r, dv = cosr dr. Then ff- cos /z? + y? dA = [0]; [rsinr + cosr]o = 2n(2sin2 + cos2 — 1). 


15. R is the region shown in the figure, and can be described 
byR—((r,0)|0 < 0 € 7/4,1 <r € 2). Thus 


Jfr arctan(y/z) dA = qur f? arctan(tan 0) r dr d0 since y/x = tan 8. 


Also, arctan(tan 0) = 0 for 0 < 0 < 7/4, so the integral becomes 


[7 f20rdrd6 = 4 0 qp Ji rdr = [167]7/* [in] = 35 EN 


17 32- 64 
16. ya ][:44- T rdA — I xdA 
D z? +y? <4 z—1)? +y? <1 
x+y’ =4 ee ag = 
D x+y aos = [77 f? r? cos0 dr dd — (ALII Hand r? cos 0 dr d0 


= fZ 1(8cos0) dé — RT 8 cos* 0) d0 


[sin gj? — $ [cos? 0 sin 0 + (0 + sin 6 cos 9)? 


-ioriG) = s 


woo 
i 


[TD 


17. By symmetry, the area of the region is 4 times the area of the region D in the first quadrant enclosed by the cardiod 


r = 1 — cosÓ (see the figure). Here D = ((r,0) | 0 < r < 1— cos0,0 < 0 < 1/2}, so the total area is 


n/2 —cos 0 2/2 r=1-—cos 0 
DES ae i Io r dr dð = 4 fy [ar Aa ae r=1-—cos@ r=1+cos0é 


= 2 [7^1 — cos 0)?d = 2 (7^ (1 — 2cos0 + cos? 0) dO 


aJ [1 — 2cos + $(1+ cos 20)] d0 ^ 


= 2/0- 2sin 6 + 40+ 1 sin 20]7” 


2($-243)- € -4 
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18. The region D is described by D = {(r,0) | 0 < r < V0,0 < 0 < 2r}, so the area is 


2m 


2n VO Qr r? r=V0 Qr 0 0? 
ACD) =f f rardo = f BH a= f ? = F] ag 
o Jo o L2];—-o o 2 4 jo 


19. By symmetry, the total area is twice the area defined by 
D = {(r,0) | 0 € r € sin, m/4 € 0 < v) (see the figure). 


The total area is 


T sin 0 _ 1 [7T 27) r=sin 0 o fT E] 
2A(D)—2 2/4 Jo rdrd0 —2.5 T [r (m d0 = 7/4 Sin 0 d0 


= fZ, $(1 — cos20) dd = 4 [0 — $ sin20]7 


7/4 
5em-0-5 2-3 = eta 


1519 


20. By symmetry, the area of the region is 4 times the area of the region D in the first quadrant between the circle r — 1/4/2 and 


2 
the curve r? = cos20 = r = Vcos26. The curves intersect in the first quadrant when cos 20 = ( A => 
V2 


cos20 = i 20— 4 0 = =. Thus, D = {(r,0) | I/V2 € r € Vcos20,0<0< 7/6), so the total area is 
2 3 6 
1/6 v cos 20 7/6 ZA: 7/6 
sap) =4 | J r dr d = 4- J Pa" d0 = 2 [cos 20 - z dé 
0 1/V2 2 Jo > 0 2 


-2[ism20-$]/^ 33 - 8 


21. One loop is given by the region 


D = ((r,9) | 0 € r < sin30,0 < 0 < 7/3), so the area is 


{hs dA= ie an 3 r dr dO =i 24 ra do 


— 1 [7/3 an? 3049 = i (1 — cos 60) d0 


2 Jo 0 
i n/3 T 
= 4[6 - ismor]7^ = 3 
22. In polar coordinates the circle (x — 1)? + y? — 1 r? +y =2x is r?— 2rcosÜ = r=2cosé, 


and the circle x? + y? =1 is r = 1. The curves intersect in the first quadrant when 
y q 


2cosd=1 = cos0— i = 0 = 7/3, so the portion of the region in the first quadrant is given by 


D={(r,@)|1<r< 2cos6,0 < 0 < 1/3). By symmetry, the total area 0= 7/3 


is twice the area of D: r=1 Z r-—2cos 0 


2A(D) = 2 ff; dA = 2 [7/9 [999 e qp.qg — 2 [7/* [ir]? ag 


E jer (4cos? 6 — 1) d0 = ju [4- 3 (1+ cos 20) — 1] dé 


= qud + 2cos 20) d0 = [0 + sin 207? -f. xs 
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23. (a) V = ff, p(1 + xy) dA, where D is the portion of the circle x£? + y? = 4 in the first quadrant. Thus, 


V= ffyü ex RES En 1 + r° cos sin 0)r dr db. 


r=2 


1/2 2 m/2 p2 n/2 r2 ri 
(b) T f (14.7? Hii f (r + r? cos sin) ado = | 5 + 4 cos sing dé 
0 0 0 r=0 


7/2 
=f (2 + 4cos0 sin 0) dé = [20 + 2sin? 6] 7^ [u = sin 6, du = cos6 dé | 
0 
=7+2 
24. (a) V = ff, (x? + y?) dA, where D is the region on or between the circles x? + y? = 1 and z? + y? = 4. Thus, 


V= IC ty?)dA- qt ? r?r dr dO. 


Qn 2 2v 2 0=27 r=2 
e f | 1° drdo = | a f rdr = [e] ift] ore te= dum 
o Ji 0 1 o=0 4 r=1 4 2 
25. (a) V = ffp y dA, where D is the portion of the circle z^ + y? = 9 in quadrants I-III. Thus, 
V = [fpydA = [27/2 fo (r sino) r dr að. 
r=3 


32/2 3 32/2 3 0=3n/2 [r3 ]"7 
o» f f r? sind drdo = | sinodo f r?° dr = |- cos 6] H = [0 - (-1)(9—0) 29 
0 0 0 0 6—0 Sum 


26. (a) V = ff D zy? dA, where D is the region on or between the circles r = 2 and r = 3 in the first quadrant. Thus, 


V = ffp zy? dA = qe ING cos 0) (r sin 0)? r dr do. 


n/2 3 1/2 3 2238 0—7/2 51r-3 
e f f r“ cos0sin? @dr do = | cossin? 040 | r*dr = be d B 
0 2 0 2 3 Jozo 5 | pao 
= (}-0) (gx) = ag 


27. (a) The region is described by D = ((r,0) | 0 € r < sin6,0 < 0 < 7/2}, so ff ,vdA = ie feet (r cos 0) r dr d0. 


1/2 sin 9 1/2 r3 r=sin 0 1 1/2 
(b) " i r° cos@ dr d0 = ji cos 0 s] d0 = = f cos 0 sin? 6 dO 
0 0 0 3 | <0 3 Jo 


= i fo u? du [u = sin 6, du = cos 6 d0] 
1f1,,4]1 i 
=3la¥|=a 


28. (a) The region is described by D = ((r,0) | 0 < r < 1 + cos0, 0 < 0 < T}, so ff, dA — fr oo ade r dr do. 


r—1--cos 0 


T 1+cos 0 T 2 T T 
o f f rdrao= f B o=; f (1+ 0058)? d9 = 5 | (1+ 2 cos 6 + cos? 0) d 
0 0 0 2 r=0 2 0 2 0 


= 4 fo [L+ 2cos 0 + $(1-- cos20)] dd = $ f; [3 -- 2cos0 + $ cos 26] d8 


= i [2 + 2sin6 + 7 sin 26] = 3x 


29. V = ff eos (7 +Y) dA = f" fo r? rdr do = fo" db fy r^ dr = [6] 5" [37^]; = 20 (S32) = Sn 
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8. V = ff car yrca V T TP dA fof? vr? rede db = fo^ dB [r^r = [8] 5 [8n]; = 20(§ — 3) = 7 


31. 27-y 4-2 —4 z = 4 — 2z — y, so the volume of the solid is 
V= ffs 44234722 - y) dA = SERU — 2r cos 0 — r sin 0) r dr dé 
= PM [4r — r? (2 cos0 + sin 0)] dr d0 = em [2r? — in (2 cos 0 + sin 0)] dg do 
= S [2 — $ (2cos0 + sin 0)] dO = [20 — 4 (2sin0 — cos 6)]^^ —4mt$-0—-£i-4m 


32. The sphere x” + y? + z? = 16 intersects the xy-plane in the circle z? + y? = 16, so 


2m A 
V=2 I V 16 — 2? — y2 dA [by symmetry] -2f f y 16 — r? rdr d0 
o J2 


4Xz2--y? «16 


2n 4 
zi v f r(16 — 7^) "^ar = 2[0]3" |-306 — r7)*?| 
0 2 


= —}(2n)(0 — 12/?) = *£ (12 12) = 32 3s 


4 


2 


33. By symmetry, 
2m a 2m a 
V=2 I vas -yaa-i[ yi Ve =F rdrao=2 | d f rya rdr 
o Jo 0 0 
x2 +y? <a? 


= 2[0]?" |-à«* ME = 2(27) (0 + $a?) Em $a? 


34. The paraboloid z = 1 + 2x? + 2y? intersects the plane z = 7 when 7 = 1 + 22? + 24? or à? + y? = 3 and we are restricted 


to the first octant, so 


V= I Ir- 0+ tajaas [77 f r- atzara 


x+y? <3, 
z>0,y>0 
= [7^ qe J? (6r — 27?) dr = [0]? Br- ir] = 2.2 = 9 


2 
35. The cone z = ,/x? + y? intersects the sphere x? + y? + z? = 1 when z? + y? + (v? + y) —lorz?-44?- i.So 


V= // (V-a aa ff (VIR rear 


z2 +y2<1/2 


a 
= f?” do fol? (e /T— T — rh dr = [0] higer - ae] SL 


0 


2(-3) (45 - 1) = $2 - v2) 


36. The two paraboloids intersect when 6 — x” — y? = 2x? + 2? or z? + y? = 2. For x? + y? < 2, the paraboloid 
z = 6 — x? — y? is above z = 2x” + 2y? so 
2T J/2 
V= J [(6 — z? — y^) — (2a? + 24°)] dA = I 6-30 +da = | i (6 — 3r?) r dr dO 
z2? +y? <2 z?- y? <2 apis 
= Pis do fo? (6r — 3r?) dr = [0]; [3r? — i a = 2m (6 — 3) = ôr 
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37. The given solid is the region inside the cylinder z? + y? = 4 between the surfaces z = 4/64 — Ax? — 4y? 


and z = —4/64 — 4r? — 4y?. So 
V= "n | v/64 — 4a? — Ay? ( 64 — Ag? 4 )| dA = "n 2.2 /16—33 — yi dA 


x+y? <4 


a2 4+y2<4 


eu MS vV/16 — r? rdr d0 = 4 (?" d6 f; ryT6= rdr = 4 [0]? [-106 - ?Y^T 


= 8r(— 1) (12°/? — 16?/3) = 82 (64 — 24 V3) 
38. (a) Here the region in the zy-plane is the annular region r? < z? + y? < r2 and the desired volume is twice that above the 


xy-plane. Hence 


2m 2m 
V=2 J \/ 7s p-a- Pda =2 f uh VILE: JP rdrao=2[ ao f 4/73 — r? rdr 


2« z2 +y2< r2 
(b) A cross-sectional cut is shown in the figure. So r3 = 2 mM 
2 2. 2 i 
ih =r3— ri. 
Thus the volume in terms of h is V = (4 py = £n. 


3 2 plana? ga m/2 f2 a 
39. m e Y” dydz = e ' rdrdo 
0 0 0 


2 y=\V4—-x 0 
ie /2 2 /2 272 
ty=4 =f" =? gr = [91772 [dent 
xX +y Jo do fo re™ dr Lol | 3€ iM 
D 
CORE 40-64 
0 2 j^ 
a V/a2 —y2 T a 
4. i ll Q y) dzdy = | f Croos0 orsi) rar do 
: xMMy2g 0 aa y? o Jo 
= fo (2cos0 + sin0)d0 fr 2 dr 
5 = [2sin0 — cos6]5 [ir ps 
ns o| 4 x = [(0+1) — (0 — 1)] - 4 (aë — 0) = 26? 


41. The region D of integration is shown in the figure. In polar coordinates the line x = v3 y is 0 = 7/6, so 


1/2 pr\/1—y? 7/6 1 
ji il ry” dedy = | f (r cos 0) (r sin 0)? r dr dO 
0 V3y 0 0 
=e sin? 0 cos 0 d0 i r^ dr 


1 


= [1:56] [2 
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43. 


45. 


46. 
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2 V 2z—22 7-7/2 p2cos0 
* f li v y dyds = | Í r- rdr d0 
o Jo 0 0 


y =2x— x? 


» orr=2cos@ = fr? [173] 772 999? ap 
7/2 (8 3 
x = - 0) do 
0 1 2 B u^ (5 cos* 0) 


-$ um (1 — sin? 0) cos 0 d0 
= 8 [sin0 — 1 sin? 9| ^ = E 
D-—íi(r0)|0€rx10cx0*x2m]so 


ffo e^ +0")? dA = dir fo e pdr da = is do ie re” dr = 2n fi re” dr. Using a calculator, we estimate 


2r fo re" dr ~ 4.5951. 


.D={(r,0)|0<r<10<60< 7/2}, so 


Sfp tyJ1 +2? +y?dA = que ds (r cos 0) (r sin 0)4/1 +r? r dr dé 
=f? sin 6 cos 0 d0 fo rJ/1+r? dr = [3 sin? JKA de r* /1-4 r2 dr 


0 


= ifo r1 ri dr ~ 0.1609 


The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the origin at 
the center of D and define f(x, y) to be the depth of the water at (x, y), then the volume of water in the pool is the volume of 
the solid that lies above D — { (2, y) |z? +y? < 400} and below the graph of f(x,y). We can associate north with the 
positive y-direction, so we are given that the depth is constant in the x-direction and the depth increases linearly in the 


y-direction from f (0, —20) = 2 to f/(0, 20) = 7. The trace in the yz-plane is a line segment from (0, —20, 2) to (0, 20, 7). 


The slope of this line is SEIN) = ü so an equation of the line is z — 7 = į (y — 20) z= iy + 2. Since f (v, y) is 
independent of x, f(x,y) = iy + 8. Thus the volume is given by f Jp f(x, y) dA, which is most conveniently evaluated 
using polar coordinates. Then D = ((r,0) | 0 < r € 20,0 < 0 < 27} and substituting x = r cos 0, y = r sin 0 the integral 
becomes 

f e (rsin + 3) rdr dó = [?" [ar° sin + Cal iiie do = (?" (1929 sin + 900) do 

o Jo 48 2 — Jo i34 4" lr=0 — Jo 3 


= [- 9o cos + 9000] Hi = 18007 
Thus the pool contains 18007 ~ 5655 ft? of water. 


(a) If R < 100, the total amount of water supplied each hour to the region within R feet of the sprinkler is 


2n 
0 


ven Fs e ^'rdrd0 = ris dO LR dr — [6] [ re ^ e] 


0 


= 2n[—Re-® — e ® +0 + 1] = 2n(1 — Re * — e P) f? 
(b) The average amount of water per hour per square foot supplied to the region within R feet of the sprinkler is 


V V 2(1— Re? — e~*) 4 n 
aed oiean ce ae ft" (per hour per square foot). See the definition of the average value of a 


function following Example 15.1.8. 
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47. As in Exercise 15.2.71, fave = Ay SSp f(z, y) dA. Here D = {(r,0)|a<r<b,0< 0 € 21), 


so A(D) = «b? — xa? = «(b? — a?) and 


TM E If -== TE E l| [ee9-——- [| ef 
"AD Jin gy2 «9-94. dm "m -a) Sa 


e (617 (n = oa er eee cae 2 


~ (bra)b—a) a+b 


48. The distance from a point (x, y) to the origin is f(x, y) = \/x? + y?, so the average distance from points in D to the origin is 


fave = AD Sfo ve +y? dA = = I. or fo vr? ? r dr do 


= gar Io” 48 for? dr = z bo [57] = 


4— x2 
49. E [^ rydyde [~ fi cydyae f m cy dy dx 
1//2 JA/1—z2 
n/4 /4 rt r=2 
=f [ r *cosdsinddrda = [^ |Z cose sing) d0 
qu 


o 15 [7^ 15 o _ 35 


d 
aje 
N 
E 
wle 
S 
Il 
wily 
S 


— in 0 cos 0 d0 
zh sin Ó cos 1 z | 16 


50. (a) ff, ety dA = D re^". dr dó = 2n Z MN = n(1 — e") for each a. Then lim z(1 — e) =n 
a 0 


a—oco 


; Lx sip 
since e^ — 0 asa — oo. Hence [^^ [^^ e @ TY) dA — m. 
— OO — o0 


(b) ffs, € (a^) JA = (en de e^ * e^ V. dg dy — Gis ad dr) G3 ev dy) for each a. 


From part (a), 7 = [foo e- G^ +u’) dA, so then 


x= lim ff. e (^v) JA = lim us e? dz) us ew dy) E DES e dx) (I9. ew dy), which is 


what we wish to show. 


To evaluate lim a ( Jea et dx) ( Ts ev dy) , we are using the fact that these integrals are bounded. This is true 


since on [-1, 1], 0 < e < 1 while on (—oo, —1), 0 < e? < e” and on (1,00), 0 < e^*^ < e7?, Hence 


os Sfo e" de < E e” dx + Ti dz + [P° e~* dz —22(e + 1). 


oo 


2 
(c) Since (5. e? dz) t ev dy) = 7 and y can be replaced by x, Ce e? dz) = 7 implies that 


JE eT dr = +,/7. But e77? > 0 for all x, so des eT dr = JT. 


(d) Letting t = V2 x, f^. e de = ds V8 (e B ue dt, so that yr = a S SER eU? dt or es et /? dt = ar. 
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51. (a) We integrate by parts with u = x and dv = ze-7 dx. Then du = dz and v = —te , SO 


t—oo i 


Kr ae de = jim foie de = jim (Ze)! + fe ae) 


= lim (—}te") +3 fore eU dg =0+2 3h e -2 dg [by l'Hospital's Rule] 


i—oo 


—g2 


— 2 . B . 
= i f. xm e ^ dz [since e is an even function] 


— iVm [by Exercise 50(c)] 
(b) Let u = yz. Thenu? =£ — dxr=2udu > 


J V£ e? dr = Jim. n vcre *dr= Jim fo ue72u du = 2 f we du =2 (4V7) [by part(a)] = 


Ne 
a 


15.4 Applications of Double Integrals 


1. Q = ff, o(z,y) dA = fo I (2x + Ay) dy dz = fj [2zy + 2/7]. 5 dæ 

= fo (10x + 50 — 4r — 8) dz = fy (6x + 42) dx = [3x? + 42x] = 75 + 210 = 285 C 
2. Q = [fp a(z, y) dà = ff, V2? +y? dA = Jo. Vr? r dr dO 

= f" do fir? dr = gy cz s 


3 3 


3. Since the density of the lamina is higher as x — 1, we might estimate x = 0.7. There is no vertical change in the density, so 


we would be confident that 7 = 0.5. 
m= ffp p(z,y) dA = d te x? dy dx = jr dy Jy a? dx = 2 
My = [fp xp(z,y) dA = f; [d a? dydz = fè dy fia? de = i 
M: = ff; ylz, y) dA = f fy ay dy de = fy ydy fy? dv-3-37 8 
Hence, (7, y) = (M, /m, Ma /m) = (5. He) = (2,2). 
4. Since the density of the lamina increases in a uniform fashion as (x, y) — (1, 1), we might estimate (x, y) = (0.7, 0.7). 
m= ffp p(z,y) dA = fo fa xydydz = fa ydy fo ede =4-2=1 
My = [fj xo(x,y)dA = fo fo z^ ydydz = f; ydy fy x? dx = 


Mz = Jis yp(z, y) dA = ie ie ry? dy dx = So y? dy fo dx — 


NI 
ale 


ole 
NI 
Ole 


Hence, (7,9) = (My /m, Mz /m) = (Hi it) = (3,3). 

5. m= ff, p(x, y)dA= fo fo ky? dyde =k f? dx fA ydy=k n [15?]t = k(2)(21) = 42k, 
z— x ffp so(z,y)dA— zx Jo K kay? dy dx = 35 b. zdz fy y dy = a [327]; [v7]; = a (4)(21) = 2, 
T= 5 ffo velz, y) dA = ay fi Ji ky dyde = % fide fr^ dy = x lh [3/]; = 8 028) - 8 


1 42 
Hence, (z, 9) = (2, 33). 
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6m = ff, p(z,y) dA = fo faa a? + y’)dyda = fr [y+ 2?y + sinus ? dz = i (b + ba? + $0?) dx 
= [ba + ix? + EXE = ab + $a?b + łab? = $ab(3 +a? -- ?), 
My = ffo ZPE y) dA = fi oe + 2° c my) dydz = fg [ry +a°y ov] de 
= fo (be+ bz? + 2b%x) dz = |Tba? + iba + iz = hab + ia^b + ia? D? 
= d5a?b(6 + 3a? + 207), and 
M, = ffp yolu.y) dA = fs fo (u + à? + y*) dy da = fy [3^ + 40?y? + 1] 7, de 


= fo (30 + $92? + 10^) dz = [50r + 5072? + gbe] = Zab? + $a? 0? + $a 


= Lab? (6 + 2a? + 30). 


Gp cf Mu Ma c (as et 2) quob (6-29 sp SE) 
> , m/m ab(3 + a? + b?) ) Iob(3- a? +B) 


. (a(6+ 3a? + 2b?) (6 + 2a” + 3b?) 
(OX 4(3 +a? +0?) " 4(3 +a? +0?) 


7. m= DI (x+y) dy dz = f° [ry + w 2j. de pep [r(3 — x) + 3(8 — x)? — 1a? — 227] dz 


= fo Cis + $) de = [82 + Sa] - 6 
y-3-c d 


M, = Se at (a? + vy) dy dx = i [zy F 3cy"] y—c/2 rcs Je (ga a $2) da = 2 


M; = Jo fep (vy +9?) dy dx = f [329^ $9]; dx = fo (9 — $2) de — 9. 
ense [M M\_ [383 
Hence, m = 6, (z, y) (m. t) (22) 
8. HeeD—((z,y)|l0oxyx$à,vy2zzz1-2y). 


es uTE = fe’ 5 [ix a a dy 25] [a — 2 = (y)? Jay 
1) 


r—y/2 


=h (Eu? — 4y +1) dy = 3 [Ey — ata = 3 [oe — a + 8] = 


2 J0 


M, = fol? frs as ada dy = [^ [Ia]; dy = 3 fo | — 2) — (3)°] dv 


0 y/2 z—y/2 
=A ef 6543 4 1242 — 6 +1) dy = 3 [~By + 4y? 3? 4 J ij 13 4 32 242) = 2 
= 3 Jo ER y y +1) dy = $|- Sv y Y Ulo 3 250 T 1285 25 T5 750? 
— [2/5 fl-2 i ae 1.2] e=1-2y 1 2/5 15,2 
M. = fo" fu. wzdzdy-jy y [32]; Waal y (FY —4y + 1) dy 
— 1 2/5 (15,3 2 1715,4 4,3, 1,212/ 17.3 32 2o] zm 
— 3 Jo (y 4y ty) dy = 3 [1$ — 3Y eu z laus acis] 750° 
—.2 (uz _ (31/750 7/750\ (31 7 
Hence, m = 35, (m, y) ( 2/25 ^ UR) (a ac): 
—x? 1 =1-2? 1 1 
9. m = f1 fo? kydydz—-k['[iv]z. de = $k f$, (1 — 2?) dz = 3k [^,(1— 22? +2) de 
= be[e- 3a + $a], = 41-3 4941-349) = Bh 
[continued] 
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My = f1, JE” kay dydx =k f! [key] 71 7 de = 2k ft, m (1 — 2?) de = Mk f? (v — 20° + 2°) dz 
= $h[}0? - inei" ce -Eed -bed- D 

M. — ffo ky dyde-kf' [5]. de = ie fd —2 = 1k f1 (1— 32? + 3x ) da 
= ikje- r? + 80° — tr] = Ik (1- 1-8 - 1. 1-14 $ - 12) 2 S. 


Hence, m = Èk, (z,y) = (o. "E = (0, $). 


x 1, x = 2. Thus here 


10. The boundary curves intersect when z + 2 = z? z—rz—220 


D = {(z,y)| -1 <z <2, z? <y<at2h. 
m = A S ior ka? dy dz = k f2 z? Hc dx = k f? (æ +22? — a^) dz 


i^. = k ($ + B) = Sk, 


= k[iz* + ir? —g a 


M, = o. qu kz? dy dx = k f2 a? [y] ee da = k f? (a + 2a? — a?) da 


=k [fet + dot de, =e (R - 8) = Be 
M: = ep ficus kz?y dy dz = ky z?[1y?] mm dx = ik rs x? (1? + Az - A — z^) dz 
= ikf^( (xf + 4r? + 4r? — r 6) dx = sk[z lx? + a4 + ic 8-14." = sk (#32 + 4) = lp 
Hence, m = 35k, (z,y) = (as. Wa) -(54) 
11. m = in ra xy dy dx = fie z[)gp dx = ih z(e-*)" dx = in ze ?* dx bord s 


M, = T 1 r 2y dy dx = fos ? [iy ?] zer dx = i xe? dx [integrate by parts twice] 


E 
= 


12. Note that cos x > 0 for —7/2 < x € 1/2. 
7/2 cos g — p"/2 f1, 27 y=cos x Eri me 171 E RR T/2 _ x 
mof". ydyde = fi [ay lio de = 3 fl), cos xde = 5 [32 + isin22]7,, =F, 


T cos © [7/2 1.2] y=cos x 1 f7/2 integrate by parts with 
M, = 152i zy dy dz = f7 ja [5y as dz — 3 J" nj d cos dis Bou 


=} [o(de+ sin20)|"2, — 7/2, (de + Esin22) dz] 
= 3 ($0? — iv? — [$27 — $ cos 2x] uc = $(0- |r? +i- r -3]) = [continued] 
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ieaS e y? dydz = [7/7 [s]. dg E = $ fT, cos? zdr = LIS (1 — sin?z) cos x dx 


[substitute u = sing =  du-coszdz| 


= &[sinz — $ sinz]? z(1 i F1 i)-$. 


13. “The density at any point is proportional to its distance from the x-axis” =  p(x,y) = ky. 
m = ffp kydA— [uA (r sin 0) r dr d = k [7 sin6 d0 i5 r? dr 


k 


= k [- 0080] [37°] = &CD(3) = 3h 


M, = [fp x: kydA = [WE (r cos 0) (r sin) r dr d0 = k f7 sin 0 cos d0 fo rà dr 
7/2 1 
=k [z sin? 6] 7^" [ar ]o = F (3) (3) = s. 
Mz = ffp y: kydA— KP ag (rsin 0)? r dr d0 = k fo? sin? odo for 


= k [30 — $5i26]" [31] = & (F) G) = fk: 


j k/8 km/16 T 
Hence, (0) = (5, 5559) = (3.48). 


14. “The density at any point is proportional to the square of its distance from the origin” = 
2 
p(x, y) = k( Ve + y) = k(z? + y^) = kr’. 


m= [7?p kr? dr d0 = Zk, 


8 
M, = NIE kr* cos0 dr d = tk fT’ cos6 dO = 1k [sin 0] 7 = tk, 
Mz = TAS kr* sin @ dr dð = k (7? sind = 1k [- cos 0]; ^^ = 2k, 


p(z,y) = k yx? + y? = kr, 


m= ff, p(z, y)dA = Jo J? kr ^r dr dO 


=k [7 d0 f? ? dr = k(n) [17]? = £k, 


My = ffr xp(a,y)dA = fy ft (r cos 6)(kr) r dr dO = k fy cos6d6 f? r? dr 


% 2 [this is to be expected as the region and density 
=k [sin 0] 7 [ir*] — k(0) (32) =0 
0 1 function are symmetric about the y-axis] 


[continued] 
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Ms = ff, up(zy)dA = Jo ft (rsin0)(kr) r dr dd =k f7 sin0d0 f? r? ar 
= k [-cos 6] [1r]? = kU +1) (48) = Bk, 
Hence, (7,7) = (0, #242) = (0, 8). 
16. Now p(z, y) = k /\/2? + y? = k/r, so 
m= ff, p(z,y)dA = fo f; (k/r) r dr do = k [7 d0 f? dr = k(x)(1) = mk, 
My, = ffp xp(z.y)dA = fr f; (rcos0)(k/r) r dr d = k J" cos0d0 f? rdr 
= [sine] [277]; = kO) (3) =0, 
M; = ffp yo(a,y)dA = fr ft (rsin6)(k/r) r dr do = k f? sin6d0 f? rdr 
= k[-cos6]; [ir?]] = k(1 + 1) (3) = 3k. 
Hence, (z, y) = (0, 3$) = (0, 2). 


17. Placing the vertex opposite the hypotenuse at (0, 0) as in the figure, "m 
p(a,y) = k(a? + y?). Then 
m= foo 7 k(x? +y?) dydx 


= k fy az — a? + E (a — z)?] dx 


=k[zax* — {xf — i. (a $i]. = ika* 


By symmetry, My = Mz = Jo So” ky(2? + y*) dydz =k fy [z(a — z)?a? + F(a — z)*] dz 
=k[ga°a® — jast + ipa" — ala- w) lo = ka” 


Hence, (7, y) = (ĉa, 2a). 


18. p(zx,y) = k//x? + y? = kfr. » 


57/6 p2sin@ k 57/6 
m= f y E raran =r f [(2sin 0) — 1] d0 
/6 


=k| 2 cos 017 = 2k(V8 z) 


By symmetry of D and f(x) = x, My = 0, and 


a = So SE? kr sino dr dê = = IRI Asin? 0 — sin 0) d8 


= ik[- 3cos0 + 4 3 COS "amos J/3k 
Hence, (T, y) = (0 zx) 


19. Ir = ffp y? p(z,y)dA = f d y’ - ky? dy dx = k f? dx ty dy = k [x] [1y9]i = k(2)( 123) = 409.2k, 


Li To a? p(x,y) dA = fË a? - ky? dy dx = kf? x? dx s y? dy =k [i29]? [iy] =k (38) (21) = 182k, 


and Io = Iz + I, = 409.2k + 182k = 591.2k. 
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20. Is = [fp Y p(z, y)dA = Cae Ree 2v y? - zdz dy = que y? [327]? me Y dy = 1 (2/52 (15? — dy + 1) dy 


y/2 a=y/2 0 
2/5 2/5 
= 3 fo Gh — 4? +9?) dy = i v ivy = sie 


5 
II 


Sfo oley dA = S Jya” 2 -ede dy = fo^ [gs] a du = 3 o^ [0 29) — se^] du 


y/2 x=y/2 


2/5 2/5 
=1 Ka (299, — 32y? + 24y? — 8y + 1) dy = 1 [8,5 — 8y* + &? — Ay? + y] / = 8, 


= 16 78 _ 2 
and Io = I; + ly = 9375 + 3195 = 75° 


21. As in Exercise 17, we place the vertex opposite the hypotenuse at (0, 0) and the equal sides along the positive axes. 


Te = fo fo ? y? k(z? + y?) dydz =k fo f =? (xy ? + y*)dydx = k fo [32°y? + a ho dx 

=k fo [42° (a — x)? + t (a — x)|] dx =k [4 (3à?2? — 3a?! +2 Saa? trs) 4 ( zd zig ka, 
l-fl z?k(z ? Ey?) dydz =k fo f (x ^ E 27y?) dyda =k fy [z^ Eu qu uie ^^ dx 

ede (a — x) ) + i? (a — z)?] dx = k |} ax? — ix -i(i a?r? — 3a?x* +2 žar” — $2?)]5 = aka, 


and Jo = Is + I, = d ka. 


22. If we find the moments of inertia about the x- and y-axes, we can determine in which direction rotation will be more difficult. 
(See the explanation following Example 4.) The moment of inertia about the x-axis is given by 
In = ffo v! p(.y) dA = fo fo (1+ 0.12) dydz = f° (1 2-012) [39] 7$ dz 
= $ (1 0.1z)dz = £ [x - 0.1- 12?]? = 8(2.2) ~ 5.87 
Similarly, the moment of inertia about the y-axis is given by 
I, = ff, 2’ p(r,y) dA = ae z?(1-- 0.12) dy dz = ff a? (1+ 0.1z)[y JZ de 
= 2 fo (a? + 0.12?) dz = 2[1a? +0.1- 12*]5 = 2($ + 0.4) ~ 6.13 


Since Jy > Iz, more force is required to rotate the fan blade about the y-axis. 


2. I. = ffp v^ p(z.y)dA = fo fo py? dx dy = p fy dx foy? dy = pla], [3v] = (3h) = Goon’, 


Ty = [fp 2? p(a,y)dA = fy fy px? dz dy = p fy x^ dz. fy dy = p[ 42°] [vo = d0b*h, 


d (area of rectangle) = pbh since the lamina is h ee lieb P z- 2 
= = . Hence 7 
and m = p (area of rectangle) = pbh since the lamina is homogeneous. Hence = ee 3 s 
dz? I a obh? h? = h 
ani ; 
Um ph 3 =B 


24. Here we assume b > 0, h > 0 but note that we arrive at the same results if b < 0 or h < 0. We have 
D = {(z,y)| 0< x <b,0 <y <h- Ër}, so 


31y—h—hz/b 


Tr = fo fo” Pp dyda =p fy [iv ]o- ^ dz = ipfo (h — $x)? dz 


$e |- Q) (0 - $2)"] — — zoo - ht) = iz pore, 
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RR hakari a’ pdydx =p ffx ? (h — 2x) dz =p f 


25. In polar coordinates, the region is D — t 0) |0<r<a0<0< } so 


I» = ffp Y pda Ke A (r sin 0) ? rdr dð = p [7 sin? d0 ford: 


= p[36 — 15in 26] [1r*]5 = e (F) (ra*) = door. 
I= ffp z?’ pdA- Jo Re (r cos 0) ? rdr dð = p f^ cos? dé for 
- p[}0-+ 1 sinz0]7/" [2]; = p(3) (4a") = foun 


and m = p: A(D) =p- ina? since the lamina is homogeneous. Hence T^ = y 
apa?n 4 2 


26. m= fo f, sin? p dy dz = p fo sina dx = p|- cos a] } = 2p, 
=f wx dy dx = 4p fo sin? x dx = sp fo Q- cos? x) sin z da = 4p[— cosa + 4 cos? ale = $p, 
I f fo sin? og? dui dg; = p fs 2? sina dx = p[—x? cosa + 2xsinz + 2cosz|? [by integrating by parts twice] 


= p(n? — 4) 
2 = 2 
Then 7? = E = 2 soj- V3 naz? = =F T mg T 4 


The right loop of the curve is given by D = {(r,0) | 0 < r € cos20, —7/4 < 0 < 1/4}. Using a CAS, we 


27. 
find m = ff, p(z,y) dA = ff, (a? +y’)dA= qp d nde do = 77. Then 
p P, y) D y^) m/A 64 
n/4 cos 20 m/4 cos 20 
a xp(x,y)d -z[ J (rcos6) r? rdr do = 75 =f / eae wag = 109829. a 
m D n/A Jo 7/4 JO 103957 


n/4 cos 20 n/4 
= ait yp(z, y) d -4/ " (rsin) r^ rdr d0 = z- JH 
m 7/4 JO n/4 


(59 = Gan : l 


cos 20 
f rf sin 0 dr dð = 0, so 


103957 ' 
The moments of inertia are 
n/4 cos 20 s 2.2 — (7/4 cos20 5 . 2 _ on 4 
Is = ffp Y ea@gdA= Szi ó (rsin) r rdr dð = f" ja Ü r? sin 0 dr dô =a TOR” 
Iy = [fp ao ple, y) )dA = Sale (r cos 0)? r ?rdrdo = fT e0520 $5 cos? 9 dr dO = iti and 
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28. Using a CAS, we find m = ffp p(z, y) dA = i, 2 ay” dy dz = Ji, (5 — 899e ^9). Then 


ides . 2(be$ — 1223) 
z= = ff coed 8(5— x 8(5 — 899e-5) T M DU GE Seo lug S 


1 729 CULO 729(45e9 — 42037e~7) 
y -—— dA = ———— dy dx = , 
=m "ni up, y) 8(5— sx | [ T Y dyar = — 30768 (bet 800) 


(Za) = 2(5e$ — 1223) 729(45e° — 42037e7?) 
i 5e6 — 899 ° 32768(5e% — 899) 


The moments of inertia are J, = ffp y^ p(z, y) dA = J ‘oad x’ y* dy dx = 63 — 305593e 19), 


350635 ( 
Iy = ffp x° pay)dA= fe c "ty? dyda = at (7 — 2101e~°), and 
lo = Is + Iy = gears (13809656 — 4103515625e~° — 668331891e 1°). 
29. (a) f(x,y) is a joint density function, so we know ff... f(x,y) dA = 1. Since f(x,y) = 0 outside the 
rectangle [0, 1] x [0, 2], we can say 
Seo f(x,y) dA = [L f° f(x,y) dydx = f; J? Ca(1 + y) dy dx 
= Cle aly + ge ? de = er 4x dx = C[22"], = 2C 
Then 2C=1 > C=$ 


(b P(X <1,Y <1) E Lem f(x,y) dy dz = f, fh 4a a(1+ y) dy dx 


= fo zelu + 37]; 5 de = fo $2 (3) de = 4 [32°], = 3 or 0.375 


(c) P(X +Y <1) = P((X, Y) € D) where D is the triangular region shown in yA 


the figure. Thus : 


P(X +Y <1)= ffo f(z.y)dA- fof, ^ da. + y)dydx 


z^ a til. de = fo 32(32° — 2e + §) de 


1 
= à f (23 — 42? 4 32) de = 3] 4g eam] - 


II 
Jo 
Q 
e 
um 
oO 
E 
No 


30. (a) f(x,y) > 0, so f isa joint density function if f/f. f(x,y) dA = 1. Here, f(x,y) = 0 outside the square [0, 1] x [0, 1], 


so ffe f(£, y) dA = Hh day dy dx = I [22^] 75 dz = Jo 2x dx = ca =l, 
Thus, f(x,y) is a joint density function. 
(b) (i) No restriction is placed on Y, so 
1 1 1 
PLAS i)- dod (x,y ) dyd = frs Avy dy da = fj, [2z7]7 Lo dz = fij 2zdz = 2”), =F. 
2 


(ii) P(X > 4Y € 3) = fp, SIE f(x y) dyda = fp, fo ^ Axy dy de 


zum 1 1 
S [2:7] 7 — dz = fi 3r dz = 3*39 lin — 36 
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(c) The expected value of X is given by 


= [fat f(a, y)dA = hez x(4zy) dydx = f; Qu? [y qud da2p4tds2psp = 


1 


wl 


The expected value of Y is 


= Sfp Y f(x,y) )dA = hhv (4x) dy da = [fj Ar|iy e dz = $ fi zde = [127]; = 


WIN 


31. (a) f(x,y) 2 0, so f isa joint density function if ff,» f(x,y) dA = 1. Here, f(x,y) = 0 outside the first quadrant, so 


fies f(x,y) dA = I hee 0.1e7 (0:52 + 0-2y) dy dr = 0.1 qus e 9526-0.2y dy dx 


=0.1 p ner de onec Jim n fy e77 de Jim fo e 929 dy 


= 0.1 lim [-2e7?**] 


lim [-5e-9?v]^ = 0.1 lim [-2(e-?** — 1)] lim [-5(e-??* — 1)] 


0 too t—0oo too 


= (0.1) : (—2)(0 — 1) : (-5)(0-1) = 1 


Thus f(x,y) is a joint density function. 


(b) (1) No restriction is placed on X, so 


P(Y >1)= fo SE F<, y)dy dz = f SE 0.1e7 (0524920) dy da: 


=0.1 f e 997 dy du e 9?" dy = 0.1 jim Hi e 999 dx jim fi e974 dy 


=0.1 lim [-2e-95*]" lim [—5e~°?#]) = 0.1 lim [~2(e7%5 — 1)] lim [-5(e79?* — e~°?)] 


t—oo 


0 t5 oo ioo too 


(0.1) - (—2)(0 — 1)- (-5)(0— e 9?) = e9? ~ 0.8187 


(ii) P(X € 2,Y <4) 


= f? SEn f(a y) dy dx = f; fo 0.1e- O-52+°-28) dy dx 


—0.1 Js e 999 dg i e70-2y dy = 0.1[-2e-9557] 


E [75e 92v] 


= (0.1)- (-2)(e* — 1) - (-5)(e?* — 1) 
= (e71 — 1)(e7™8 — 1) = 1 + e718 — e™™8 e^! & 0.3481 


(c) The expected value of X is given by 


m = ffe £ FE dA = SR s [oig 5240-29) did 


=0.1 [0 re dx fY e7™™ ques tot Jim T ze 09" dg jim Jn e 929 dy 


To evaluate the first integral, we integrate by parts with u = x and dv = e 9?" dx (or we can use Formula 96 


in the Table of Integrals): f ze ?9" da = —2ze 997 — f —2e 997 dx = —2xe 997 — 4e 7997 = —2(x + 2)e 997. 


Thus 


ii, — 0.1 lim [-2(z + 2)e 9*7]^ lim [—5e~? 4] 


t— oo 0 
"E : = —0.5t — : A —0.2t — 
= 0.1 lim ( 2)[(t + 2)e 2] Jim (5) [e 1] 


= 0.1(—2) ( lim sr -— 2) (-5)(-1) 22 [by l'Hospital's Rule] 


[continued] 
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The expected value of Y is given by 
= na uf(z,y)dA— poy y[0.te“@* «oa dy dx 
=0.1 fe rida oye dy = 0.1 Jim. T e 099 dr Jim. i ye 9? dy 
To evaluate the second integral, we integrate by parts with u = y and dv = e ^?" dy (or again we can use Formula 96 in 
the Table of Integrals) which gives f ye 9?" dy = —5ye 974 + f 5e 9?! dy = —5(y + 5)e ??*, Then 
z cT 4: —Q0. t 
H = 0.1 lim [72e 99*]" Jim. [-5(y + 5)e 9?v]" 


i—0o 


a [ep esa aaa 5 


= 0.1(-2)(-1)- (—5) ( lim >a 7 5) =5 [by l’ Hospital's Rule] 


32. (a) The lifetime of each bulb has exponential density function 
0 ift«0 
FOS) ies i9m ge 20 


If X and Y are the lifetimes of the individual bulbs, then X and Y are independent, so the joint density function is the 


product of the individual density functions: 


ew 10-%e—(@+9)/1000 if ge >0,y>0 
vy) = 
0 otherwise 


The probability that both of the bulbs fail within 1000 hours is 


P(X < 1000, Y < 1000) = fre? (99? F(a, y) dyda = foo? f° 1079e- 6/1099 dy dg 


— 10-9 fore e 5/1000 Jy T0000 e- 9/1000 qi, 


= 10-9 |-1000e-*/ n] hid [-1000e=»/ | 
0 


0 


= (e7! — 1)? e 0.3996 


(b) Now we are asked for the probability that the combined lifetimes of both 7 
1000 


bulbs is 1000 hours or less. Thus we want to find P(X + Y < 1000), or 
equivalently P((.X, Y) € D) where D is the triangular region shown in the x+ y= 1000 
figure. Then 

P(X +Y < 1000) = ffp f (x,y) dA 


— (1000 f1000-7 4 9-6 ,—(2+y)/1000 dy dx 


= Jo 0 
—1000—4 

— 10-9 pa |- 1000e7+9/1000]* dx = —1073 je (e^ " ge) de 
y=0 


1000 
URS eta n 1000e-*/19] = 1 — 2e7! «0.2642 
0 
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33. (a) The random variables X and Y are normally distributed with jj, = 45, u = 20, c1 = 0.5, and e» = 0.1. 


1 2 
The individual density functions for X and Y, then, are fi(x) = ——— e (9749)/0.5 and 
7 he) = a5 vas 
1 —(y—20)7/0.02 q; : FE ; TE. 
2 = ———e “*, Since X and Y are independent, the joint density function is the product 
s 0.127 
1 2 1 2 2 2 
= _ —(x—45)?/0.5 —(y—20)?/0.02 _ 10 ,—2(z—45)? —50(y—20) 
x,y) = fila = ———e ———— e = >e i 


P 


Then P(40 < X < 50,20 < Y < 25) = [E SZ f(a, y) dy dar = 22 (80 [28 9726-49 -50(-20* qu dx. 


Using a CAS or calculator to evaluate the integral, we get P(40 < X < 50, 20 < Y < 25) = 0.500. 


(b) P(4(X — 45)? + 100(Y — 20)? = ffp 10 e=2(2—45)?—-50(v-20)? J4, where D is the region enclosed by the ellipse 


T 


A(x — 45)? + 100(y — 20)? = 2. Solving for y gives y = 20 + 35 V/2 — A(x — 45)?, the upper and lower halves of the 


ellipse, and these two halves meet where y = 20 [since the ellipse is centered at (45, 20)] A(x — 45)? = 
z-—45z-c P Thus 


15 V2 - A(v—45)? 
Hi ig tocca qa c ig (HT lakes 2 — 4(x—45) g 36745? 506—220? dy de, 
D 45—1//2. J20—45 4/2 — 4(x—45)? 


Using a CAS or calculator to evaluate the integral, we get P(4(X — 45)? + 100(Y — 20)? < 2) ~ 0.632. 


34. Because .X and Y are independent, the joint density function for Xavier's and Yolanda's arrival times is the product of the 


individual density functions: 


me if 2 >0,0<y< 10 
Hea) = ht) L8" y ifx> y 


0 otherwise 


Since Xavier won't wait for Yolanda, they won't meet unless X > Y. 
Additionally, Yolanda will wait up to half an hour but no longer, so they 


won't meet unless X — Y < 30. Thus the probability that they meet is 


P((X,Y) € D) where D is the parallelogram shown in the figure. The 


integral is simpler to evaluate if we consider D as a type II region, so 


P((X,Y) = ffp f(x,y) dedy = f, rj v ae "y dz dy 


10 _ 2] t= y+30 10 x _ 
= so yle roy y= so fo ye) + e) dy 


a5 (1 — e799) f ye" dy 
By integration by parts (or Formula 96 in the Table of Integrals), this is 
a (1 —e7*°)[-(y + 1)e^"] E: = 4(1-e7*°)(1—11e7"°) ~ 0.020. Thus there is only about a 2% chance they will meet. 


Such is student life! 
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35. (a) If f (P, A) is the probability that an individual at A will be infected by an individual at P, and k dA is the number of 
infected individuals in an element of area dA, then f (P, A)k dA is the number of infections that should result from 
exposure of the individual at A to infected people in the element of area d. A. Integration over D gives the number of 
infections of the person at A due to all the infected people in D. In rectangular coordinates (with the origin at the city's 


center), the exposure of a person at A is 


E= [f sim maa ff 3 i; [20 — d(P, A)] yaa- eff p t (== zo)? + (y — wo)? dA 


(b) If A = (0,0), then 
r= 20cos 0 
z= |f È d va? y | dA 
22 no 1 1,2 1,3]10 m 
=+ f [ (1 — 35r) r dr dó = 2xk|&r EE lo 
= 2nk(50 — 2) = ork ~ 209k 


For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar equation for 
the circular boundary of the city becomes r = 20 cos 0 instead of r = 10, and the distance from A to a point P in the city 
is again r (see the figure). So 
mn /2 20 cos 0 7/2 r—20 cos 
E= ef / (1 dr) rdrdo =k f [i — d] 7 ""* qo 
7/240 —7/2 


E m. (200 cos? 0— E cos ? 9) dé = 200k [7/45 [i + i cos 20 — 2 — sin? 9) cos 0] dà 


= 200k|i 0 + sin 20 — 2 2 sin 4- 2 - isin xd my = 200k[2 +0-2424+7+4+0-24+32] 
= 200k(£ — $) 136k 


Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at the edge. 


15.5 Surface Area 


1. Here z = f(x,y) = 10+ z + y? and D is the triangle with vertices (0,0), (0, —2), and (2, —2). By Formula 2, the area of 


the surface is 


[fs Gr, + [fle 14A = f°, f, " JT + Qy)? + 1dz dy 
p DEA NUN e 


-.l.[ho aye] 2187-277  054/2-2/2 132 
3 E 12 12 3 


2. Here z = f(x,y) = 3 + xy and D is the circle x? + y? < 1. By Formula 2, the area of the surface is 


S)= A [s (x, y)? + [fy (x,y)? +1dA = f Vy? +22 +1dA [Switch to polar coordinates] 
D 


x2+y2<1 


r=1 
OF fo WRF Lr dr dO = f?" dO f; Vr FI dr = 22. i6? e y^] = 28 (28? -1) 


r=0 
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3. Here z = f(x,y) = 5x + 3y + 6 and D is the rectangle [1, 4] x [2,6]. By Formula 2, the area of the surface is 


= Sfo Væ P+ Tue P +144 = ffr VP +P FIA = V35 ff, dA 
ce 1)(6 — 2) = 124/35 


4. Here z = f(x,y) = i 3a — 2y and D is the disk x? + y? < 25. By Formula 2, the area of the surface is 


= ffo (739  (-2? + 14A = V14 ffp dA = V14 A(D) = V14 (7 - 5?) = 25 14m 


5. The surface S is given by z = f(x,y) = 6 — 3a — 2y which intersects the xy-plane in the line 3x + 2y = 6, so D is the 


triangular region given by ios y) | 0z€rzz2,0xyzx3-— ix]. By Formula 2, the surface area of S is 


= ffo V 73? (2? * 144 = VM ffp dA = VIA A(D) = VIA (32-3) = 3/14 


6. z= f(x,y) = $a? — $y + 3, and D is the triangular region given by {(x, y) |0 < x < 2, 0 < y < 2x}. By Formula 2, 


2 2 p2x 2 Qa 
A(S) = ffo y Ge 2 *(-2) +1dA= f, fy V qv? + $ dy dz = f 3vz? +5 [v];- o dv 
2 
Ed ox wi E dac gee] = iov 53/2) 2 9 5/5 
-- = 2. 2 VUES 2 1,2 
7. The paraboloid intersects the plane z — —2 when 1 — z^ — y^ — —2 r? y? =3, so D = { (x,y) | i? y? €3). 
Here z = f(x,y) = 1 — a? — y? fo —2z, fy = —2y and 
= [fn V (-2zP + (-2y? + 14A = ff, /4(z? +y?) +1dA = SER a 4r? + 1r dr d0 
Z an [ 1 (4,2 3/2] V9 1 3/2 — z 
27 d6 fy rar? dr = [0] |n? +1) r ol 1) = $(13v13 - 1) 
8. 224-2? —4 = V/A — a? (since z > 0), so f, = —z(4 — 3?) /?, f, — 0 and 
A(S) ps = 4 — ?)-1/2)2 reef zz tldydr 
sT a f dy - | [2sin- zi [v]; —-(2:$ )=5 
EE! — Zlo 0 
9. z = f(x,y) = y? — a? with 1 < £? +y? < 4. Then 
= ffp V4? + 4y? - 14A — Jè Var? + Tr dr dd = 57 do f? r Vr? + 1dr 
= [e] dien = güTVIT- 5 v5) 


10. z= f(x,y) = 2@° + y3/2) and D = ((x,y) D <£ < 1,0 <y < 1}. Then f. =a1/?, fy = y!/? and 


= ff V V (Vz)! + (Vg! -1dA = f [| vias f [86 v DP] ae 


= af [(@ + 2)°”? — (a +1) 3/2 | de = JEG i 2)5/2 2 (a ! Dean 


0 


_ i (35/2 95/2 _ 95/2 4. i= 2 a 27/2 4 1) 
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11. z = f(z,y) = zy with 2? +y<1Lsf,=yfy=e => 


r—1 
S) = ff, V +e 14A =f?" f! Vr Y 1rdrde = f? Ha +17] dó 
= fo" 1(2/2 — 1) d = ?r (2/2 - 1) 


12. Given the sphere x” + y? + 2? = 4, when z = 1, we get x? + y? = 3 so D = {(x,y) jar? +y < 3} and 
z = f(x,y) = y4 — x? — y?. Thus 
5) - ff DE- PAR a- + 1A 
D 


2m pV3 2 Qn p3 2 C2 
zi f £ z+1rdrd= f f Cee Mee rT 
o Jå 4—r o Ju 4—r? 


2r (V3 Op 
=| f ——— dr dé 
o Jo v4-r? 


_ pan 2)\1/2 P 2m — 
= fi |-24 - r?) jos dO = f?^(—2 4- 4)d8 = 26]2" = 4x 
13. z = \/a? — 2? — y?, z, = —2(a? — a? — ?) 12, zy = —y(a? — à? — y?) 1? 
z? +y 
AG) - ff | aA 
r=a cos 0 


= | E E = cos er 
= / a( a? comida? (1- V1 cos 0) de 
0 


1/2 


1/2 1/2 / 
= 20 [ ae — 20° f Vin? 040 = a?r — 20° | sin d0 = a° (n — 2) 
0 0 0 


14. To find the region D: z = x? + 4? implies z + z? = 4z or z? — 3z = 0. Thus z = 0 or z = 3 are the planes where the 


surfaces intersect. But x? + y? + z? = 4z implies x” + y? + (z — 2)? = 4, so z = 3 intersects the upper hemisphere. Thus 


(z — 2} = 4 — x? — y? or z = 2 + y/4 — x? — y?. Therefore D is the region inside the circle x? + y? + (3 — 2)? = 4, that 


is, D = { (x,y) | £? +y? x 3}. 


s = ff VODE 2 Pr «Coa - 2 9) ela 


2T 2n V3 Qr r=V3 
-f [ Vi atira f° | EL M |-24 - y^] dó 
VA — r? 0 r=0 


= a 7(—2 4) d0 = 20)?" = 4m 
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15. z = f(x,y) = (1+2? y?) 7, fe = -2x(1 + 2? y?) 7, fy = —2y (1 + x° y?) 7. Then 


A(S) = ff W[-2x( +2? +y?) + [-2y(1 +2? + y?)-2]? dA 


e^ y? <i 


= ff 4G?-39)-2?-4c4?)75-14A 


z2--y2«1 


Converting to polar coordinates we have 


= SE [5 420 c 72)-3 x 1rdrdó = fo" do fir /Ar?(1 4 72)-3 + 1dr 
= 2r f r /4r?(1 + r2)-4 + 1dr ~ 3.6258 using a calculator. 


16. z = f(x,y) = cos(z? + y?), fr = —2x sin(x? + y?), fy = —2y sin(x? + y’). 


A(S)= ff  V/4a? sin? (x? +y?) + 4y? sin? (£? + y2)+1dA= ff /4(a? + y?)sin?(x? + y?) + 1dA. 


z24y?«1 x2+y2<1 


Converting to polar coordinates gives 


aTa VAr? sin? (r?) + 1r dr d0 = on do for Ar? sin? (r?) + 1dr 


=2r 4o r / Ar? sin?(r2) + 1dr ~ 4.1073 using a calculator. 


17. (a) The midpoints of the four squares are (4, +), (4, 2). (2, 4), and (3, 2). Here f(x,y) = x? + y^, so the Midpoint Rule 


gives 
= ffo Vife(@, WP + [Fula y)? + 14A = [fo v/(22)* + (2y)? + 14A 
s MB - POP +1+ (ROI + POP + 
+ EG - BI +1+ yO [GI +1) 
- H(i 2/2 1) ~ 1.8279 


(b) A CAS estimates the integral to be A(S) = ff, /1-- (2x)? + (2)? dA = qoe V/1 + 4x? + 4y? dy dx e 1.8616. 


This agrees with the Midpoint estimate only in the first decimal place. 


18. (a) With m — n — 2 we have four squares with midpoints (5, i) (4, 3), (3, i) and (3, 3). Since z = zy + x? + y?, the 


Midpoint Rule gives 


J1+ (y+ 2x)? + (x + 2y)? dA 


i( is G+ + 14 ay G+ Vit tt it ay ) 


a pep ee a 17.619 


(b) Using a CAS, we have 


= ffp 1 + (y +22)? + (£ + 2y)?dA= d fe V/A (y + 2x)? + (x + 2y)? dy dx ~ 17.7165. This is within 


about 0.1 of the Midpoint Rule estimate. 
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19. z = 1 + 2r + 3y + 4y?, so 


ai 4 pl 
f T VIFF GF) dyde = | T V 14 + 48y + 643? dy dz. 
0 1 Jo 


Using a CAS, we have f^ fs V14 + 48y + 64? dy dz = 29 A4 + P. n(11 V5 -3V/14/5) — B In(3 V5 + V14 V5) 
or 2 VTA + Ë In 11 v5 +3 v70 


3v5 + v70 
20. f(x,y) =1+r+y +r? =>  f;—1-2z, fy = 1. We use a j 
CAS to calculate the integral 
NN 7, 
SA 7 P 
A(S) = S’, f*, / TE E duda i p V 
ISS SS A 
SS SS SS SSS 
= fi, ft, VO F 22)? + 2 dy da = 2 f, Via? F Az F 3 dz ISS 
0 
and find that A(S) = 3 V11 + 2sinh7 (a£ £) or -1 1, 


A(S) = 3/11 In (10 +3 V11). 


21. f(z,y) =14+a’y? = fr =2xy’, fy = 2x7y. We use a CAS (with precision reduced to five significant digits, to speed 


up the calculation) to estimate the integral 


je ae n + f2 c 1dydx E [ E. yt + Ax*y? + 1 dy dz, and find that A(S) ~ 3.3213. 


14 z? 2x 
22. Let f(x,y) = ity Then f. = Try" 
2y(1+ 
fy = (1+ 27) Berd = BAR) . We use a CAS 
(1+4?) (1+y?)? 


to estimate f1, aaah , JV [2 + f2 + 1dy da ~ 2.6959. In 


order to graph only the part of the surface above the square, we use 


— (1 — |z|) < y € 1 — |z] as the y-range in our plot command. 


23. Here z = f(x,y) = ax + by + c, fe(z,y) = a, fy (zy) = b, so 
S) = ff Va? - ? - 14A = Va? - ? +1 ffp dA — va? +? -1A(D). 


24. Let S be the upper hemisphere. Then z = f(x,y) = Ja? — x? — y?,so 


[x(a — 32 — y2) 172 + [yla — 32 — y2)-177? F 14A 


= ffo 
2 2v t 
m = = s z -1dA- lim f 
t—a- Jo 0 


t 
dr dO = 27 Jim E ar] =27 lim -aÍ CEDE 
- 0 


tra 


re 
2—3 +1rdrd0 


= lim 


2n ar 
ta" Jo a Vaz = r? 


21(—a)(—a) = 27a. Thus the surface area of the entire sphere is 47a”. 
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25. If we project the surface onto the xz-plane, then the surface lies “above” the disk z? + z? < 25 in the zz-plane. 


We have y = f(x, z) = x? + z? and, adapting Formula 2, the area of the surface is 


AG)- Jf Vik@aP+R@2P+idA= ff Va FIZ FI dA 


z2--22«25 z2--22«25 


Converting to polar coordinates x = r cos 0, z = r sin 0 we have 


27 [5 Vr? Lr dr do = f?" dO f$ r(4r? +1)? dr = [0]? [par +] = 7 (101 /101 — 1) 


26. First we find the area of the face of the surface that intersects the positive y-axis. As in Exercise 25, we can project the face 


onto the xz-plane, so the surface lies “above” the disk x? + 2? < 1. Then y = f(x,z) = V1 — 2 and the area is 


A(S) = [f (2, z)]? + [f2(x, z)? +1dA= p "ae =) +1dA 

z2?+z2<1 z2422«1 

- ff z 1dA= T nini — 3 dzdz 
y 1 JI z2 

weet —1J-4/1- A. z 

: 1 
—4 —— dx d by th try of the surf: 
Í m "aum x Az [by the symmetry of the surface] 


This integral is improper (when z = 1), so 


1 t 
A(S ae 4 dxdz= li 4 dz 1 4 de li 4t = 4. 
y= im a ff phy dds = jim 4 f ES ae = im 4 fae = im 


Since the complete surface consists of four congruent faces, the total surface area is 4(4) = 16. 


15.6 Triple Integrals 


1. ffi, cyz? dV eu ryz? dy dz dx = fo f; [izy?2 ae dedere 322? dz dz 
= fo [Bez] de = fi Lede = maf = 2 
2. There are six different possible orders of integration. 
Iff (ey + 2) dV = je jo q (ay + 27) dz dy dz = i So [zyz + $2] = dy dx = h i (Sry + 9) dy dz 


=f [sey pay. o de fo ($2 4-9) dz = [$2? - 92]; = 21 


SS fe (xu - 2)av = la yr fo (xy + 2°) dz dz dy = ie lis [xyz + 42°] a dx dy = 3 fee (3xy + 9) dz dy 


= fo [Sa?y + 92]7 dy = fo (6y + 18) dy = [3y? + 18y] 5 = 21 


Lae xy + 27) )dV = R Jo Sl xy +z ?) dydzdx = f; f [i xy ye i o dads = fi > ($2 + 27) dz da 


= fê [iez + 42°]? dz = f? (ĝe 4-9) de = [$2? + 92]? = 21 


[continued] 
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TIS (zy +2°)dV = (n Je ie (zy + 2°) dy dz dz = h i [Sey T us da dz = F ls (3x + z^) dx dz 


3 


eJ [iz? taz 5 dz = fo (1+ 22”) dz = [z + 222]; = 21 


SS Se ( ry +2°)dV = So d qu zy-dz ?) dz dz dy = f; i [eae yt zz] dzdy = f; A (2y + 227) dz dy 
= fo [2v2 + $°] dy = Jo (6y + 18) dy = [^ + 18], = 21 


Stn (£y +2) dV = js ie i (zy + 2°) dz dy dz = J do [iz?y +22] per ? dydz = ie J (2y + 22?) dy dz 


= Je. [y? + 2y27] a dz = Je (1+ 22) dz = [z + 22 =21 


3. R JË m z (2x — y) dx dydz = f jE lan? - ay] y— * dydz = f? (rad [(y - 2}? - (y — zy] dy dz 
—22 
= RES (evs) yas eph petri a = f(t pet) a 


Sprea hri 


4. fo h” ho” Oxy dedady = fy fy” [6y] dedy = fy Jy” Gay(w +y) de dy = fg [;" (6x7y + 6xy?) dz dy 
= fp [Bey + 32y] dy = f) 23y* dy = 24°], = 2 


5. T uM xe "dydrdz = f? J [-ae7*] ai dz dz = ru E (-xe-^* + ve) da dz 


= ff fo" Cien) dede = fè [-2 + eI ae 
= ff (-2z + 22?) de = [-2? + 32°], = 4+ $ +1-4 =$ 


6. Ts d Ge cos(x — 2y + z) dy dz dz = —4 ae Ae [sin(x — 2y + z)] rarum dz da: 
IA RE jn [sin(—x — z) — sin(x + z)] dz dx 


--i ce d [-2sin(z + z)] dz dx 


z—2c 


= HG ioe sin(x + z) dz dz = — pr [cos(x + 2)] gp E 


=— fe? (cos 3x — cos z) dx = [sina — 1 sin 30]7/ 


3 [2 pz y 3 (2. iz 3 (2 7 42 37 43 E z=2 
7. T I / = dededy= | f Z [a] dedy = [ fi (£2) dedy = | I5] dy 
i J-1J-y Y i J-1Y p——y 1 J-1\Y 1 [3y 2) ges 4 
3 3 
=f (24$) dy — [omi o = 3In3 4 3 
1 y 2 2"]i 


—a2-4? z—2—z?—? -— P 
8. So ie do V tye?” dz dy dx =f h [aye* i m c dy da = fj Jo (aye? ped — xy) dy dx 
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9. (a) The solid region E can be described as E = ((z,y,z)| -1€z x L,O€y€x2—-z0xzx1-za^) 


1-2? 2—z Lae? y-2-z 1-2? 
t f Í Í zdydzds= f ] = z|v| ded = f ME 2x — xz) dz dx 
e y=0 
z=1—2? 5 
= P UE = 3 3 x 
af: ace |. dx S f. x ;) dx 


2-* v dy dz da. 


Thus, fff ,z dV = f^, f 


332 x 
EX 


10. (a) The solid region E can be described as E = ((z,y,2) | OE Ey, 0€y x2,0€z €4— y^ 


Thus, fff , xy dV = T5 Tos - xy dz dx dy. 
(b) fe Tous acu zy dz dz dy — fj fd xy[z pu da dy = f; fo zy(4—v ?) dz dy = f; fo x(4y — y 3) dz dy 
612 
f a=- g] =§ 


12125 
=| a WE Jo (Ay? 


z= 


= fo (4y — y?) | 


11. (a) The solid region E can be described as E = ((z,y,2)|0O € » €X2,0€y € z^, 0xz €2—-ax| 
2—z pe? 
Jo (x y) dy dz da. 
2—z 2—z y? y= z? 2—r 
of i} i (x+y) aydzde= [ I n5 | ded [f Í z + Z) dede 
y=0 
2 4 z—2—z 5 4 612 
=| +Z | CE Dee -Z | eps || -Z axe 
" 0 " 2 2 Bh 
ET 


Thus, fff (x -- y) dV = f; 


2 z= 
12. (a) The solid region E can be described as E = {(x,y,z) | z-4< "4<4-2,-2<y<2,0<2z<4-y'} 


Thus, fff „24V = Jes que Jos 2 dx dz dy. 
z—4—z 

dzdy — 2 [?, p- 8 — 2z) dz dy 
=z-4 


z=4—y? 512 
=2f", [z=] dy =2 [^,(16 Ma £j. des 
"TY ydzdydz = n d [uz] = = dy da = n fo 2y? dy da 


(b) je [I4 2dzdzdy- J, UNE 1 E |: 


13. fff, ydV = Jo Jo z—y 
-G Re de= fi gedeo et BaF 


1. Sfp AV = fo y K et dededy= fy f, [yer] day 
= fo fy We — v) de dy = fo [ye" — ay] T=) dy = fo (eu v = ve" +y’) dy 


[integrate by parts] 
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rz—z-4-1l 


1 y? z+1 1 y? 
15. flaev-f[ f f Ziada- f se Hm dz dy 
ET o Jo Ji € o Jo 2 
S 
——- —1|dzdy---z 
TTA s ) Cot 2 "E 
_1 1 2 1 = y? 7 |. dl[f(m 1 
JN (Site 1) ay = 5 [tan y+ 3 : var 1) o 


16. Here E = ((z,y,2)]O E < 7,0 <y< r-r, 0 <z <r}, so 
[ffg sinydV = f; fr Jy sinydzdyda = f f; ~ [zsiny];— o dudz = f, [o vsiny dy da 
= f; [-z cosy] a dz = fy [7-2 cos(r — x) + 2] dx 


[integrate by parts] 


= [x sin(x x) — cos(m t)+527]5 


=0-1+$n?-0-1-0=$7"-2 


17. Here E = { (x,y,z) |0 <£ < 1,0 <y<yz,0<z<1+r+y}, so 


fff; StydV = Js jx pee 6xy dz dy dx = q5 en [6ryz| ae dy dx 


= fo So" 6zy(l 2+ y) dy de = fy [Bry + 307y? + 20°] yy de 


= fo (3a? + 32? + 22°/?) de = [z^ "nr un = =$ 


be ln Here E = ((z,,z)| -1€ x1,0€y <2, 27 -1€ 2 x 1—- z?). 
Thus, 
fff (x — 9)4V = f, fe f (m — y) de dydz 
= ff? (s — y)(1 — 2? — (a? — 1)) dy dz 


E Jody (2a — 2x? — 2y + 22? y) dy dx 


=f", [2zy — 2ay — y? ta?y aes ? dz 


= f (4x — 42? — 4 42?) dx 
CERERE 
Here T = ((z,y,z2)|0€z < 2, 0< y < 2— zx, 0< z €2— v — y). Thus, 
SS Sr y? dV = f° Dv. E y? dz dy dz = f° ique y^ (2 — x — y) dy dx 
= fo Ja [(Q-awy —y*] dy de 


=f [(2 ass) VT a 


18. 
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23. The plane 2x + y + z = 4 intersects the zy-plane when 


2r+y+0=4 


E = {(x,y,z) |0 < x < 2,0 < y < 4 — 2x, 0 < z < 4 — 2x — y} and 


y = 4 — 2x, so 


SECTION 15.6 TRIPLE INTEGRALS 


The projection of T onto the xz-plane is the triangle bounded by the lines 
z = x, x% = 0, and z = 1. Then 
T = {(x,y,z)|0<£z<1,z<z<1,0< y< z- zr}, and 

SJJ ezdV = hh fo czdydzdz = hh zz(z — x) dz dz 


z-—1 


= ff! (zz? — a?z) dzdz = f [1223 — 12?22]77* dz 


—Oflíil, 14,2 14,4, 144 
= ($2 3t gt + $a) dx 


" 4.29 4 do bTl d: 1 
ev at + r] 


1 1 
0 6 6 + 30 30 


The projection of E onto the yz-plane is the disk y? + 7? < 1. Using polar 


coordinates y = r cos 0 and z = r sin 0, we get 


[fle edv = ffs [fs acaede] dA = 3 ff, IP — (49? +424)"] dA 
=8 f af (1 —r*) )rdrd6 = 8 f3” do f(r —r°) dr 
= 8(27) [5r 2 lrs] = 16 
JoJo, RIT” dzdyds = fo f$, $(9 — P) dy dx 


0 
= fo lu- d]? 7$, dz 


V= Tp = a ak Hm " dzdy dz = f° fo X (4 — 2x — y) dy dx 
= Jè [y — 22y- PITE do 
= fe [4(4 — 2x) — 2z(4 — 22) — 4 (4 — 2x)?] d 
= S (22? — 8x + 8) dx = [22? — 42? 81]; = 9 


2 2 


24. The paraboloids intersect when z? + z?2 = 8— z? — 2? & a? -- z? = A, thus the intersection is the circle 


x? +27 = 4, y = 4. The projection of E onto the xz-plane is the disk zx? + z? < 4, so 


E= { (2; y; 2) 


|£? +2? <y <8- r? — 2? 1? +2? <4}. Let D = {(a,z)| à? +2 € 4). Then 
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using polar coordinates x = r cos 0 and z = r sin 0, we have ZA 


Veta = Ties dy) dA = ff, (8— 21? — 22°) dA 


id 4 (8— 2r?) r dr dó = x do Js (8r — 2r?) dr 


= [0] [4r? — 47*]5 = 2n(16 — 8) = 167 


25. The plane y + z = 1 intersects the xy-plane in the line y = 1, so 
UO CURA 
V = fff pav = fi So fe " dzdydz = f|, fi (1— y) dy dz 
Ju -T 2 dx = f* (3 — 2? + bet) de 


1 1 i g i 1 1 1 8 
-1 2-3 +i+2—-37 15 15 


(-1, 1, 0) 


= E au 2 ist’ | 


26. Here E = (y, 2) |-1€yX4- za? < 4}, so 


4— 4-22 A—z 4A— 4-22 
V= f. f C aydeae =f f (4 — z+ 1) dz dx 
V 4-22 V 4-22 


2 i3 z=v/ 4-2? 2 
= 5z- 42] = dt = 10 y 4 — x? dx 
e -V/4 -2 


- mo/4 2 sQcl(m 2 using trigonometric substitution or 
am 2 Acum ( 2 )] -2 Fe 30 in the Table of Integrals 


= 10[2sin™ (1) - 2sin! (-1)] = 20(4 — (—2)) = 207 


Alternatively, use polar coordinates to evaluate the double integral: 


2n 2 
n» = (5~2)dzae= f T (5 — rsin) r dr dé 
Vf 4-22 0 0 


H [3r? — ir sin 0] ct do = Fu (10 — $ sin 0) do 
Qn 
= 100+ Š cos o] = 207 
0 
27. (a) The wedge can be described as the region 
D = { (x,y,z) | Y +2 <1,0<£<1,0<y< zr} 


OOE EAEE 


So the integral expressing the volume of the wedge is Z 


Sfo V = RER dzdyaa. 


(b) A CAS gives f) [7 fV! ^ dzdydr=34-4Ł. 


(Or use Formulas 30 and 87 from the Table of Integrals.) 
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28. Divide B into 8 cubes of size AV = 8. With f(x,y,z) = ./x? + y? + z?, the Midpoint Rule gives 
2 2 
fffg V +Y 4 22dV e S D X f(ro5-)AV 
i—1j-1kzc1 
= 8[/(1, 1, 1) + f(1,1,3) + f(1,3, 1) + £(1,3,3) + f(3, 1,1) 
+ f(3,1,3) + £(3,3, 1) + f(3, 3, 3)] 


& 239.64 
29. Here f(x,y,z) = cos(zyz) and AV = 4-4-4 = 4, so the Midpoint Rule gives 


Wo EnD Y; YY SGT), Z) AV 


= į [cos d + cos & + + cos & 2 + cos & > + cos $ + cos & + cos d; + cos 21] ~ 0.985 


30. Here f(x, y, z) = yz e7”? and AV = 2- 4-1 = 1, so the Midpoint Rule gives 


ts f(a, y,2) dV ~% 3 x 5 ff CEG ze) AV 


I 
"€ 


fasts) t (552) +f ae 
HEBDDI + £3, 25) +£(3 23) +£3.49) 
= gl/8 4 63/8 4 63/8 4 69/8 4 \/3e3/8 4. /369/8 + 3659/8 + 3621/8 w 70.932 


34. E = { (x,y,z) |0 <z € LOXzX1-z0xzxyx2-2z]) 
the solid bounded by the three coordinate planes and the planes 


z—1—72,y-—2-2. 


32. E = {(2,y,z)|O<y<2,0<2<2-y,0<4<4-y}, 
the solid bounded by the three coordinate planes, the plane z = 2 — y, 


and the cylindrical surface x = 4 — y?. 
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33. ZA yA 


2 
x 4 
x -2 
ZA ZA 
i y=4- 47? 1 xc 42-24 
D; 
- » 
0 4 y -2 2 x 


If Dı, D2, Ds are the projections of E on the zy-, yz-, and xz-planes, then 
Dı = {(z,y)| -2< £ < 2,0 <y <4- r’} = {(z,y)|0<y <4, -Vi-y<a< Vi-y} 
Do= {(y,2z)|0<y <4, — Viy < z < 4Vi-g} = { (v, 2) | -1< 2< 1,0 < y <4- 42°} 


Ds = { (x, z) | z? Az? « 4) 


Therefore 
E — (Gy. 2) —2<4<2,0<y<4-2’, bva y<< iyi y} 
= {(@,y,2) [0< y <4, - YZZY S £ < VITI, -iyA-s y 5251-2 -y} 
={(@y,2)|-1<2<1,0 <y <4-42, - YI y- Ag < r< Ay Az) 
= {(e,y,2)|0<Sy <4, -i/f-yzizi/T—y - VIZ y ses V A-y- Ad) 
= (Gua) -25z42,-VA- S < z < VIT, 0 <y <4- g? Az) 
= (G2 -1 <2 <1, -VA- dg < s < VA- A0 y « A- a? — Az?) 

Then 


TII; fasace)ydV = fs ° EA f(x, y, z) dz dy dz 


zd JE vits reu), T6592) de de dy = J, du sd resa fey, z) dedy dz 


Viy VA 422 V/ 4-2? /2 PONO 
= fo J a I ae E009 2) da dz dy = J, f MES o — ^ f(æ,y, z) dydz dz 


E Iud ee f(x,y, 2) dy da dz 
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34. =| » 
D, 
» 
0 2: X 
ZA ZA 
3 3 
D; 
> > 
3 y 0 DNE 


If Dı, D», Ds are the projections of E on the xy-, yz-, and xz-planes, then 


Dı = {(z,y)| -2 <£ <2, -3<y<3} 


D2 = {(y, z) | y? +27 < 9} 


Ds = {(#,z)|-2< £ < 2, —3 < z < 3} 


Therefore 
E= {(x,y,2) -2<£<2 -3 <y <3, -YIT «zx 9-H} 
= {(,y,2)|-3< 953, - VIT «zx yI, -2xo«2) 
= (G2) -3 <z <3, -V9—2 <y<V9-2 -2<2<2} 
= {(æ,y,2)|-2<8 <2 -3< 2 <3, -VITZ <y < VIZ} 
and 


Ait eae )av = f*, [5 IY a Flys? )dz dy dx = f°, f, Is f(x,y, 2) dz da dy 


-2J-3 sed 
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35. i Mi 
4 
(72, 4,0) y= x 
t > 
2 0 2 x 


(2,4,0) 


If Di, D», and Dg are the projections of E on the xy-, yz-, and xz-planes, then 


Di = {(z,9)|-2 <2 < 2,2? <y <4} = {(2,y) |0<y<4,-Vuse< vy}, 


Do= {(y,2)|0<y S4,0<2<52-dyh={y,2)|0<2<2,0<y< 4-22}, and 


5 
l 


{(x,2)|-2<2<2,0<2< 2-430") = (21022, V4 zz < £ 41-22) 


Therefore E =; (x,y,z -2< <22 <y<40<2<2- hy} 


T, Y, Z 


O<y<4 -Vysas Vy0<2<2-4y} 


x,y,z) |0<2520<y<4—% - Vy Xo & vy} 


L,Y, Z -2<0<2,0<2< 2-400? <y< 4-22} 


0<2z<2, -VA-H < e < VAT 2? Sy < 4-22} 


ZY, 


{ (x,y, 2) 
{ (x,y, 2) 
{(x,y,2)|0Sy<40<2< 2-44 -Vyss vy} 
[Gs 2) 
[Gs 2) 
[Gs 2) 


Then SSfn flay) )dV = fie rz Pn v/2 y f(x,y, z) dz dy da = fy SV = u/2 y f(x,y, z) dz dz dy 


E "Eug ` gf(z,y,% ) da dz dy = f° "ad ne g f (2. y. 2) dz dy dz 


= Jao? SE” fou 2) dyde de = fo [reus fon fay, 2) dy de dz 
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ya 
36. z 
2 
x+y—2z=2 
y (2,2,1) 
2 
" (2, 2, 0) xty-2 
x=2 
2 
x 0 D X 


If Dı, D», and Ds are the projections of E on the xy-, yz-, and xz-planes, then 
Dı = {(x,y)|0 <z < 2,2- x <y <2} = {(z,y)|0<y <2,2-y<z<2}, 
D= {(y,z)|0 <y < 2,0 < z < y} = {(y,z)|0 < z < 1,2z < y < 2}, and 


Ds = {(z,z)|0 <x < 2,0 < z < och = {(x,z)|0 < z < 1,2z < x < 2} 


Therefore 


E = 1 (x,y, z) 0<z<2,2—-x<y<2,0<z<4(x+y-2)} 


= {(z,y,2z)|0<y<2,2-y<2<2,0<z< $(e@t+y-2)} 


= {(z,y,2)|0<y¥<20<2< $y,2-y+2z<a2< 2} 


ue 
m 
= 
x 
o 
IA 
x 
IA 
m 
d 
IA 
8 
IA 
N 
ho 
| 
8 
+ 
ho 
N 
IA 
E 
IA 
3 


Tn WWo fay. 2) dV = f2 S2 , fete? (s, y, 2) dzdydz 


= i ds Juri ae f(x,y, z) dz dz dy 
m So ie [S f(x,y,z) dx dz dy 

= fo Jaz fa uaa f(E V, 2) de dy dz 

= d a pub. f (v, y, z) dy dz dx 


= [^ JI: jo ous f(z, Y, 2) dy da dz 
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37. ^ 
The diagrams show the projections 
of E onto the xy-, yz-, and xz-planes. 
Therefore 
fefe do" Henz de dude JSE do S (x ‚y, z) dz dz dy = fo f, ee (z,y, z) dz dydz 
1- 1- 
= fa a7" FÉ. FG, y, z) dude dy = f f^ [7 fv, y, z) dy dz da 
1—z 
e y ts * f(x,y,z) dy dx dz 
38. Zh z=2y— 
i y=1-VJl-z u— 
1 The projections of E onto the 
R xy- and zz-planes are as in the 
first two diagrams and so 
0 1 y 
Joo” fo ^ Fla,y,2) dy dz de = f, e 7 Fla,y,2) dy de de 
1 pl—y pl-z? 1 pl—2 pl—2? 
=h "fo ^ fa.y,z)dzdedy = fo fo" fo” f(x, 2) dz dy de 
Now the surface z = 1 — z? intersects the plane y = 1 — x in a curve whose projection in the yz-plane is z = 1 — (1 — y)? 
or z = 2y — y”. So we must split up the projection of E on the yz-plane into two regions as in the third diagram. For (y, z) 
in F3, 0 € x € 1 — y and for (y, z) in R2, 0 € x € V1 — z, and so the given integral is also equal to 
—V1—z fy z lel 1— 
So Jo So C7 f(x,y,z) de dy dz + Jo Si- Jo” F(@,y, 2) de dy dz 
Qy—y2 p1— 1f1 VI-z 
= E o V fo F(a, y, 2) dz da dy + fo Josue Ju f(x,y, z) dx dz dy. 
39. 


(1, 1,0) 


Jo ood (z,y, z) dadzdy = fff, f(x,y, 2) dV where E = {(x,y,z)|O<z<y,y<e<10<y< 1). 


If Dı, D», and Ds are the projections of E onto the zy-, yz- and xz-planes then 
Dı = {(z,y)|0<y < 1,y <z <1} = {(z,y)|0<r<1,0<y< z}, 


Də = {(y,2)| 0< y < 1,0 < z < y} = {(y,2)|0 < z < 1, z < y < 1}, and 
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D; ={(a,z)|O<a¢<1O0<z<as={(2,z)|0<2<1z<a<l}. 


Thus we also have 


E = {(x,y,z)|0<£<1,0 <y <x, 0<z<y}={(z,y,z) |0 <y <1,0<z<yy<xr<1} 


= {(x,y,z)|0<z<1,z<y<1l,y<zx<1}={(x,y,z) |0<r<1,0<z<z,z<y<xr} 


={(2,y,z)|O<2<1lz<a<lz<yK<z}. 


Then 
SoS, Se EE, yz) dzdz dy = fy fo f f(x y, z) dz dydz = fo fj f, f(x,y, 2) de dz dy 
= [OIL fey.) dx dy dz = fo fg [7 (£y, z) dydzde 
= fo [E fey, z) dy dz dz 
40. 
yA 
1 
R, 
R, 
y=x 
0 1 à » x 


BLRT (x,y, z) dzdzdy = fff, f(a,y,z) dV where E = { (x,y,z) |0 <£ < z,y<z<1,0<y<1} 


Notice that E is bounded below by two different surfaces, so we must split the projection of E onto the xy-plane into two 


regions as in the second diagram. If D1, D2, and D3 are the projections of E on the xy-, yz- and xz-planes then 


1=RiUR={(a,y)|0<e¢<L0<y<a}Uf{(zy)|0<e<la<y<}} 
={(z,y)|0<y<1,y <x <1}U{(z,y)|0<y<1,0< x< yf, 


D2 = {(y,2)|0<y < L, y < z < 1} = {(y,z)|0 < z < 1,0 < y < z}, and 
D3 = {(x,z)|0<£<1,xz <z <1}={(x,z)|0<2z<1,0<xr<z}. 


Thus we also have 


|O<a<10<y<a,r<z<1Uf{(a,y,2z)|0<a¢<la<y<lLy<z<il} 


E = {(z,y, 2) 

={(z,y,z)|O<y<lLy<a<la<z<1U{(a,y,2z)|0<y<1l0<a<yy<z<1} 

= {(x,y,z)|0<2z2<1,0 <y <z, 0<x<z}={(z,y,z) |0 <zr<1,x<z<1,0<y<z} 
( ) 


={(z,y,z)|O<2<10<a¢4<2z,0<y<z}. 


Th 
E Ts So F( x,y,z) dx dz dy = fete be f(x,y, z) dz dy da + BELE f(x,y, z) dz dy dx 
y 


EU Te (x,y, z) dz dz dy + BRR f(x,y, z) dz dx dy 
=f Jo Jo feu ) dz dydz = fo f, So f(x,y, z) dy dz dx 


eq SSE x,y, 2) dy dz dz 
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41. The region C is the solid bounded by a circular cylinder of radius 2 with axis the z-axis for —2 < z < 2. We can write 
ff fo (4 + 52?yz?) aV = fff 44V + fff 5x7y2? dV, but f(x,y, z) = 5x7yz? is an odd function with 
respect to y. Since C is symmetrical about the z:z-plane, we have fff. 5z?yz? dV = 0. Thus 


ff fo (4 + 52?yz?) aV = ff fo 44V =4-V(E) = 4 - n(2)* (4) = 647. 


42. We can write fff, (z? -- siny +3)dV = fff, z? aV + fff, sinydV + fff, 34V. But z? is an odd function with respect 
to z and the region B is symmetric about the xy-plane, so fff B z? dV = 0. Similarly, sin y is an odd 
function with respect to y and B is symmetric about the zz-plane, so fff psinydV = 0. Thus 


fff G?  siny + 3)dV = fff, 34V =3-V(B) 23. $n(1? = 4m. 
43. The projection of E onto the xy-plane is the disk D = { (2, y) |2? +y? < 1}. 


m = fffz p(x, y, 2) dV = ffr Ho ND *3dz] dA = ff, 3(1 2? — y?) dA 
zr 7T-r )rdr do — 3 [77 dé Jor —1°) dr 


-s3[e]; [3n — $i]; = 38 (3 3) = $n 


i ete aes Ar Mu MM E 
su T(r cos0)(1 — r? )rdrd0 — 3 f°" cos 0 d0 fie? — r5) dr 


-s[sne]y [31° - 31°], - 30) 4 - 8) =0 


2100. o 
Mas = fff YPEY, 2) dV = ffo fo ^" 3ydz| dA = ffo 3y(1 — 2? — y?) dA 
=3 f Ja (r sin0)(1— r? )rdr dó — 3 f°" sin 0 dé fo(r? — 14) dr 


-3[-cos0]5" [3 — $5]; 2300 (57 3) =0 


May = fff zm. 2)dV = e A 82 dz] dA = ffo[Sz I ^" dA 
=$ ffol- 2? — dA = 8 f] SETA- r?°)? rdrdó 
= 3 77 do fo(r —2r? +r°) dr = 3 [o]? lir? — ir* + trê] 


= 3 (2m) ($-—5+% i)- in 


Myz Mzz Mz 1 
Thus the mass is im and the center of mass is (7, y, Z) = ( 2a, ; :) = (o, 0, | 
m m m 3 


44m = ft, ËR Adz dz dy = 4 f}, do (1— z) )dzdy — 4 f^, [2 — xig dy —2[^,(1— y*) dy = 38, 


My; = Jai fe ^is 4x dz dz dy = P des (1— z)? dzdy — 2g [-i( (1— zy] curi dy 


-$/50-9)4) = (() = 8: 
[continued] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 15.6 TRIPLE INTEGRALS 1555 


Moz = f^, f17 (17 Aydzdzdy = f^, [ITP 4y(1— z) dzdy 


= =f [4y(1 — y?) — 2y(1 — y)?] dy = jn (2y — 2?) dy — 0 [the integrand is odd] 


1 p1—y? pl—z 1 —y? 1 
Mery ex e y o Az drdzdy = f, ^ d (4z — Az) dzdy 2 2 f^, [1 — y?)? — £0 - y] dy 


45. m = fo fo fo (a? +y? z)dzdydz = fo fs [42° + zy? taz o dydz = fo fo (3 a? + ay? + az?) dy dz 


= a® + ia + ayz o dz = a^ -- a?z dz = afz + a x = ĝa + 30° =q 
= fo [gay + gay? + ay2?] LG ?) dz = [$a'z + $aà^2]; = 507 + 3a =a 
Myz = Jo fo fo [9^ + x^ + 2°)] de dydz = Jy fo [z0 + 5a? q^ + 2°)| dy dz 


ex (i a? 4- za? + 5a°z") dz = ła + ia? = ņa? = Mzz = Moy by symmetry of E and p(x, y, z) 
Hence, (z, Y, Z) = ($a, ia, i5). 
1 pl—ax rl—z—y 1 pl—-a 2 
46. m— fo fo h ydzdydz = fo h ^ [1 — z)y — y^] dy dz 


= fo BO- - 30 -2))]de= 3 f; (0 - a de= X 


el 2 777! ry dz dy dz = To 77 [(z — a?)y — zy?] dy da 


pé COME CP ER i^)dz—i(i-1-$-1)-24 


Mzz EIS pos m y? dz dy dz = fh f, 7 [1 — z)y? — y?] dy dæ 


Mzy — TTA —z I9 yz dz dy dx = ds LE [iy — z — yy] dide 


AT. Tn = fo’ fo fa ka? +. 27) dz dyda = k fo fo (Ly? + 119) dydz =k f, 2L*dz = 2kL? 


By symmetry, J, = Iy =I, = SkL^. 


c/2 b/2 a/2 c/2 b/2 
48. I, = fuus a ud (y? + 27) dz dy dz = ka {© a tut + 27) dy dz 


= = ak [s [sy +z enjem ie dz = ak fa (5 + bz?) dz — ak| 5 e+ 3 32 Ts 


— ak(d5 Dc be )= i;kabc(b? + c?) 


By symmetry, I} = 45 kabc(a? +c?) and I, = 4kabc(a? + b°). 
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9.1. = fff (2? y?) ple, wv, z)daV = ff o k(a? +?) dz] dA= ff k(a?+y?)hdA 


22-4 y? <a? z2-py? Xa? 


= kh fo" fo (r?) rdr dO = kh f?" d0 for? dr = kh(2x) [3r*]o = 2mkh - $a^ = Snkha* 


50. L = [Jfa +y, y, z) dV = ff [impe dz] dA 


z2--y2 «n2 


= ff ka?) (n- VP xv?) dA =k fo" o r?(h—r)rdr do 


x2+y2<h2 
=k fo" do f? (r°h— 14) dr = k(2m) [ith — 1r5]5 = 27k (4h — 1n5) = donkh? 


51. @) m = f^, fo fo" Va? y? dz dydz 


(b) (z, y, Z) where z = if je J~ x 4/r?--y?dzdydz, y = ijf Jj dc y x? + y? dz dy da, and 
Z=% Js De io" z/u? + y? dz dy dz. 


(c) [o e e (x? + y?) a + y? dzdyda = f}; des s (a? + y?)3/? dz dy dx 
52. (a) m = Si D Bs iar V2? + y? + 22 dz dz dy 


(b) (z, y, Z) where z = m mue i= nae qeu cv /z? + y? + z? dz dz dy, 
g= m f [vi Vg lo Viza y Ja F yt F Z dz da dy, 


- V1 oy An ua 
z-m nm MY a Jat Fy + dz da dy 


OB = f* [Me e!) eo by z) dede dy 


0 
53. (à m = fof” [I+ zy z)dzdydz = 32 + M 


O 3.3) = (m^ f le te by +2) dedy de, 
ae hs Vest fo Y +x +y +2) dz dy dz, 
mp vA-a? D (+a+y+2)dedyde) 


= 28 307 +128 45r +208 
~ \ On + 44’ 45s + 220’ 1357 + 660 


PEN qui 68 + 15 
@n=f f [tate bys didus = TTE 
o Jo 0 240 
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54. (a) m = fo fe V? (a? +y?) dzdyde = 8 = 112 


(b) (z, y, Z) where z = E ie I5. pe Pep (a? + y?) dz dy dx zx 0.375, 
J= m! dope 12 t y?)dzdydx = St ~ 2.209, 
z= m pipe [V9 2(0? + y?) de dyde = 18 = 0.9375. 

©) I. = fi SÈ, (V 97 (a? + y?)? dz dy de = 19484 ~ 59.79 


55. (a) f(a, y, z) is a joint density function, so we know f'f[.s f(x,y, z) dV = 1. Here we have 


These) )dV= I Joss f^ f(x,y,z ) dz dy dz: = f° f$ J Cayz dz dy dz 
=C fo zde fy ydy f; 2dz— C[} zr [37], lz #\,= 8c 


Then we must have 8C =1 > C= i 


(b PX LY <1,Z <1) = f! Sin fA. fm y, z) dzdydz = fo fo fo &ayz dz dy dz 


-d foede fo ydy fo zde = Mie [o] B] = 3 = 


1557 


(c) P(X -Y +Z € 1) 2 P((X, Y, Z) € E) where E is the solid region in the first octant bounded by the coordinate planes 


and the plane x + y + z = 1. The plane x + y + z = 1 meets the xy-plane in the line x + y = 1, so we have 
P(X+Y +Z<1)= fff zf(z,y, 2) dV = TI x 79 ityz dz dy dx 
=4 I as ey[iz]77 7" dy da: = i d m zy(l— a — y)? dy dx 
= 5 io EIC — 2z? + z)y + (Qa? — 2a)y? + zy?] dy dx 


-if [(z3 — 22? + a) Fy? + (22? — 22)33? + a(Fy* i ae 177 da 


ES i So (x — 4x? + 6a? — 4x + a?) dz = x33 (35) = zo 
56. (a) f(x,y, z) is a joint density function, so we know ff frs f(x,y, z) dV = 1. Here we have 
SÍ frs f(x,y, z)dV = J JE IET f(x,y, z) dz dy dz = Jo do i5 Qe (9570.2y-0.12) qz dy dx 
= C fE e de fE e dy [P e dz 
E C lim. p c7 952 dx lim f e794 dy lim f e7012 qz 


= C lim [—2e-0 | lim [-5e-9?v]* lim [-10e7 94] 


t—oo ti—oo 123590. 
= C lim. [-2(e 99 = 1)] Jim. [-5(e 79?! = 1)] Jim. [-10(e~°* = 1)] 


= C - (—2)(0 — 1) - (-5)(0 — 1) - (-10)(0 — 1) = 100C 


So we must have 100C = 1 C=. 
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(b) We have no restriction on Z, so 


Pose Love 5, Flay, 2) dz dy da = f] fd foe dge- (0571020912 qz dy dz 


= = M Jo e7057 dx fo e702Y dy f e 914 dz 


P(X <1,Y <1) 


100 JO 
—0.5z]1 —0.2y1l 4. cz 
= ds [2&7], [75e 9]; lim [710-999], oy parc] 
= dg (2- 2e ?*)(5 — 5e-??)(10) = (1— e-99)(1— e79?) ~ 0.07132 


() P(X LY <1,Z <1) = fi fa f a flay, 2) dedydx = fo fo So pe 0979291912 qz dy dz 


is f e 959 dx d e- 929 dy Jo e 912 dz 
Ts [-5e —0. AE [- 10e —0. wl 


ie 7594-792) 99 D 0.006787 


57. V(E) = I? fag = aff zyz dr dydz = 75 ETIN yay f zdz 


o1 BI B BE IU I IE pu 
0 0 


[—2e-9 1 


0 0 


Il 
— 


2 2 2]; 13222 8 


58. The height of each point is given by its z-coordinate, so the average height of the points in 


ve Hh 


:$m(1? = 2« [half the volume of a sphere], so 


vis Sis 2dV = gi P f m ade dy de [IT [BY dy dn 


E = {(z,y,2)|a?+y? +2? <1, z >0}is 


Here V (E) = 


Nir 


II 
= 
Y 
3 
Q 
D 
o 
= 
| 
3 
— 
Q 
3 
Dl 
&le 
~ 
N 
E 
uL 
dle 
3 
N 
Ale 
3 
ME 
| 
NIW 
ny, 
AIH 
x 
| 
olw 


59. (a) The triple integral will attain its maximum when the integrand 1 — z? — 2y? — 32? is positive in the region E and negative 
everywhere else. For if E contains some region F^ where the integrand is negative, the integral could be increased by 


excluding F from E, and if E fails to contain some part G of the region where the integrand is positive, the integral could 
be increased by including G in E. So we require that £? + 25? + 32? < 1. This describes the region bounded by the 
ellipsoid x? + 2y? + 32? = 1 

(b) The maximum value of fff, (1 — x? — 2y? — 32?) dV occurs when E is the solid region bounded by the ellipsoid 


z? + 2y? + 32? = 1. The projection of E on the xy-plane is the planar region bounded by the ellipse x” + 2y? = 1, so 


={(æ,y,2)| -1 <2 <1,-y 40-2) <y < 1a ) <2 <30- a - 25] 


Sle 
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and 
i(1- a2 —2Qy2 ) 
n (1— a? — 2y? — 322) aV = k P m uc 37 spddydciVs. 
x Via) 45 
using a CAS. 


DISCOVERY PROJECT Volumes of Hyperspheres 
In this project we use Vn» to denote the n-dimensional volume of an n-dimensional hypersphere. 


1. The interior of the circle is the set of points { (2, y)|—r<y<r, —r?—y? € x € Vr? —y? k So, substituting 


y = r sin 0 and then using Formula 64 from the Table of Integrals to evaluate the integral, we get 
T a/r2 — y? r 
r)= f 7 dx dy = li 24/r? — y? dy = pu 2r / 1 — sin? 0 (r cos 0 d0) 
Spi NT 7/ 
1/2 2 
= arf " cos? 0 d0 = 2r? [30 + $ sin 26] ars = 2r^ (3) — qr? 


2. The region of integration is 


{(2,y,2) | -r <z <r, -VTZ sys vr -2, /r? — z? Pxsxyr-2s-y] 


Substituting y = vr? — z? sin 0 and using Formula 64 to integrate cos? 0, we get 


ar fre zy? 
da dy dz = 2/7? — 2 — y dyd 
v= o V/r3 22-2 z2 2 " 4 s in un : a d d ^ 


fre 224? 


T 7/2 
i ih aed 
—r4-—m/2 


-2 He ze 2r Ps cos? oa 2 (5) ee = 


3. The formula for 4-dimensional hypersphere is z? + y? + z? + w? = r?°. Here we substitute y = vr? — w? — z? sin and, 


later, w = rsin¢. Because f 2h i cos? 0 d0 seems to occur frequently in these calculations, it is useful to find a general 


formula for that integral. From Exercises 7.1.55—56, we have 


n/2 1-3.5..-. (2k — 1)« 7/2 2.4.6... 2k 
. 2k . 2k+1 
dx = dinz 
i sin^ x dx 24.60 Dk 2 and f sin rdc 13-5. (Qk 4-1) 
and from the symmetry of the sine and cosine functions, we can conclude that 
TUS 7/2 l35bree (2k — 1)r 
2k . 2k 

= = 1 
[oe rdc 2 f sin^“ «dx D IXYG n: 2k (1) 

7/2 7/2 2.2.4.6... 2k 

2k41 . 2k+1 

cos xdr = 2 f sin xz dx = (2) 

jo 0 1-3-5-----(2k4+1) 
[continued] 
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Vr? —w? Vr? wag? r?—w?—z?—y? 
Thus n= fe hs D / dz dy dz dw 
PC) P2 cq /r2 52 72 2 


fre uw? Jr? —w2—22 
r? — w? — 22 — y? dy dz dw 
V r2 w2 V r2 w2 z2 


Jr2—w2 
= Be ne INDE 2 y = vr? — w? — z? sind, 
aff — Ee w^ — z^) cos“ 0 d0 dz dw paa 


[r2 —w? 7/2 
=a I (r? — w? — 2°) dz dw ip cos? 0 d8 
=r V r2—w2 —1/2 


z 1/2 ERES 
-x$) f. se uy au] 2s) f^ rode [ETES a 


T —n/2 
4n 4, 1-3-7 na 
Ue = 
3 2.4 2 
4. By using the substitutions z; — " r?—z2—a32 ,—-.—32 4. 1 cos 0; and then applying Formulas 1 and 2 from 


Problem 3, we can write 
Jr? 22, Vr?-23-22 _ 1-03 yr? -22-22 _, —-- a2 22 
dai dxv2-+-dtn—-1 d£n 
2 2 2 2 2 
Jr? 22, = ME c2 Tn—1 bie Jr r2 Tn—1 eee 


7/2 7/2 7/2 7/2 
=2 j cos? 0 d0; f cos? 03 d03| --- Í cos”! 0, 1d0,.4 T cos" On dôn | r” 
—n/2 7/2 —n/2 —7/2 


71|2-2 1-37][2-2-4 1-3-57 Q--++-(n—2) 1- (n-1)7] n 
[2-7] — —— o ——_ |---| —————— Ss |r n even 
1-3 ua ||1-3-5 2-4-6 1 (n — 1) 2-.n 
m 2-.2||1:3« 2-2-4 lee (n—2)* 2... (n—1) 
PAREN . do: . n 
E EE: Rl E css (n — 1) lees: n T n odd 
By canceling within each set of brackets, we find that 
2m 2m 2m 2n "X (2)^/2 pcs qo Qn mive 
2 4 6 nm 24-6 eee n ($n)! "T 
T (n-1)/ 
(n—1)/2 2^[1 (n — 1) ta-Y/2 
9.20 2m 2n am, | 2(0m)" "'". ue ee DI e J]! r” n odd 
3 5 7 n 3.5.7. mn n! 
5. We need to show that lim V, (1) = 0. We'll consider the cases of n even and n odd separately. 
For n — 2k and r — 1: = aml? n (cats = a 
V,(1) G xd i ; EH 
3”) (3 < 2k) 
Then xm T N T dg T T T — Tî [for k > 3] 
E 2 3 k7 2 3 k 6k 
x? 
ep 0 as k — oo Va (1) — 0 as k — oo for n even by the Squeeze Theorem. 
[continued] 
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For n = 2k + 1 andr = 1: 


2^ [L1 (n — 1y]t r92 2k+1 yk 
pae LEE e ON iMi 
n! (2k +1)! 
2 2 2 2 43 
Go A Lol 2*(k)n 528 ok. 27 _ 2^m [for k > 3] 
3-2 5-4 7-6 (2k + D) 2k) 3 5 2k41  I5(2k41) 
2*5? 
k . 
Bk 1) > Oas k — oo Va (1) — 0 as k — oo for n odd by the Squeeze Theorem 


Thus, lim V,(1) = 


n— oo 


15.7 Triple Integrals in Cylindrical Coordinates 


1. (a) From Equations 1, x = rcosü = 5cos 5 =5-0=0, 
y =rsinf = 5sin 5 = 5- 1 = 5, and z = 2, so the point is (0, 5, 2) in 
rectangular coordinates. 

(b) From Equations 1, x = rcos@ = 6 cos( 4) =6- x2 = 32, 
y=rsind = 6 sin( T) = 6(-2) = —3,/2, and z = —3, so the point 
is (3/2, —34/2, —3) in rectangular coordinates. 

2. (a) From Equations 1, z = r cos 0 = 2cos oz = 2(-#) = -V3, 
y =rsind = 2sin on =2- i = 1, and z = 1, so the point is (-V3, 1, 1) 
in rectangular coordinates. 

(b) ( -2z 5) ? From Equations 1, x = r cos0 = 8cos( 2) = 8(-1i) = —4, 

? 

5 i y=rsind = 8sin( 2) = 3(-) = —44/3, and z = 5, so the point 
N ‘ is (—4, —4vV3, 5) in rectangular coordinates. 

x a y 


3. (a) (4, 4, —3). From Equations 2, we have r? = x? + y? = 4? + 4? = 32, sor = v32. tan0 = Z = $ = 1 and the point 


(4, 4) is in the first quadrant of the zy-plane, so 0 = Ẹ + 2n. Thus, one set of cylindrical coordinates is 


(r,0, 2) = (4v2, a —3). 
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(b) (5/3, —5, V3). r? = (5V3) + (—5)? = 100, sor = 10. tand = ZA = ~ Yq and the point (5/3, —5) is in the 


fourth quadrant of the xy-plane, so 0 = Hz + 27n. Thus, one set of cylindrical coordinates is (r, 0, z) = (10, mi V3). 


. (a) (0, 22,9). r? = 0? + (-2)? = 4, sor = 2. tan = 0/(—2) is undefined and y < 0, so 0 = 27 + 2n. Thus, one set of 


cylindrical coordinates is (r, 0, z) = (2, m. 9). 


(b) (—1, V3, 6). r? = (-1)? + (v37 = 4,sor = 2. tan = E = — y3 and the point (—1, V3) is in the second 


quadrant of the zy-plane, so 0 — a + 2s. Thus, one set of cylindrical coordinates is (r, 0, z) = (2, 2t 6). 


. Since r — 2, the distance from any point to the z-axis is 2. Because 0 and z may vary, the surface is a circular cylinder with 


radius 2 and axis the z-axis. (See Figure 4.) 


Also, £? + y? = r? = 4, which we recognize as an equation of this cylinder. 


. Since 0 = = but r and z may vary, the surface is a vertical plane including the z-axis and intersecting the xy-plane in the line 


AN, 


y — gt. (Here we are assuming that r can be negative; if we restrict r > 0, then we get a half-plane.) 


. Since r? + 2? = 4 and r? = a? + y?, we have x” + y? + z? = 4, a sphere centered at the origin with radius 2. 


.r-—2sinü => r?=2rsind > az?44?-—2y x? + (y — 1)? = 1. z doesn’t appear in the equation, so any 


horizontal trace in z = k is the circle z? + (y — 1)? = 1, z = k, which has center (0, 1, k) and radius 1. Thus the surface is a 


circular cylinder with radius 1 and axis the vertical line x — 0, y — 1. 


. (a) Substituting x? + y? = r? and x = r cos6, the equation z? — x + y? + z? = 1 becomes r? — r cos 0 + z? = 1 or 


z? —1-4rcos0-— r’. 
(b) Substituting x = r cos 0 and y = r sin, the equation z = x? — y? becomes 


z = (r cos 0)? — (r sin 0)? = r? (cos? 0 — sin? 0) or z = r? cos 20. 


(a) The equation 2a? + 2y? — z? = 4 can be written as 2(z? + y?) — 2? = 4 which becomes 2r? — 2? = 4 or 2? = 2r? — 4 
in cylindrical coordinates. 
(b) Substituting x = r cos 0 and y = r sin 0, the equation 2x — y + z = 1 becomes 2r cos 0 — r sin 0 + z = lor 


z = 1 + r(sin — 2 cos 0). 


ZA z=r? & z= r° +4, a circular paraboloid opening upward with vertex the origin, 
and z = 8- r? z = 8 — (a? + ?), a circular paraboloid opening downward with 
vertex (0, 0, 8). The paraboloids intersect when r° = 8 — r? r? = 4. Thus 


r? < z < 8 — r? describes the solid above the paraboloid z = z? + y? and below the 


paraboloid z = 8 — z? — y? fora? +y? < 4. 
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12. z=r=/x? + y? is a cone that opens upward. Thus r € z < 2 is the region above 
this cone and beneath the horizontal plane z = 2.0 <0 < E restricts the solid to that 


part of this region in the first octant. 


13. We can position the cylindrical shell vertically so that its axis coincides with the z-axis and its base lies in the xy-plane. If we 
use centimeters as the unit of measurement, then cylindrical coordinates conveniently describe the shell as 6 < r < 7, 


0<0<27,0<2z< 20. 


14. In cylindrical coordinates, the equations are z — r? and z — 5 — r?. The 


curve of intersection is r? = 5 — r°? or r = /5/2. So we graph the surfaces at 

in cylindrical coordinates, with 0 < r < /5/2. In Maple, we can use the z 
coords=cylindrical option in a regular plot3d command. In 2T 

Mathematica, we can use RevolutionPlot3Dor 

ParametricPlot3D. Ard 1 0; 


15. (a) In cylindrical coordinates, the region can be described as E = {(r,0,z) |O £r «x 1,0x0m,0xzx2- r?Y. 


Thus, fff ,(z? -- y?) av = fr Ju ae r°? - r dz dr dé. 
m pl p2—r? m pl a eee m pl 
e f Í f dzdrdo= f f r’ BH ar ao = f f -drao 
o Jo Jo o Jo z=0 o JO 
E 1 =r [rt r6] n 
=| do] (2r°-r°)dr=|0 J=- = 
ee ol ee e 


16. (a) In cylindrical coordinates, the region E is bounded above by the paraboloid z = 6 — r? and below by the cone z = r. 
The paraboloid and cone intersect when 6 — r? =r => r?+r—6=0 = r=2(r>0),s0 the region can be 


described as E = {(r,0,z) |0<0<27,0<r<2,r<2<6-—r’}. Then 


Sfp (ey) dV = ii J p rcos@-rsin@-rdzdr dé. 


page? 
(b) i Js fo r? cos @sin 0 dz dr d0 = ? 13 cos 0 sin @ BH dr d0 


2m 
T 0 0 "n 
2m (2 : 
= [y fo T° cos0sin0 (6r? — r^ — r?) dr d0 


= f?" cos0 sin6d0 f? (6r? — r* — r*) dr 2 0- f? (6r? — r* — r*)dr— 0 


17. The region of integration represents the solid enclosed by the paraboloid z — r?, 


(z = zx? + y’), below the plane z = 9 in the second and third quadrants. 


a js f r dz dr d0 = D Jo [rz] zo» dr d9 = es So (9r — r*) dr d6 


3 
= 2M dé nis (9r r?) dr — zin 5 Sin 
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18. The region of integration is given in cylindrical coordinates by 


E = {(r,0,z)| 0 < 0 < 27,0 < r < 2,0 < z < r}. This represents the solid 
region enclosed by the circular cylinder r = 2, bounded above by the cone 


z = r, and bounded below by the xy-plane. 


So de” fa rdzdodr = f SE [rz], d0 dr = fF fo" r^ do dr 


= for? dr o 8 = [r] [0]; = $ -2m = m 


19. In cylindrical coordinates, E is given by M [0x0x2m,0€r€4,—5 € z € 4). So 


Jf VFF AV = fo” Io Sés Vr nde dr do = fo” dà fo r^dr f$; dz 


= ds [srJo [4] 5, = (2m) ($) (9) = 3847 


20. The paraboloid z = x? + y? = r? intersects the plane z = 4 in the circle x? + y? = 4orr? = 4 r = 2, so in 
Pp y P 


cylindrical coordinates, Æ is given by {(r, 0, z) | 0<0<27,0<r<2rr<z<4 }. Thus 


fff 24V = JP" R Sile) rdzdr do = Ae 2? 77, dr d6 


Qn p2 1,5 m 1,,6]2 
= fo Jo (8r — 4r") dr do = «7 dO fo (8r — $r") dr = 2n [4r? - ir^], 
= 2n (16 — 19) = Sn 
21. The paraboloid z = 4 — x” — y? = 4 — r? intersects the xy-plane in the circle z? + y? = 4orr? = 4 r = 2, so in 


cylindrical coordinates, E is given by {(r, 0, z) | 0<0<7/2,0<r<2,0<2<4-r }. Thus 


Sif, (£ +y+z)dV = qq n (r cos0 + r sin0 + z) r dz dr dé 
m [r? (cos 0 + sin0)z + $ inp dE dr d0 


2 =P RK [(4r? — r*)(cos 6 + sin 0) + $r(4—r)?] dr de 


= ae [(4r° — £r?) (cos 0 + sin 0) — 4- r do 


= [s [25 (cos 0 + sin 0) + 1$] d0 = [$ (sin 0 cos 0) + + 38g 
64 


= #(1-0)+#.4-#(0-1)-0=8n+8 


22. In cylindrical coordinates E is bounded by the planes z = 0, z = r sin 0 + 4 and the cylinders r = 1 and r = 4, so E is given 
by {(7,0,z)|0<0<27,1<r<4,0<2z<rsin@ + 4}. Thus 


fffz (@-—y)dV = es ick rsin Ott (h cos@ — rsin 0) r dz dr d0 = 4 te (r? cos 0 — r? sin 0) [ z ]275 9^ 9** dr d0 
oh (r? cos — r? sin@)(r sin + 4) dr d0 


f? pr (sin 6 cos 0 — sin? 0) + Ar? (cos 0 — sin 0)] dr do 


= pe [ir^ (sin 0 cos0 — sin? 0) + $r’ (cos 0 — sin0)]^- E d 
= a [ (64 — +) (sin @ cos 0 — sin? 0) + (23$ — $) (cos0 — sin 0)] d0 


= HS [223 (sin 0 cos 0 — sin? 0) + 84(cos 0 — sin 0)J do 
= [732 (i sin? 0 — (30 = ; sin 26) ) + 84 (sin 0 + cos 0)] 2s 255 (3) + 84(1) — 0 — 84(1) = 255 3 
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23. In cylindrical coordinates, E is bounded by the cylinder r = 1, the plane z = 0, and the cone z = 2r. So 


= {(r,0,z)|0<0<27,0<r<1,0<2z< 2r) and 


fTfzm dV = f Abus 2r 22 cog? 0rdzdrd0 = f?" fi [r? cos 0z]- ?" dr do = 
= f" [2r® cos? oa do = 2 


i Te 2r* cos? 0 dr d0 
$ " cos? 0 d0 = 


0 


2m — Qn 


2 (27 1 (1 + cos 20) dd = L[0 + 1 sin 26] = 


24. In cylindrical coordinates E is the solid region within the cylinder r = 1 bounded above and below by the sphere r^ + z^ = 4, 
so E = { r,0,z)|0<0<227,0<r<1,-V4-r?2<z< V4 — r?) Thus the volume is 


Wp aV = Jo" fo [V de dr do = f?" f; 2r /4— 7? dr d 


d0 fj 2r VE=1? dr = 2n|—2(4 


1 
r jur = &n(8 — 33/2) 


cone and the sphere intersect when 2r? 


25. In cylindrical coordinates, Æ is bounded below by the cone z = r and above by the sphere r^ + 2“ = 2 or z = V2 — r?. The 
2 


T 


and the volume is 


1,so E = { (r,0,z)| 0 < 0 < 27,0 <r < 1,r <z < V2=r?} 
SS Se aV =o" fe 2-7? ndz dr d8 = K rz] ay? ? dr dé = e so (r/2-r2- 7? ) dr d0 

1 
r?) dr = 2n | 3(2 r2)5/2 ie 


0 
= 2n (—$) (1 +1 — 29/2) = —2n (2 — 2/2) = $n (V2 - 1) 


do fè (rV3—72 


26. In cylindrical coordinates, E is bounded below by the paraboloid z = r^ and above by the sphere r^ + z^ = 2 or 
z = V2 — r?, The paraboloid and the sphere intersect when r? + r* 22. => — (r? c2)(n? — 1) 20 
E={(r,0,z)|0<0< 27, 0< r < 1, r? <z < /2— r? | and the volume is 
[ff aV = fd" (1 (Y? rdzdrde = 


r — ],so 


cs [rz] zor? 


S andes a7 fo (r/2— 1? — r°) dr do 
d 


27. (a) In cylindrical coordinates, Æ is bounded above by the paraboloid z = 24 — r^ and below by 


the cone z = 2V? or z = 2r (r > 0). The surfaces intersect when 
24-7? 22r => r?+2r-24=0 > 


(r+ 6)(r — 4) 20 
E {(r,0 z)|2r < z < 24— r?,0 <r X 4,0 0 € 2) and the volume is 


P dV e 24 — 72 


2m r4 
ini r dz dr d0 = fó Io 
= In [12r? — ir^— 8 


r = 4, so 


r (24- r? — 2r) dr d0 = 
3 
a’ 73 


273)" = 27 (192 — 64 — 228) = 824 


dé is (24r -r3 — 2r°) dr 
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b) For constant density K, m = KV = rK from part (a). Since the region is homogeneous and symmetric, 
ty p 


Myz = Mz- = 0 and 
= did pu EUMD d r[ 427] 2247 dr dO 


2r 2 z—2r 


K f?" [^ r[((24 — r?°)? — 4r?] dr d0 = £ f?" ao f° (576r — 52r? + r5) dr 


= K(94)|288r? — 13r4 + 1,9]^ = mK (4608 — 3328 + 2048) = 58885. y 
2 6 0 3 3 


Thus (2,7,2) = (Ze, Maz Ma) Nu (o. 0 muse = (0,0, 28). 


27 Ta qm > 5127 K /3 


1/2 


28. (a) V = [72 ey nd dr d0 (b) 


= 4 f? paces? SNP e dz dr dg ; 
cup a cos ,, Ja? — r? dr dO ERE 
2/2 r=a cos 0 E 
--4 ue [(a? ao ie do 0 S 
= 1 we [(a? — a? cos? 9)3/? — a?) do Et 
_ i Ma (C ani DUE a°] do x N z ji 
0 9. 
= —4 (7? (a? sin? 0 — a?) d ! ae 
3 7/2 
rue [sin (1 — cos? 0) — 1| do 
3 Jo 
4a? 4a? 


Sees [— cos 0 + 4 cos? 0 9|? 3 (-£ + 2) = Za? (3r — 4) 


To plot the cylinder and the sphere on the same screen in Maple, we can use the sequence of commands 
sphere:=plot3d(1,theta=0..2*Pi,phi=0..Pi,coa@ds=spherical): 
cylinder:-plot3d(cos(theta),theta--Pi/2..Pi/2,z--1..1,coords-cylindrical): 
with(plots): 
display3d({sphere, cylinder}) 
In Mathematica, we can use 
sphere=SphericalPlot3D[1,{phi,0,Pi}, {theta,0,2Pi}] 
cylinder=ParametricPlot3D[{(Cos[theta]) ^2,Cos[theta]*Sin[theta],2, 
{theta,-Pi/2,Pi/2},{z,-1,1}] 

Show[sphere, cylinder] 

29. The paraboloid z = 4x” + 4y? intersects the plane z = a when a = 4x” + Ay? ora? + y? = ia. So, in cylindrical 


coordinates, E = ((r,6,2) | D € r € 3/a,0 < 0 € 2x, 4r? < z < a}. Thus 


2r pVJa/2 pa 2m pVJa/2 
m= f j Krdzdrdó =K | T (ar — 4r?) dr dO 
o Jo 4r? o Jo 


2T =z 2T 
= xf [ar — r] ene d0 = xf ia? d0 — ia^nK 


[continued] 
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Since the region is homogeneous and symmetric, M,, = Mzz = 0 and 
2» pJa/2 2n Ted 
May f ji ,Krededra- Í E. (Za?r — 8r?) dr d0 
4r? 
T sal Qn 
=K f [icr - 89] 3" s-K[ h dO = dan K 


Hence (z, Y, Z) = (0, 0, 2a). 
30. Since density is proportional to the distance from the z-axis, we can say p(x, y, z) = K Ja? + y?. Then 
de Siri r dzdr dð = 2 f°" (* aree Kr? dzdr dó = 2K f" (7 1? /a? — r? dr d6 
ep [ir(2r? — a?) Va? — r? + Sa^ sin^ !(rfa)] — o d9 OR [($a*) (3)] 40 2 a^? K 


31. The region of integration is the region above the cone z = 4/z? + y?, or z = r, and below the plane z = 2. Also, we have 


—2 € y € 2 with —4/4 — y? € x € J/4 — y? which describes a circle of radius 2 in the xy-plane centered at (0, 0). Thus, 


2m 2m 
f. [od ir S „77 dz dz dy = / [f« (r cos 0) )erdzdndo = | [fre (cos 0) z dz dr d0 


E A 7 fa r? (cos) [42 JE ? dr do = i B 7 fe r? (cos) (4 — r°) dr d0 
elg o cosÓ dO fe (4r? — rf) dr = 1 [sin 6]5” lár? - tr]? =0 


32. The region of integration is the region above the plane z = 0 and below the paraboloid z = 9 — xz? — y”. Also, we have 


—3 < x € 3 with 0 € y < V9 — x? which describes the upper half of a circle of radius 3 in the xy-plane centered at (0, 0). 


Thus, 
3 9-72 9—2? —? m p3 p9—r? m r3 p9—r? 
f f / v8 dzdydr= [ / Vr rdsdrdo = Í E r? dz dr dO 
-3 Jo 0 o Jo Jo o Jo Jo 


= Ju e r? (9 = r?) dr d0 = Js do qu (9r? = r^) dr 
E [9]; [3r? 1,5)? T (81 222) 162 7 


33. (a) The mountain comprises a solid conical region C. The work done in lifting a small volume of material AV with density 


g(P) to a height uu above sea level is h(P)g(P) AV. Summing over the whole mountain we get 
W = ff fc hCP)g(CP) av. 
(b) Here C is a solid right circular cone with radius R = 62,000 ft, height H = 12,400 ft, 


and density g(P) = 200 lb/ft? at all points P in C. We use cylindrical coordinates: 


—R(ü-z H-z 
W = fg (E SECT z- 200r dr dz do = 2r fË 2002 [4r] RO dz 
H 2 H 2 3 
R z\2 2 2z z 
= 400" | 25 (1 =) dz = 2007F? | (- = = Z3 z 
R 
2 3 4 1H 2 2 2 
= 2007 R? -i um -xo ( - 25 +7) r_H-~z_, z 
2 3H | 4H? |, 3 4 a aa H 


= rR? H? = 39(62,000)? (12,400)? ~ 3.1 x 107? ft-lb 
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DISCOVERY PROJECT The Intersection of Three Cylinders 


1. The three cylinders in the illustration in the text can be 
visualized as representing the surfaces x? + y? = 1, 
z? + 2% = 1, and y? + z? = 1. Then we sketch the solid 
of intersection with the coordinate axes and equations 
indicated. To be more precise, we start by finding the 


bounding curves of the solid (shown in the first graph 


below) enclosed by the two cylinders z? + 2? = 1 and 


yt2=la=+y=—4+V1— z? are the symmetric 


equations, and these can be expressed parametrically as x = s, y = +s, z = +y 1 — s?, —1 € s < 1. Now the cylinder 


x? + y? = 1 intersects these curves at the eight points (t +, +45) . The resulting solid has twelve curved faces 


bounded by “edges” which are arcs of circles, as shown in the third diagram. Each cylinder defines four of the twelve faces. 


2. To find the volume, we split the solid into sixteen congruent 
pieces, one of which lies in the part of the first octant with 
0 x 0 € 4. (Naturally, we use cylindrical coordinates!) 


This piece is described by 
[f(r6&2)|0zrz10x0exz,0xzxv1-a?], 


and so, substituting x = r cos 0, the volume of the entire 


solid is 


V=16 a ear fus r dz dr d0 


= 16 7 f! v VT — r? cos? 6 dr d0 


= 16 — 8 V2 = 4.6863 
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3. To graph the edges of the solid, we use parametrized 


curves similar to those found in Problem 1 for the 


intersection of two cylinders. We must restrict the 
parameter intervals so that each arc extends exactly to 


the desired vertex. One possible set of parametric 


equations (with all sign choices allowed) is x 
r—r,y-—trnz-ctyl-r?, dS ETE 5 
z= +s, y = +V1- 32, z = 5,- <s < NL 
r=+4V/I Ë, y=t z=, -4 Sts}. Ji 


4. Let the three cylinders be z? + y? = a?, 2? + 2° = 1, and y? + 2? = 1. 

Ifa < 1, then the four faces defined by the cylinder z? + y? = 1 in Problem 1 collapse into a single face, as in the first 
graph. If 1 < a < v2, then each pair of vertically opposed faces, defined by one of the other two cylinders, collapse into a 
single face, as in the second graph. If a > 4/2, then the vertical cylinder encloses the solid of intersection of the other two 
cylinders completely, so the solid of intersection coincides with the solid of intersection of the two cylinders x? + z2? = 1 


and y? + z? = 1, as illustrated in Problem 1. 


If we were to vary b or c instead of a, we would get solids with the same shape, but differently oriented. 


a=0.95,b=c=1 a=1.1,b=c=1 


5. Ifa < 1, the solid looks similar to the first graph in Problem 4. As in Problem 2, we split the solid into sixteen congruent 


pieces, one of which can be described as the solid above the polar region { (r, 0) | 0 € r < a, 0 < 0 € Ẹ} in the zy-plane 


and below the surface z = /1— x? = v1 — r? cos? 0. Thus, the total volume is V = 16 jus Jo y 1 — r? cos? 0r dr dé. 
Ifa > landa < V2, we have a solid similar to YA 


the second graph in Problem 4. Its intersection 


with the xy-plane is graphed at the right. Again we 


split the solid into sixteen congruent pieces, one of 


which is the solid above the region shown in the ET 


second figure and below the surface z = y1 — x? = 1 — r? cos? 0. 


[continued] 
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We split the region of integration where the outside boundary changes from the vertical line x = 1 to the circle 
xr? +y? =a? orr =a. R, isa right triangle, so cos 0 = i. Thus, the boundary between R: and Rz is 0 = cos! (+) in 


polar coordinates, or y = va? — 1 z in rectangular coordinates. Using rectangular coordinates for the region Rı and polar 


coordinates for R2, we find the total volume of the solid to be 


1 V a2—1a n/4 a 
Í f VI-a dyde + | f y1 — r? cos? 0r dr d0 
o Jo 0 


cos-1(1/a) 


V —16 


If a > V/2, the cylinder z? + y? = 1 completely encloses the intersection of the other two cylinders, so the solid of 
intersection of the three cylinders coincides with the intersection of x? + 2? = 1 and y? + z? = 1 as illustrated in 


Exercise 15.5.26. Its volume is V — 16 d fo. V1 — a? dy da. 


15.8 Triple Integrals in Spherical Coordinates 


1. (a) From Equations 1 with (p, 0, à) = (2; an F) 
= * = v gr 3T 2 
pm x = psinócosó = 2sin 3 cost = 2(1) ( 3)- V2, 
y = psinósin0 = 2sin 3 sin 32 = 2(1) (32) = V2, and 
z = pcos ó = 2cos 5 = 2-0 = 0, so the point is (-v2, V2, 0) in 
rectangular coordinates. 
(b) (4-32) d From Equations 1 with (p, 0, à) = (4, -$,1) 

a 

m 

S x = psinócosÓ = 4sin $ cos (- £) 4 (2) (4) = v2 

i EE 

ce ea y = psingsind = 4sin Ẹ sin (- 8) = 4 (32) (-4) = — 6, and 
z = pcos ó = 4cos 5 = 4(2) = 24/2, so the point is 
(V2, — v6, 2/2 ) in rectangular coordinates. 

Z^ i i LÉ(5 m 
2. (a) (5, 4.2) From Equations 1 with (p,0,¢) = (5, 5,2). 
E 
wt z = psin¢cosé = 5sin $ cos = 5. Y3.0— 0, 
Xu UM 
$ 7 i eiu d RR ET REC 
TE | y = psinósinü = 5sin $ sin $ =5-+-1= =, and 
x i = m owe they TERES: E 5v3 ; 
e aa z = pcosó = 5cos $ = 5- 5 = 5, 50 the point is (o. 83,8) in 


rectangular coordinates. 
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(b) ^ From Equations 1 with (p, 0, ¢) = (6, 0, St), 


5z 
= - —6.1.]= 
Tee ee x = psin ġ cos 0 = 6sin = ; cos0 =6-5-1=3, 
d a 


y= psin dsin 6 = 6sin 32 sin0 = 6- $ 5:0 = 0, and 


z = pcos = 6 cos 27 -e(- x) = —34/3, so the point is 


(3,0, -3V3). 
é 
(6, 0, 3) 
3. (a) From Equations 1 and 2 with (x,y, z) = (3,3,0), p = /v?2 + y? + 22 = V32 4-3? +02 = 3/2, 
E 0 x 3 1 T 
cos 0 = and cos @ = — 0 since z > Oand y > 0]. 
: p 3y3 $73 psinó 3/2 V2 4 | y» Ol 


Thus, spherical coordinates are (3/2, 3 $a £). 


(b) p = /12 + (-V3)? + 2V3)? = 4, cosó n P $= T, and 
cos? = —— = — = 2-2 [since x 0 and y < 0]. Thus, spherical coordinates are (4 -7 z) 
| psinó  4sinf 2 BEES s : veh Me VERDE 


4. (a) p = /02 + 42 + (C4)? = 4V2, cos : = 3 o 27. and 


x 0 T 
cos) = — = =0 d= since y > 0]. Thus, spherical coordinates are (4,/2, Z, 37). 
psinó — 4y/2sin 32 2D y ( P) 
2/6 V3 
b) p= —2)2 + 22 + (2/6)? = 4V2, cos : 7, and 
© p = y2) (2v6) gaia Dea > g 
pos pS —— = ae ! 0 = 3£ [since x < O0 and y > 0]. Thus, spherical coordinates are 
psinó — 4 2sin $ /2 B i ` pup 


(4/2, Fg): 


5. Since ¢ = at but p and 0 can vary, the surface is the bottom half of a right circular cone with vertex at the origin and axis the 


negative z-axis. (See Figure 4.) 


6. P -—3p+2=0 (p—1)(p—2) =0 p — 1 or p = 2. Thus the equation represents two surfaces. In the case 
p = 1, the distance from any point to the origin is 1. Because 0 and ¢ can vary, the surface is a sphere centered at the origin 


with radius 1. (See Figure 2.) Similarly, p — 2 is a sphere centered at the origin with radius 2. 


Also, p = 1 p-1 x? + y? + 2? = 1 which we recognize as the equation of the unit sphere, and similarly, 


p=2 p?=4 ety tz? =4, 


7. From Equations 1 we have z = pcos¢,so pcosó — 1 << z= 1, and the surface is the horizontal plane z = 1. 
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8. p = cosó p -—pcosó & ryt? =z 6 r? +y +z? z+} e az? +y? -- (2 — 4) E 


Therefore, the surface is a sphere of radius 3 centered at (0,0, 1). 


9. (a) From Equation 2 we have p? = £? + y? + 22, so 3? +y? +2? — 9 p =9 p — 3 (since p > 0). 


b) From Equations 1 we have x = psin $ cos0, y = psin ġsin 0, and z = pcos 4, so the equation x? — y? —22 = 1 
q p y=p p q y 
becomes (psin ¢ cos 0)” — (psinósin0)? — (pcosQ)? =1 © (po?sin?$)(cos?0 — sin? 0) — p? co? —1 e 


p? (sin? $ cos 20 — cos? ¢) = 1. 


10. (a) x = psin$ cos, y = psin ọsin 0, and z = pcos à, so the equation z = a? + y? becomes 
p cos à = (psin $ cos0)? + (psinósin0)? or pcos¢ = p? sin? ¢. If p Æ 0, this becomes cos ¢ = psin? ¢ 
or p = cos csc? ó or p = cot ó csc ¢. (p = 0 corresponds to the origin which is included in the surface.) 

(b) The equation z = x? — y? becomes p cos ¢ = (psin $ cos0)? — (psin ¢ sin 0)? 
or pcos 9 = p? (sin? $)(cos? 0 — sin? 0) < pcosó = p? sin? $ cos20. If p Æ 0, this becomes 
cos à = psin? $ cos 20. (p = 0 corresponds to the origin which is included in the surface.) 
11. p < 1 represents the (solid) unit ball. 0 € ¢ < @ restricts the solid to that ZA 


portion on or above the cone ó = 4, and 0 < 0 < m further restricts the 


solid to that portion on or to the right of the xz-plane. 


12. 1 < p < 2 represents the solid region between and including the spheres of ZA 
radii 1 and 2, centered at the origin. $ < $ < m restricts the solid to that 


portion on or below the xy-plane. 


13. 1 < p < 3 represents the solid region between and including the spheres of 
radii 1 and 3, centered at the origin. 0 < ¢ < 5 restricts the solid to that 
portion on or above the xy-plane. m < 0 < 3a further restricts the solid to 


the portion over the third quadrant. 
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14. p < 2 represents the solid sphere of radius 2 centered at the origin. Notice 
that z? + y? = (psin $ cos0)? + (psin $sin0)? = p? sin? à. Then 
p—cscó => psinj—l1 => p?’sin? g= xr? +y? = 1,s0 p € cscó 


restricts the solid to that portion on or inside the circular cylinder 


re +y =l. 
p=2 
15. z?--y? +2? = 4z e r? +y +z? -4+4 x? +y? + (z — 2)? = 2?, which is a sphere with radius 2 
centered at (0, 0, 2). In spherical coordinates, we have p? = 4pcosd < p? — 4pcoso = 0 p — 0 or p = 4cos $, 


so "inside the sphere" is described by 0 < p < 4cos 9. The cone z = y £? + y? (see Figure 15.7.13) is described by ¢ = 4, 


[13 bd A Il - T T 
so “outside the cone” is described by 7 < o < 5- 


16. (a) The hollow ball is a spherical shell with outer radius 15 cm and inner radius 14.5 cm. If we center the ball at the origin of 
the coordinate system and use centimeters as the unit of measurement, then spherical coordinates conveniently describe the 


hollow ball as 14.5 < p < 15,0 <0 < 2r, 0< <T. 


(b) If we position the ball as in part (a), one possibility is to take the half of the ball that is above the xy-plane. This restricts o 


from 0 to 7/2 and the hemisphere can be described by 14.5 < p< 15,0<0<27,0<¢< 7/2. 


17. É The region of integration is given in spherical coordinates by 


p Ns E={(p,0,¢)|0<p<3,0<60< 7/2, 0x o X 1/6}. This represents the solid 


region in the first octant bounded above by the sphere o — 3 and below by the cone 
o=7/6. 


[1/9 [7/7 fo pr sinódpd0dó = f; sinódó f7^^ do fÈ p? dp 


= [- eos] [017^ [el 


18. The region of integration is given in spherical coordinates by 


E={(p,0,¢) |0<p<sec¢d,0<0<27,0<¢< n/A). 
p-—secó & pcosd=1 & z=1,s0 Lis the solid region above 
the cone ¢ = 7/4 and below the plane z = 1. 


T0 2x psecd p? sin ó dp dé de - n/4 r2m [4p? sin 9|^ 7? d0 do 


o Jo Jo o Jo p=0 
mw/4 p2r 1 3 s: 
= Jo o ssec sing dé do 


=; 9 sec? ósin ó dọ i dó = 4 jee tan $ sec? ddd Js d 
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19. The solid E is most conveniently described if we use cylindrical coordinates: 


E-((n62|0€0x2,0xrx3,0€z x 2). Then 
IT F(Y) y espe. T f (r cos, r sin0, z) r dz dr dé. 


20. The solid E is most conveniently described if we use spherical coordinates: 


E = {(p,0,0)|1<p<2, $<0<27,0<¢< Z). Then 
SS fn flay) e. d d f(psin $ cos 0, psin ó sin 0, p cos à) p? sin ¢ dp dé dq. 
21. (a) The solid can be described in spherical coordinates by E = {(p,0,¢)|2<p<3,3<0< 32,2 « ó E m). 


1252 
Thus, fff p+ +27 dV = J", [274 [5 p p^ sinódpd6 do. 


(b) uA Tou : p sin ¢ dp d0 dé = ira sin 9 dọ Js dé ies p? dp 
p=3 


M =r 0=37/2 | p* = 1 | 657 
x |- cos | a [e| que B ah (1)(m) - z(81 - 16) = #7 


22. (a) The solid can be described in spherical coordinates by E = {(p,0,¢) | 0 < p < 2/20 x0 €21,0€ 9 € iL 


Thus, fff ,cydV = qp 7 (2%? sind cos - psin $ sin Ó - p? sin ¢ dp dé dà. 


(b) TOC E AN2 pi sin? $ cos 6 sin 0 dp d0 dó = Tut sin? ddd d^ cos 0 sin 0 do (2? ? o dp. Since 


fe" cos 0 sin 0 d0 = i a sin 20 d0 = i [-i cos 20] —— i (1 — 1) = 0, the original iterated integral equals 0. 


23. In spherical coordinates, B is represented by {(,0,¢)|0< p < 5,0 < 0 € 21,0 € o < r}. Thus 


fffg( 9? -2y4av - [7 a atat) o sin dp dé dó = [jj sin ó dọ fe” do ig p? dp 
[- cos]; [0] [$e]; = Q0) (38) 


= 8129004 2; 140,249.7 


24. In spherical coordinates, E is represented by ((p,0,0) | < p < 1, 0€ 0 < 27, 0 € $ € £ }. Thus 


Tithe y2dV = qmm zs (p sin $ sin 0)? (p cos $)? o? sing dp d0 do 
= os sin? $ cos? $ d$ T sin? 0 d0 J p? dp 


= meade — cos? ¢) cos? o sin à do E +(1 — cos 20) ) do fo p^ dp 


= [Ecos à — 4 cos? d]; [0 — 1sin26] [207]; 
-BO -iG - 143] - 9G -9 = dn 3m elis 


25. In spherical coordinates, E is represented by ((5,0,90)|2 < p € 3,0 <0 € 21,0 € à X v ) and 


r? +y? =p’ sin? $ cos? 0 + o? sin? o sin? 0 = p? sin? à (cos? 0 + sin? 0) = p? sin? ¢. Thus 


[continued] 
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fffz(? +y’) dV = JT ni Re sin? ¢) p? sin $ dp d0 dé = Jo. sin? ddd i do i p^ dp 
Set (1 — cos? à) sin ¢ dọ [0 la ee [1597 = = |- cos + $ cos? o] o (2m) - (243 — 32) 


= (1-4 +1- 4) ODP) = ge 


26. In spherical coordinates, E is represented by ((0,0,0)|0 < p<3,0<0<7,0<¢< 7}. Thus 


fffz s? 4v =f Jo (psin ó sin 6)? p? sin ¢ dpd0 dọ = fF sin? ddd ile sin? 0 d0 i p dp 
= fr ( (1 — cos? à) ) sinódó f; $(1— cos20) )d0 f; p^ dp 
= |- cos à + $ cos? $^ [$(0 — 5 sin 20)]7 [30°]; 


= (3 + 3) (27) (5(243)) = (3) (5) C9) = 757 


27. In spherical coordinates, E is represented by (o, 0,¢) | O<p<10<0<F,0<¢<F }. Thus 


oe ze" tH +" dy = Tu ae f (psin cos e^" p? sin $ dp d0 do = is sin? ddd je cos 0 d0 ir pe?” dp 


1 
= Hi 3 (1 — cos 2¢) dd JZ” cos do ez zl — fi pe” 2 
0 


[integrate by parts with u = p°, dv = pe?” dp) 


= [żġ-— 1 sin 20] 7” [sin 0]7/? [ipe je] E (4 0) (1 — 0) (0 | i) =¢ 


28. In spherical coordinates, the cone z = 4/2? + y? is equivalent to ¢ = 7/4 (as in Example 4) and E is represented by 


{(p,0,6)|1<p<2,0<0< 2r, 0< ¢< 7/4}. Also a? + y? + 22 = \/p? = p, so 


Sn Ve Fy? + aV = K1 SE [? p. p? singdpdd dd = [7^ sinódó f?" do f? p? dp 


= [- cosl [0]; eli = (738 +1) Q0: 406-1) = n (1 - 32) 


29. The solid region is given by E = ((5,0,9) | OD < p € a,0 < 0 € 2r, £ X ó € £ ) and its volume is 


V= fffz dV = [7/2 Jo” R 0? sind dp d0 do = [7/ sinódó J)" d0 fy p? dp 


= [- eos 417/3 (613" [367]; = (-3 + 8) (2m) (fa?) = Ea? 


30. If we center the ball at the origin, then the ball is given by 


B —((p,0,0)| 0€ p<a,0< 0 € 27,0 € à X v) and the distance from any point (x, y, z) in the ball to the 


center (0, 0, 0) is / x? + y? + z? = p. Thus the average distance is 


padlega [D rr 
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31. (a) Since p = 4cos¢ implies p? = 4pcosd6 €» a?-y?-z?—4z e aw? +y?4+(z—2)? = 4, the equation is that of 


a sphere of radius 2 with center at (0, 0, 2). Thus 


T (m cos 2m (m 4cos Qn pm 5 
Va ER is ? p? sinó dpdó dd = f; ae [eee S ° sinódéd0 = fi 1/2 ($4 cog? 9) sin ó dọ dO 


= fo" [£ costg] $="? do = fo" —:8 (3. 1) d9 = se|" = 107 
0 


(b) By the symmetry of the problem M,; = Mzz = 0. Then 


My = E ii i $ 63 cos osin $ dp do dd = [7^ TR cos ġ sin $ (64 cos! o) do d0 


ES 764 [—4 cos? 9] md dü = f 21 dg = 21m 
Hence, (7, 9, Z) = (0,0,217/(107)) = (0,0,2.1). 


32. In spherical coordinates, the sphere x? + y? + z? = 4 is equivalent to p = 2 and the cone z = 4/2? + y? is represented 


by ¢ = f (as in Example 4). Thus, the solid is given by {(p, 9, 6) | O<p<2,0<0<27,5 << Z} and 


T 


= [- co54]7/ [013 [0°]? = (32) G0 (8) = 5 


V — (7/2 [77 R p! sinódpd0 do = [7/7 sind dg fè" do [7 p^ dp 


33. (a) By the symmetry of the region, My- = 0 and Mz, = 0. Assuming constant density K, 
m= fffz KdV = K fff, dV = £ K (from Example 4). Then 


Moy = [ffa z K dV =K f ee a" P (p cos à) p? sin ó dpdó d0 = K f°" o," sinócosó [40] ^-^ dé do 


= LK fo" RS sin ¢ cos ¢ (cos $) dọ dé = LK fo" do qum cos? dsin d dó 


= 1K [6]?" [-1cos? 6]*/* = 1 K(2x) (-1) K) 1| = 3K (-1)= 2K 


z Mzz Mz; K 
Thus, the centroid is (7, Y, Z) = (= : ; :) = (0.0, TER) = (0,0, 15). 


(b) As in Exercise 25, £? + y? = p? sin? and 


L = fff (3? - 9) K aV = K f?" [7/* f°? (p? sin? p) p? sinódpdód0 = K f°" (7^ sin? o [55] o" dodo 


= LK fo" 7/4 sin? $ cos ġ d$ dé = iK [7^ do [1^ cos? ¢ (1 — cos? à) sinó dé 


—iK [0]27 [—4 cos? b+ $ cos? 2]; 


6 8 
1 1(V 1( ee Qn lin 
= 5K (27) |- (4) +3(¥) +6 J E EK (31) = 960 I* 


34. (a) Placing the center of the base at (0,0,0), p(x, y, z) = K /z? + y? + 2? is the density function. So 
m= f?" (77? [* Kj? sinódpdó dO = K fo" do (7^ sinódó f° p? dp 


= m [- cos $7? lielo = K(2n)(1)($a*) = in Ka* 
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(b) By the symmetry of the problem My- = Mzz = 0. Then 
Mzy = Jo ar EE. K p sin $ cos ¢ dp do d0 
= =K fF do jee sin $ cos ġ do Is p dp 
= K[0] 5" [$siv* &];^ [55]; = KOT) (3) ($4*) = $a? 


Hence, (7, y, Z) = (0,0, 2a). 


(c) I. = fo" (7? f° (I p? sin 9) (p? sin? 9) dpdó dd = K J" do (7^ sin? bdo J p? dp 


= M [7 cos + $ cos? gr” [ge°]5 = K (27) (5) (ga) = $m Ka? 


35. (a) The density function is p(x, y, z) = K, a constant, and by the symmetry of the problem Mz- = My; = 0. Then 
Mey = Ai RIS K p? sin à cos ¢ dp dọ dé = taka‘ P sin $ cos $ dọ = inKa*. But the mass is 


K - (volume of the hemisphere) = inKa, so the centroid is (0, 0, $a). 


(b) Place the center of the base at (0, 0, 0); the density function is p(x, y, z) = K. By symmetry, the moments of inertia about 
any two such diameters will be equal, so we just need to find Ts: 
EN cu (Kp? sin à) p? (sin? ¢ sin? 0 + cos? à) dp do d0 
= Me ae (sin? ¢ sin? 0 + sin @ cos? p) (£a?) do dd 


= tKa fi d [sin? 0 (— cos ó + 4 cos? 4) + (—4 cos? o)l 7/2 ag = tKa 5 2 [2 sin? 0 + 1] dé 


= 1Ka® [3 (40 — 1sin26) + 10)?" = 1Ka* [2(x — 0) + 1(2n — 0)] = $r Ka? 


36. Place the center of the base at (0, 0, 0), then the density is p(x, y, z) = Kz, K a constant. Then 
m= [7 ME (Kp cos à) p? sin ó dp dód0 = 2x K f7’ cosósinó- tat do = la Ka* [-ż cos 2¢]7? = 7 Ka’. 
By the symmetry of the problem Mz- = M,z = 0, and 


Mey = es Kp‘ cos? ¢sin ó dp dd dé = 2nKa 1? cos? ósinó dó = 2nKa [-i = COS 3 |^? = 3m Ka. 


37. In spherical coordinates z = \/x? + y? becomes ¢ = F (as in Example 4). Then 


= (27 [7/4 [* 9? sin ó dp dód0 = [2" do [T sinodo f] p? dp an ( ET 1) G) = iQ /2), 


Moy = [?* D 4 p sin bcos $ dp dó dð = 2x [—1 cos26]7/^ (+) = Ẹ and by symmetry My. = Mzz = 0. 


Ty — Jo 
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38. Place the center of the sphere at (0, 0, 0), let the diameter of intersection be along the z-axis, one of the planes be the zz-plane 


and the other be the plane whose angle with the zz-plane is 0 = |. Then in spherical coordinates the volume is given by 


V= a ym o f? sinódpdó d0 = 7/6 ag Jo sinodo fy p ? dp = 3 (2) (5a?) = 


39. (a) If we orient the cylinder so that its axis is the z-axis and its base lies in the xy-plane, then the cylinder is described, in 
cylindrical coordinates, by E = {(r,0,z) | OE r <a, 0€ 0 € 27, 0 € z € h}. Assuming constant density K, the 
moment of inertia about its axis (the z-axis) is 

I. = fff (a? +u) p(z, y. z) dV = [z^ fe fa. K(r?)rdzdrd0 = K f°" 40 fore dr ff dz 
m ME 
(b) By symmetry, the moments of inertia about any two diameters of the base will be equal, and one of the diameters lies on 
the x-axis, so we compute: 
I- ff fo? + 27) p(x, y, z) dV = le * lo. [ik (r? sin? 0 + 2?) r dz dr d0 
= KR x r? sin? 0 dz dr dO + KIERR rz? dz dr d0 
= =K sin? 0 d0 [7 r? dr ie dz+ K fe" dé fy rdr [ra 2 dz 
= K [30 - 3sin 20)" [1r]; [2]; +K [0] [ards [32]; 
= K (x) (&a*) (h) + K (27) (2a?) (4h?) = r Ka? h(3a? + Ah?) 
40. ZA Orient the cone so that its axis is the z-axis and its base lies in the zy-plane, as shown 
h in the figure. (Then the z-axis is the axis of the cone and the x-axis contains a diameter 
of the base.) A right circular cone with axis the z-axis and vertex at the origin has 
equation z? = c?(z? + y?). Here we have the bottom frustum, shifted upward h units, 
and with c? = h? /a? so that the cone includes the point (a, 0, 0). Thus an equation of 
< the cone in rectangular coordinates is z = h — A 23 4 y?, 0 € z € h. In cylindrical 
a y 
x 


coordinates, the cone is described by 


E-í(n6,2)|0€rza,0€x0z2m 0€zzh(1— ir)) 


(a) Assuming constant density K, the moment of inertia about its axis (the z-axis) is 
I, = ff fo (2? -- y?) plz, y, 2) dV = fo" fr (07/9 K (r2) r dz dr dO 
= K JQ" fy [°C adr do = K f" fy ha $r) dr a 
= Kh J" do fè (7 — trf) dr = Kh [0]7" [15 - er] 


= Kh (27) (4a* — łat) = in Ka*h 
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(b) By symmetry, the moments of intertia about any two diameters of the base will be equal, and one of the diameters lies on 


the x-axis, so we compute: 
In = fffg(? +27) ply, 2) dV = fo eo do e 7/2) (o2 sin? 0 + 2?) r dz dr d0 


edd. s [(r? sin? Q)z +4 irz EE 7/2) dy dO 


=K Jo" fe [inset e - 20) er (0 7 29)] ana 
= Kh ER (r? sin? 0) (1 — 1r) dr d0 + Kh? j o sr(1— ip? dr d0 
= Kh fe" sin? 0d0 f° (r? — trt) dr + KR? 2" dO fo (r — $1 + Sr? — Sr?) dr 
= Kh [30 - sin 20]2" [br - der] + SA [0] [b - 208 + Bart = gil 
= Kh (1) (404 — tat) + AKA? (21) (La? — a? + 3a? — ta?) 
— v Kh (4af) + 2n KB? (Xa?) = &Ka?h (a? + ah’) 
41. In cylindrical coordinates the paraboloid is given by z = r°? and the plane by z = 2r sin 0 and the projection of the 
intersection onto the z'y-plane is the circle r = 2sin 0. Then fff, zdV = fj f, IM Si sin? n» dzdr do = A 


[using a CAS]. 


42. (a) The region enclosed by the torus is {(p,0,¢) | OD € 0 € 275,0 € à X 7,0 € p € sing}, so its volume is 


= oT fr fo" * P sinódpdód0 = 2n JF $sin* pdb = £r[86 — $ sin20 + 4 sin49]o = 47°. 


(b) In Maple, we can plot the torus using the command 


plot3d(sin(phi),theta-0..2*Pi, 


0.5 
phi-0..Pi,coords-spherical);. 

z 0 

In Mathematica, use 
—] 
SphericalPlot3D[Sin[phi],{phi,0, Pi}, {theta,0,2Pi}]. 0$ ^ 
0 x 
tå T 1 


1 pvÁA-a2 pr/2—22=y? 
43. ji f Jj xy dz dy dx. The region E of integration is the region above the cone z = \/x? + y? and below 


2242 


the sphere z? + y? + z? = 2 in the first octant. Because E is in the first octant we have 0 < 0 < $. The cone has equation 


$ = $ (as in Example 4), so 0 < ó < Ẹ, and0 < p < V2. Then the integral becomes 
pe NL da (p sin $ cos 0) (psin $ sin 0) p? sin à dp dé do 
E 17^ sin? b do JZ” sin 6 cos0 d0 Keo tdp = Cie (1 — cos? $) sind de) [i sin agi? [105] ? 


0 
= [} co" 6 — cos] - 3-4 (V2) = [38 - 8 - ( 


2y2  4/2—5 
1)| STE 1G 


w= 
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Va2—y?2 Va2—x2—y? T 
44. 9 j D (a? +yz + 23) dz dx dy. The region of integration is the solid sphere z? + y? + z? « a?, 
MVa2—y 2 a2—52—2 


so0X 0 <2r,0<¢ġ< m, and O0 € p X a. Also z?z -- y?z 4- z? = (a? +y? + z2)z = p?z = p? coso, so the integral 


becomes 
i En fs (o? cos à) p? sin ó dp dd do = fẹ sing cos ¢ do qot dO f p? dp = [5 sin ? 95 [9 ie le] =0 
4— 4-22 4—22—92 
45. jn ae (a? +y? + zy ? dz dy dx. The region of integration is the solid sphere 
4 4-224? 4-224? 


z? +y? + (z — 2)? < 4, or equivalently, p? sin? ¢ + (pcos ¢ — 2)? = p? — 4pcosó --A X 4. = p< 4cos, so 


0<0<27,0<¢< £,and0 < p< 4cos¢. Also (x? + y? + 22)?/? = (p?)3/? = 5. so the integral becomes 


[s ii COUP (p?) p sin ¢ dp d dọ = ode “sing [4p Ja 5°? dg do 


= i DIEI "sing (4096 cos 9 9) dé do 


ES 1 (4096) f7? cos osin ó d$ fe" do = 2028 [- 1 cos" 9] 7? [0]?" 


0 0 
= 298 (1) (2n) = iege 


46. The solid region between the ground and an altitude of 5 km (5000 m) is given by 
E = {(p,0,¢) | 6.370 x 10° < p < 6.375 x 105,0€ 0 < 25,0 € ó E m). 


Then the mass of the atmosphere in this region is 


m= fff, 6dV = f2" (7 SEREAS (619.09 — 0.000097p) p? sin à dp dé d0 


2" d [7 sind dd fO37* (619.095? — 0.000097?) d 


T T . 6 
= [0] [cosg] [S$98,* — APT f] n 
= (2m)(2) [8:239 ((6.375 x 109)? — (6.370 x 10°)*) — 9:999997 ((6.375 x 10°)* — (6.370 x 109)*)] 


& 4n (1.944 x 107) z 2.44 x 107? kg 


47. In cylindrical coordinates, the equation of the cylinder is r = 3, 0 € z < 10. 


The hemisphere is the upper part of the sphere radius 3, center (0, 0, 10), equation 


r? 4 (z — 10)? = 3, z > 10. In Maple, we can use the coords-cylindrical option 


in a regular plot3d command. In Mathematica, we can use ParametricPlot3D 


48. We begin by finding the positions of Los Angeles and Montréal in spherical coordinates, 


using the method described in the exercise: 


Montréal Los Angeles 
p — 3960 mi p — 3960 mi 
0 = 360? — 73.60? = 286.40? | 6 = 360° — 118.25? = 241.75? 
$ = 90? — 45.50? = 44.50? $ = 90? — 34.06? = 55.94? 


[continued] 
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Now we change the above to Cartesian coordinates using x = p cos 0 sin ¢, y = psin@ sin ¢ and z = pcos ¢ to get two 


position vectors of length 3960 mi (since both cities must lie on the surface of the earth). In particular: 
Montréal: (783.67, —2662.67, 2824.47) Los Angeles: (—1552.80, —2889.91, 2217.84) 


To find the angle y between these two vectors we use the dot product: 
(783.67, —2662.67, 2824.47) - (—1552.80, —2889.91,2217.84) = (3960)? cosy = cosy% 0.8126 => 
^y ~ 0.6223 rad. The great circle distance between the cities is s = py ~ 3960(0.6223) ~ 2464 mi. 


49. If E is the solid enclosed by the surface p = 1+ i sin 60 sin 56, it can be described in spherical coordinates as 


E = {(p,0,ġ)| 0< p < 1+ 1 sin60sin59,0 € 0 € 27,0 € à € v). Its volume is given by 


V(E) = fff; dV = fo for fo * 6665239/? ? sin b dp dO do = 138% [using a CAS]. 


50. [^ [^ SZ Ve? Hy? + 2? e- G^ +2") de dy dz = jim AUI [epee a sin d dp dọ d0 
EE 2n To. R 3 —g2 
= lim fo do Jo sinódó fy p^e ^ dp 
Now use integration by parts with u = p?, du = pe ^ E dp to get 


R R 
lim o (rcgem — fo" 29(-1)e-* ap) = jim is(- e + |-3e] ) 


R- co 


(Note that R?e-®” > Oas R > oo by l'Hospital's Rule.) 


51. (a) From the diagram, z = r cot dy to z = Va? —r?, r = 0 EN 
to r = a sin ¢p (or use a? — r? = r’ cot? $9). Thus r+? =g 


V = fd" feto [VE p. dz dr dO 


MOL Bo z=rcot bo 4] by /a 
= 2r os $o (r Va? — r2 — r? cot bo) dr S 
0 y 


asin ġo 
2 2. 2953/2) 18 
“al (a? — r?) _ cot bo] 


= R (a? — a? sin? do)? — a? sin? dg cot bg + 2l 


= 2na? [1 — (cos? ho + sin? ho cos by) |] = 2a? (1 — cos o) 


(b) The wedge in question is the shaded area rotated from 0 = 6; to 0 = 62. z 
Letting 
Vi; = volume of the region bounded by the sphere of radius p; p zD 
y 
and the cone with angle $; (0 = 01 to 02) A 
and letting V be the volume of the wedge, we have 09 py y 
[continued] 
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V = (V22 — Var) — (Via — Vi1) 
(02 — 01) [p2(1 — cos ó5) — p3(1 — cos $,) — pj (1 — cos ġa) + pj (1 — cos ó)] 
3 (92 — 61) | (3 — p1)(1 — cos 65) — (p3 — pit) (1 — cos $,)] = 3 (42 — 1) [(03 — pt) (cos @, — cos ó;)] 


2 sin $9 r cot $4 
Or: Show that V — T Í r dz dr dé. 
p r 


1 sin $4 cot $5 


ole 


(c) By the Mean Value Theorem with f(p) = p? there exists some p with Pı € p € ps such that 
f(p2) — f(p1) = f'(B)(pa — p1) or È — p? = 35° Ap. Similarly, with f(¢) = cos there exists some ¢ with 


$i € $ < 6$» such that cos 9; — cos ¢, = (- sin à) AQ. Substituting into the result from (b) gives 


AV = } (02 — 061) (37 Ap)(sinó) Ad = P? sind Ap Ad Ad. 


APPLIED PROJECT Roller Derby 


2 
1. mgh = 4m v? 4 il? 2gh va Lr) 2gh - (v L ) v= 20h ; 


2. The vertical component of the speed is dy/dt = v sina, 


so by the same reasoning as used in Problem 1, vsina 
2gy . 29 7 
=4/ sina = 4/ sina Jy. 
1+I* IAI vu v cosa 
3. Solving the separable differential equation, we get m — =, /3 sinadt => 2j/y= (sin o)t + C. 


But y = 0 when t = 0, so C = O and we have 2 /y = a (sin a)t. Solving for t when y = h gives 


and from Formulas 15.6.16, its 


4. Assume that the length of each cylinder is £. Then the density of the solid cylinder is m D 
Tr 
moment of inertia (using cylindrical coordinates) is 


2m 2 1 p41" mr? 
= f[[ e v- ] Wranava: = = Tg am: [aR] = = 


L, 
iore eir Lob 
mr 


For the hollow cylinder, we consider its entire mass to lie a distance r from the axis of rotation, so x? + y? = r° isa 


, and then the moment of inertia is calculated as a 


constant. We express the density in terms of mass per unit area as p — 5 


m 
are 


double integral: I, = [€ ty) dA =Z " ^ ll dA — mr?,so I* — = 
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5. The volume of such a ball is in(r? a?) = f(r? (br)3] = im r? (1 — b°), and so its density is Ere er Now 
gar - 
L= y e— a 
[f+ esc 
m 


T pln pm 
=a S I Í T (9? sin?$)(p? sin o) do dO dp [from Formula 15.8.3 and Exercise 15.8.25] 
$nT?(1— b3) Ja Jo Jo 


517 2n in? T 
m E | ; [o] ; | (2+ sin’ $) cos $ [from Formula 67 in the Table of Integrals] 


inr3(1— b3) 3 ô 
D m ioe x 4. 2mr(1—0)  2(1—09*)mr 
— $ar(1— b?) 5 3 5r3(1—b3) X 5-9) 


I, 20-9») 
mr? — 5(1— 68) 


Therefore, [* = . Since a represents the inner radius, a — 0 corresponds to a solid ball, and a > r 


corresponds to a hollow ball. 


_ pp 
6. Fora solid ball, a —^ 0 => pit esie UL Painless => b-—1,so 
b—0 5(1 — 53) 5 


p5 n4 
I*—li dip d lim B te (3) E [by l'Hospital's Rule] 


MA B(I—03) 553-320 543) 3 
; 2(11—b)\(1+b+b? + +0) 2- 2 
Note: We could instead have calculated 7* = lim ad rae = a = 3 


Thus the objects finish in the following order: solid ball (I = 2) , Solid cylinder (I MES i) , hollow ball (I "iem 2) , hollow 
cylinder (7* = 1). 


15.9 Change of Variables in Multiple Integrals 


1. For Exercise 1(a) — (f£), we refer to the figure. Each transformation maps the 
boundary of S to the boundary of one of the images (I-VI). 
(a Along S1, v = 0,0 < u < 1,so x = u +v = uand y =u-v=u > 


y — 2, 0 € x< 1. [Note that only images V and VI have y = x as a boundary.] 


Along S2, u = 1, < v < 1, so x = 1 + v and y = 1 — v. Eliminating v gives 


z+y=2,1< x< 2. Along S3, v =1,0<u<1 = (x)xz= u+ landy = u — 1. Eliminating u gives 


y— x = —2, 1 < x < 2. Finally, along S4, u = 0,0 <v<1 => x=vandy=—v y=-xr,0<z<1. 


Thus, VI is the image of the transformation. 


(b) Along Sı, v =0,0 <u <1 => y=uwuv=0,0< x< 1. Along S2 u =1,0<v<1 r=u-v=1-2, 


y=v => y=1-2,0<2 <1. Along $S3,v=1,0<u<1 c=u-ly=u y=a2+1, 


—1 < z < 0. Finally, along S4,u=0,0<v<1 = y=0,-1< z <0. Thus, I is the image of the transformation. 


(c) Along S1, v =0,0<u<1 y = usinv = 0 and x = ucosv = ucos0 = u 0 € xz € 1. Along S2, 


u=10<v<1 => «=cosv,y sino, 0 <v < 1, which are parametric equations for a circle of radius 1, 
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e 


1 > x > cos1. Along $3, v — 1,10€ u€1 => wx=ucosl,y=usinl => gy-tan(1)z, 0 € x € cosl. Along 


$4, u — 0 x = y = 0. Thus, IV is the image of the transformation. 

(d) Along Sı, v 20, 0€ u € 1 r=u-v=uy=u+v =u y=2,0< zx <1. Along $5, u = 1, 
0<v<1 x=1l-vy=ltuv? => y=14+(1—-2)?,1>2>0. Along $3,v=1,0<u<1 > 
e=u-ly=utl => y=2x4+2,-1<2<0. Finally, along S4, u =0,0<v< 1 x v, Y v? 


y = z?, —1 < x < 0. Thus, V is the image of the transformation. 


(e) Along $1, —0,0€ux1 => y=2v=0,andsinceex =u+tvu=u,0<a<1.AlongS.,,u=1,0<v<1 > 


r=1+4,y = 2v y =2x— 2,1 < x < 2. AlongS3,u=10<u<1 > y=2vu=2,1<2< 2. Finally, 


along S4, u =0,0<v<1 xz =v, y = 2v y = 22, 0 € x < 1. Thus, III is the image of the transformation. 


(£) Along $;,v 20,0 <u X1 => x= uv = 0, andsince y = u? — v? = 49,0 < y < 1. Along So, 


u=1,0<u<1 r=v,y=1 v? y=1 x3, 1> x> 0. Along S3,u=1,0<u<1 => 


z—uy-u =] y = xr? — 1,0 < x < 1. Finally, along S4,u=0,0<v<1 > x=0,-1<y<0. 


Thus, II is the image of the transformation. 


. The transformation maps the boundary of S to the boundary of the image R, so we first look at side S, in the uv-plane. $1 is 


described by v = 0,0 < u < 1, so x = u + v = u and y = —v = 0. Therefore, the image is the line segment y = 0, 

0 € x € 1. S5 is the line segment u = 1, 0 < v < 2, so x = 1 + v and y = —v. Eliminating v, we have y = 1 — x, 

1 < x < 3. S3 is the line segment v = 2, 0 < u < 1,so x = u + 2and y = —2 = the image is the line segment y = —2, 
2 < x < 3. Finally, S4 is the line segment u = 0,0 < v < 2, so x = vand y = —v = the image is the line segment 

y = —2,0 < x < 2. The image of the set S is the region R shown in the zy-plane, a parallelogram bounded by these four line 


segments. 


(1,0) 


. The transformation maps the boundary of S to the boundary of the image R, so we first look at side S, in the uv-plane. S is 


described by v = 0,0 < u € 3, so x = 2u + 3v = 2u and y = u — v = u. Eliminating u, we have x = 2y, 0 < x < 6. S» is 


the line segment u = 3, 0 < v € 2, so x = 6 + 3v and y = 3 — v. Then v = 3- y > x«=6+43(3-—y) = 15- 3y, 


6 < x € 12. Ss is the line segment v = 2, 0 < u < 3, so x = 2u + 6 and y = u — 2, giving u =y +2 = x= ?2y+ 10, 


6 < x < 12. Finally, S4 is the segment u = 0, 0 < v < 2, so x = 3v and y = —v x = —3y,0 <x < 6. 


[continued] 
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The image of set S is the region R shown 


in the zy-plane, a parallelogram bounded 


by these four segments. 


. $4 is the line segment v = 0,0 < u < 1, so x = v = 0 and y = u(1 + v?) = u. Since 0 < u < 1, the image is the line 
segment x = 0,0 < y € 1. S5 is the segment u = 1, 0 < v < 1, so x = v and y = u(1 +?) = 1 + x°. Thus the image is 
the portion of the parabola y = 1 + x? for 0 < x < 1. 93 is the segment v = 1, 0 < u < 1, so x = Land y = 2u. The image 


is the segment x = 1, 0 < y < 2. S4 is described by u = 0,0 < v < 1,500 < z = v < 1 and y = u(1 + v?) = 0. The 


image is the line segment y = 0, 0 < x < 1. Thus, the image of S is the region R bounded by the parabola y = 1 + x”, the 


x-axis, and the lines x = 0, x = 1. 


. Sı is the line segment u = v, 0 < u < 1, so y = v = u and x u? y?. Since 0 < u < 1, the image is the portion of the 


parabola x = y?,0<y< 1. S2 is the segment v = 1,0 < u < 1, thus y = v = land x = u?°,so0 «€ z <1. The image is 


the line segment y = 1, 0 < x € 1. Sa is the segment u = 0,0 < v < 1, so x u? O and y =v 0 € y € 1. The 


image is the segment x = 0, 0 < y < 1. Thus, the image of S is the region R in the first quadrant bounded by the parabola 


x = y”, the y-axis, and the line y = 1. 
S 
(0, 1) (1, 1) (0, 1) (1, 1) 


Si 


M 
wv 


. Substituting u — 2 v = © into u? 4- v? <1 gives i 
e b 
rar image ofi? i? < 1: r wii 
qz T gz = b 80 the image of u c v* < lis the —ÀX 
a x 
1 4) WW 
elliptical region Z + a <1. 
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7. Ris a parallelogram enclosed by the parallel lines y = 2x — 1, y = 2x + 1 and the parallel lines y = 1 — x, y = 3 — x. The 


first pair of equations can be written as y — 2x = —1, y — 2a = 1. If we let u = y — 2x then these lines are mapped to the 
vertical lines u = —1, u = 1 in the uv-plane. Similarly, the second pair of equations can be written as x + y = 1, £ + y = 3, 
and setting v = x + y maps these lines to the horizontal lines v = 1, v = 3 in the uv-plane. Boundary curves are mapped to 


boundary curves under a transformation, so here the equations u = y — 2x, v = x + y define a transformation T^! that 


maps R in the zy-plane to the square S enclosed by the lines u 1, u = 1, v = 1, v = 3 in the uv-plane. To find the 


transformation T that maps S to R we solve u = y — 2x, v = x + y for x, y: Subtracting the first equation from the second 


gives v — u = 3x r= i(v u) and adding twice the second equation to the first gives u + 2v = 3y => 


y = (w+ 2v). Thus one possible transformation T (there are many) is given by x = į (v — u), y = 4 (u + 2v). 


zy 


© 
xY 


8. The boundaries of the parallelogram R are the lines y = ic or 4y — 3x = 0, y= ic + 3 or 4y — 3x = 10, y= —ic or 


x + 2y = 0, y = -ixr +5or x + 2y = 10. Setting u = 4y — 3x and v = x + 2y defines a transformation T^! that maps R 


in the zy-plane to the square S enclosed by the lines u = 0, u = 10, v = 0, v = 10 in the uv-plane. Solving u = 4y — 3x, 


v = x + 2y for x and y gives 2v — u = 5x z —i(2v—u)u--3v—10y = y= d5(u- 3v). Thus one possible 


transformation T' is given by x — i(2v —u,y- i5(u + 3v). 


T A x+2y=10 
dá» 
(4, 3) 
4y —3x=0 
x+2y=0 
> 
u x 


9. R is a portion of an annular region (see the figure) that is easily described in polar coordinates as 


R= {(r, 0) |1<r<V2,0<0<7/ 2H If we converted a double integral over R to polar coordinates the resulting region 


of integration is a rectangle (in the r0-plane), so we can create a transformation T here by letting u play the role of r and v the 


role of 0. Thus T is defined by x = ucosv, y = usin v and T maps the rectangle 
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10. The boundaries of the region R are the curves y = 1/x or ry = 1, y = 4/zx or zy = 4, y = x or y/x = 1, y = Ax or 


11. 


12. 


13. 


14. 
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S={(u,v)|1<u< V2,0<u< 7/2 in the uv-plane to R in the xy-plane. 


UA YA 


Nia 


1587 


y/x = 4. Setting u = zy and v = y/z defines a transformation T"! that maps R in the zy-plane to the square S enclosed by 


the lines u = 1, u = 4, v = 1, v = 4 in the uv-plane. Solving u = zy, v = y/z for x and y gives x? =u/v => 


x = /u/v [since x, y, u, v are all positive], y? = uv = y = yw. Thus one possible transformation T is given by 


VA 
4+ 
S T 
— 
14 
t > 
0| 1| 4 u 


x = 2u +v, y=4u-v. 


2 1 
4 —1 


Ox/Ou Or/Ov 
0y/Ou Oy/dv 


The Jacobian is oe = 


= (2)(-1) - (1)(4) = -6. 


x =u? +w, y = uv’. 
2u+v u 


v? 2uv 


Ox/Ou Ox/Ov 
Oy/Ou Oy/Ov 


= (2u + v)(2uv) — u(v?) = 4u?v + 2uv? — uv? = 4u?v + uv? 


x = scost, y = ssint. 


Ox/Os Ox/Ot 
Oy/Os Oy/Ot 


cost —ssint 


= s cos? t — (—ssin? t) = s(cos? t + sin? t) = s 


sint  scosí 


x = pef, y = q2. 
Ox/Op Ox/Oq 
dy/Op Oy/8q 


olz y) _ e: pe 


O(p, q) 


= ee? — pet . ge? = e? 14 — pge? ta = (a pqje?*4 


qe? e 
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Ox/Ou Or/Ov Ox/Ow v u 0 


O(a, y, z) w v 0 v 0 w 
Oy/Ou Oy/Ov Oy/Ow|=|0 w v|—v —u +0 
O(u, v, w v/ v/ v/ 0 u w u w 0 
Oz/Ou Oz[Ov Oz[Ow w 0 u 
= v(uw — 0) — u(0 — vw) + 0 = wow + uvw = 2uvw 
16. x = u + vw, y =v + wu, z=wtuv. 
Ox/Ou Or/Ov Or/Ow l wv 
Ss). 0y/Ou Oy/Ov Oy/Ow|—|w 1 u|-—1 idis Sia +v Ku 
O(u, v, w) u 1 v 1 U u 


Oz/Ou Oz[Ov Oz[Ow v ul 


= 1(1— u?) — w (w — uv) + v (uw — v) 


=1- u? —w? + uvw ++ uvw — o? = 14 2uvw — u? — v? — w? 
(zy) |? 1 
17. z= 2u4- v, y — u 4- 2o aun xit. = 3. The integrand z — 3y = (2u + v) — 3(u + 2v) = —u — 5v. To find 


the region S in the uv-plane that corresponds to R we first find the corresponding boundary under the given transformation. 
The line through (0, 0) and (2, 1) is y = 5x which is the image of u + 2v = 5(2u+-v) = v = 0;the line through (2, 1) 


and (1,2) is x + y = 3 which is the image of (2u + v) + (u+2v) =3 =  u-r v = l; the line through (0, 0) and (1, 2) is 


y = 2x which is the image of u + 2v = 2(2u + v) u = 0. Thus S is the triangle 0 < v <1—u,0<u< lin the 


uv-plane and 


Sr (z — 3y)dA = d» "e (—u — 5v) |3| dv du = —3 i [uv a UA du 


--3 (uw? edü- uw?) du = cab pu - 8 WY - 38 - 1 - 


1/A 1/A 
—3/4 1/4 


E . The integrand 


18. x = 4(u +v), y = i(u-3w) => = = 3 


4x + 8y — 4- i(u +v)+8: i(v 3u) = 3v — 5u. R is a parallelogram bounded by the lines x — y = —4, x — y = 4, 


3r + y = 0, 3x + y = 8. Since u = z — y and v = 3x + y, Ris the image of the rectangle enclosed by the lines u = —4, 


u = 4, v = 0, and v = 8. Thus 


f fg (4x + 8y)dA = TS Jp (3v — 5u) E dv du = if^ [3 E 5uv] = du 


= 1 f* (96 — 40u) du = 1[96u — 20u7]* , = 192 


20 
19. x = 2u, y = 3v Gu, v) = f j = 6. The integrand 4? = 4u?. The planar ellipse 9x? + 4y? < 36 is the image of 


the disk u? + v? < 1. Thus, 


[continued] 
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Sf adA= ff 6) du dv = o [o (24r? cos? 0) r dr dO = 24 f?" cos? 0 d0 f, r? dr 


ada 


—-24[i z-risin2z|? [ r*]^ = 24(1)(1) = ôr 


20. £ = /2u— J/2/3v, y = V2u+ /2/3v => i "am" ug Demand 
x? — zy +y? = 2u? + 2v?. The planar ellipse x? — xy + y? < 2 is the image of the disk u? + v? < 1. Thus, 
ffo (a? — zy - y?) 4A p UNES + 20?) ( ^ dudv) = MES : 3T 3 dr d0 = T 
O(x, y) l/v —u/v? 


21. 


22. 


23. 


z=u/v,y=v => = 


P i = —. The integrand xy = u. The line y = x [v = u/v] is the image of 
U 


the parabola v? = u and the line y = 3x [v = 3u/v] is the image of the parabola v? = 3u. The hyperbolas xy = 1 and 


xy = 3are the images of the lines u = 1 and u = 3, respectively. Thus, 


II. aydA = Ju ven u(2 ) dodu= [ (m v9 mv) du = ff win VB du = 4m V3 213. 


u = xy, v = xy”. To solve for x and y in terms of u and v, try dividing. 
2 2 2 2 

99.09. s gui Ale E M. cy gu Y then 

cy u u cy U v 

A(x, y) 2u/v —u?/v 


image of the square with vertices (1, 1), (2, 1), (2, 2), and (1, 2). Thus, 


fra- 13) [tat 


a 0 0 
(a) x = au, y = bv, z = cw Sm yz) —|0 b 0|- abc. Since u = A y= EA w= = the solid enclosed by the 
O(u, v, w a b c 
00 c 
ellipsoid is the image of the ball u? + v? + w? < 1. Thus, 
fff, aV = fff abedudv dw = (abc)(volume of the ball) = $zabc 
u2--v2--w? <1 
r? y? 2 
(b) If we approximate the surface of the earth by the ellipsoid ——~ + ——~ + ——~ = 1, then we can estimate 


63782 T $3782 6356? 
the volume of the earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is 


ff fj, dV = £1(6378) (6378) (6356) ~ 1.083 x 10’? km. 


(c) The moment of intertia about the z-axis is I, = f ffp (x? + y?) p(z, y, z) dV, where E is the solid enclosed by 


O(z, y, z) 
O(u, v, w) 


2 2 2 


x E : : 
— + Toc — = l. Asin part (a), we use the transformation x = au, y = bv, z = cw, so — abc and 
c 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1590 CHAPTER 15 MULTIPLE INTEGRALS 


L= ffr (2? y?) kdV = Sff k(a?u? + b?v?) (abe) du dv dw 


u2--v2--w? <1 
= abck f." ale (a? p? sin? $ cos? 0 + b? p? sin? dsin? 0) o? sin ¢ dp d0 do 
— abck 5 le une (p? sin? à cos? 0) p? sin ó dp dd do + b? fS E (p? sin? ọsin? 0) p? sin à dp d0 dé| 
= a?bck S sin? ddd rw cos? 0 dO d p dp + ab? ck EA sin? ddd fe" sin? 0 d 1 p dp 


2m 
0 


1 


— a?bck [i cos? ¢ — cos $] o [10 + i sin 26] x 


[$0"]} + ab ek [3 cos? ó— cos] [36 — $ sin26]2* [30] 
= a?bck($) (x) ($) + aPck($) (x)(3) = &n(a? + ?)abck 
24. Ris the region enclosed by the curves zy = a, zy = b, xy^^ = c, and xy ^ = d, so if we let u = ry and v = xy'* 


then R is the image of the rectangle enclosed by the lines u = a, u = b (a < b) and v = c, v = d (c < d). Now 


t= u/y => v= (u/y)y** = uy? * — y^^ = uv => y= (u-ty)1/0-4 — uw 25425 and 


x = uy = u(u-c39925)-1 = y35y-2-5, so 
3.54259-2:5 —9 543 99-35 
Oy). = 8.75v7! — 6.25v 7 = 2.507! 
O(u, v) —2.5y- 9542.5 2.5y 259.5 


Thus the area of R, and the work done by the engine, is 


Sf, 4A— yp I [2.5v7!| dv du = 2.5 f? du f2(/v) dv = 2.5[u]^ Unjo]? = 2.5(b—a)(Ind—Inc) = 2.5(b—a) mn. 


-1/5 2/5 
—3/5 1/5 


1 


25. Letting u = x — 2y and v = 3x — y, we have x = 4 (2v — u) and y = £(v — 3u). Then B 


R is the image of the rectangle enclosed by the lines u = 0, u = 4, v = 1, and v = 8. Thus, 


x 4 r8 4 8 
D E baa = f f ul dw du== f udu f l dw = 3[2u?]4 [In |j]? = 81n8 
gv—y o Jı Vid 5 Jo "ED 
: A(a,y) |1/2 1/2 1 
26. Letting u = x + y and v = x — y, we have x = L(u + v) and y = t (u — v). Then M = = —, 
g y y z(u +v) andy = 3(u — v) Ou) |1/2 1/2 5 
R is the image of the rectangle enclosed by the lines u = 0, u = 3, v = 0, and v = 2. Thus, 
z2— 2 3 r2 uv 3 uv) v=2 3 U 
SSE tu dA = fy fo ue" |-3| dvdu = $ fy [e], = du = $ fo (e" — 1) du 
u 3 
-$[s€" — uly = 8(3€ -3- 3) = Ze - 
. O(a, y) -1/2 1/2 1 
27. Letting u = y — x and v = y + z, we have x = t (v — u) and y = t (u + v). Then mE -——-. 
gu=y y 5 ( )and y = 3( ) Ou, v) 1/2 1/2 5 


R is the image of the trapezoidal region with vertices (—1, 1), (—2, 2), (2, 2), and (1, 1). Thus, 


= 2 v 2 PEN 
I cos oes aa= [ f cos Ž Iu dudv — J [vsin =| dv 
R yc 1 ee v| 2 2 J4 Ulu--v 


= 1 f?[vsin(1) — vsin(-1)] dv = 1 f? 2vsin1dv 


= gin1 [192]? z $sinl 
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1/3 0 
0 1/2 


28. Letting u = 3x and v = 2y, we have 9z? + 4y? = u? +v’, x = 


iu, and y — iv. Then 


Die 


Ris the image of the quarter-disk D given by u? +v? < 1, u > 0,v > 0. Thus, 


Jf sin(92? + 4?) 4A = ffp & sin(u? + v?) dudv = f; ne 5 YL sin(r ?) rdr d = 4 [-icosr?]) = Z(1— cos1) 


6 


29. See the figure. Leting u = x + y and v = —z + y, we have x = $ (u — v) and y = į (u + v). 


1/2 -1/2| 1 
Then 2&2) — . Now |u| = |a+y| < |z| c |y <1 = 
O(uv) |i2 a2) 2 
-1<u< land |v] = |-—r+y| < |z| +ļy| <1 > -1<v<l. 


R is the image of the square region with vertices (1, 1), (1, — 1), (—1, — 1), and (—1, 1). 


Thus, ff, et” dA = S A e" dudv — Ife]! [»]: =e-el. 


—1 


30. Letting u = x + y and v = y/z, we have z = DL and y = = . Then 
A(a,y) _ |1/A +v) —u/(1 +v)’ _u+w u 
9O(uv) lv/+v) u/(1+v)? (Lg up (+v) 


R is the image of the rectangle enclosed by the lines u — 1, u — 3, v — 2, and v — 1/2. Thus, 


nr [fe (o sp) etm fom f nm 


2 3 

1 u? - 

= |In |1 | v| + [Use the substitution w = 1 + v for the first integral ] 
1l+v], /2 


= (In3+4 In3 3)-4=41n2 4 


31. Letting u = x + y and v = y, we have x = u — v and y = v. Then OU). 


R is the image under T of the triangular region with vertices (0, 0), (1, 0) and (1, 1). Thus, 


ECC )dA — [fos (u)dvdu= f f(u)[v |e ez d= f ufu) dun as desired. 


15 Review 
TRUE-FALSE QUIZ 


1. This is true by Fubini’s Theorem. 


2. False. f x Jo: v/ t + y? dy dx describes the region of integration as a Type I region. To reverse the order of integration, we 


must consider the region as a Type II region: f x D» Jax + y? dz dy. 


3. True by Equation 15.1.11. 
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4. fA So e” * V siny de dy = (I; ev dx) (Ci ev siny dy) = (4 ev dz) (0) = 0, since e” sin y is an odd function. 
Therefore the statement is true. 


5. True. By Equation 15.1.11 we can write J fo f(x) f(y) dy dz = i, $e ) dx Tot y) dy. But Joa y) dy = JEF x) dx so 


this becomes fo f(a ) dx dodi x)dz = | Jot z) da] ‘ 


6. This statement is true because in the given region, (x? + /y) sin(z^y?) < (1+ 2)(1) = 3, so 


KER (x? + /y) sin(2?y?) da dy < KER 3dA = 3A(D) = 3(3) = 9. 


7. True. ffo V/A — a? — y? dA = the volume under the surface x” + y? + z? = 4 and above the xy-plane 


= 1 (the volume of the sphere x? + y? + 2? = 4) = $- $n(2)? = Bn 


8. True. The moment of inertia about the z-axis of a solid E with constant density k is 
I; = fff, (x? +y?)o(a,y,z) dV = fff, (kr?) r dz dr d0 = fff, kr? dzdr dé. 
9. The volume enclosed by the cone z = ,/x? + y? and the plane z = 2 is, in cylindrical coordinates, 


V= ERE r dz dr d0 7 A dz dr dO, so the assertion is false. 


EXERCISES 


1. As shown in the contour map, we divide R into 9 equally sized subsquares, each with area AA = 1. Then we approximate 


Sof H (x,y) dA by a Riemann sum with m = n = 3 and the sample points the upper right corners of each square, so 


= AA[F(1,1) + f(1,2) + f(1,3) + f(2, 1) + /(2,2) + f(2,3) + £(3, 1) + f(3,2) + FB, 3)] 
Using the contour lines to estimate the function values, we have 
Up f(x, y) dA ~ 1[2.7 + 4.7 + 8.04 4.7 + 6.7 + 10.0 + 6.7 + 8.6 + 11.9] ~ 64.0 


2. As in Exercise 1, we have m = n = 3 and AA = 1. Using the contour map to estimate the value of f at the center of each 


subsquare, we have 


= AA[f(0.5,0.5) + (0.5, 1.5) + (0.5, 2.5) + (1.5, 0.5) + f(1.5,1.5) 
+ f (1.5, 2.5) + (2.5, 0.5) + f(2.5, 1.5) + f(2.5, 2.5)] 
~ 1[1.24+2.545.043.2445+4+7.145.2+6.5 4- 9.0] = 44.2 


3. i, y (y + 2ze") dx dy = f? [ry + z?e"] pn dy — [2 Qy + 4e”) dy = |y? + 4e"? 


—44 4e? — 1 — 4e = 4e? — 4e +3 
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: Js ihe ye?" dx dy = I [e7] dy = a (e 1)dy — fe” vlo =e-2 


cos(z?) dy dx = cos(z?)y|" ^ dz = ! zcos(z?)dz = isin(z?)]! = isinl 
i » 3 0 0 0 


y= 


y=r in the first term 


Jo JË ay? dyda = Jà [T7 de= fp (aet — 28) de = fre) - fp pede [gala [| 


— 1,3 _ [1,32]}_ 1 2,3_ 4 
3€ [se le 5 — 9€ 


ey. [s pre V ysinz dzdydx = ff Jo [(y sina)z]7— E v dydx = fy Soy 1— y? sinz dy dx 
eu -« 1—y EL a dr = f; $sinzdz = —$cosz]; mE 


3 3 


ls Jo IN 6xyz dz dx dy = rs Jo [3zy2?] = dz dy = fo So (Bay — 3a°y) dz dy 


- f [22^ y— $c "gl co o dy = fs (8? — 2y°) dy = [$^ — i-i 


. The region R is more easily described by polar coordinates: R = {(r,0) | 2 <r € 4,0 <0 € r}. Thus 


Sfp f(x, y) dA = ads f (r cos0, r sin) r dr dé. 


The region R is a type II region that can be described as the region enclosed by the lines y = 4 — x, y = 4+ x, 


and the x-axis. So using rectangular coordinates, we can say R = ((z,y)| 0€ y 4 y—-4xzr€4-y) 


and Ia f(z,y)dA= dh cs f (x, y) dx dy. 


x = rcosü = 2 V3 cos $ 223.1 V3, y rsin@ 2V3sin £ =23- 3 = 3, z = 2, so in rectangular 


coordinates the point is (V3, 3, 2). p — v T? +2? = V12 +4 —4,0 = $,andcosó = z/p = 5, $0 = and spherical 


coordinates are (4, 7, 2). 


4 = 2/2; z = —1; tan = 2 = 1 and the point (2, 2) is in the first quadrant of the zy-plane, so 0 = 4. Thus in 
cylindrical coordinates the point is (2/2 y2, = a 1). p=v4+4+1=3,cosġ = z/p = -i so the spherical coordinates 


are (3, T% cos ! (-3)). 


T LES 1 V2 _ = : : = Ce ee ee RN 
cosZ = 8: 3:75 2 2, y = psinósin0 = 8sin | sin? = 2 2, and 


x = psin¢cosé = 8sin$ 7 


z = pcos ġ = 8cos | = 8- x8 4/3. Thus rectangular coordinates for the point are (2 V2, 2 4/2, 4/3 Ji 


r? =r? +y =8+8=16 r=4,0 = j and z = 4 v3, so cylindrical coordinates are (4, rm 4v3). 


(a) 0 = 5. In cylindrical coordinates (assuming that r can be negative), this is a vertical plane that includes the z-axis and 
intersects the zy-plane in the line y = x. In spherical coordinates, because p > 0 and 0 < ¢ < m, we get a vertical 


half-plane that includes the z-axis and intersects the xy-plane in the half-line y = x, x > 0. 


(b) 6 = 4. In spherical coordinates, this is one frustum of a circular cone with vertex the origin and axis the positive z-axis. 
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15. (a) z? +y? + z? = 4. In cylindrical coordinates, this becomes r? + 2? = 4. In spherical coordinates, it becomes o? = 4 


or p=2. 


(b) x? + y? = 4. In cylindrical coordinates: r? = 4 or r = 2. In spherical coordinates: o? — z? = 4 or p? — p? cos?  — Aor 


pP sin? ¢ = 4or psing = 2. 


16. 0—2cosó => p?=2pcosd > r ty?4+27=22 = 
z? +y? + (z — 1)? = 1. This is the equation of a sphere with radius 1, 
centered at (0, 0, 1). Therefore, 0 € p < 2 cos ó is the solid ball whose 


boundary is this sphere. 0 < 0 < 5 and0 < o < s restrict the solid to the 


section of this ball that lies above the cone ¢ = ¢ and is in the first octant. 


17. The region whose area is given by f. n 2 o 20 v» dr dO is 


r=sin20 {(r, 9) |0<0< 5,0<r<sin 20), which is the region inside the loop 


of the four-leaved rose r — sin 20 in the first quadrant. 


18. The solid is {(p, O,¢)|1<p<2,0<0<f,0<¢< £L which is the region in the first octant on or between the two 


spheres p — 1 and p — 2. 


19. 7 So fie cos(y?) dy dz = A o cos(y?) da dy 


Y 


20. YA 


NIN 


21. [fp ye” dA = I ir ye?" dz dy = fo [eres dy = do eri 1) dy = [1e ulo = 4e —3-— 4} = 26° 


22. [f tydA = i I2 ay dx dy = i yelar dy = ip y|(y + 2)? — y*] dy 


1 
= 3 Jo G^ +4? + 4y—y") dy = S! e! 2 — gu"), = a 
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[| Rm f [C mm Ie 


=i dz = [2 In(1+2)], = 12 
PM [zn + 27)], — ln 


1 1 1 
1 =1 l-r 1 £ 
24. 9 de= | Z dr = SA E 
[Lae he pe f rz [dios do f TF [ (a res) » 


2.3 

25. Shs ydA = f° j ” ydxdy 
= fa vx)" dy = fg v8- 4? — y?) dy 
= fo (8y — 29?) dy = [4y? — $9]; — 8 

26. 


27. yA 2/3 p3 
(2 wz) I (x? + gy dA >f i (r°) ?r dr dO 
3 Mt D 0 0 


28. [fp dA = do pi (r cos 0) r dr d = 17? cos 0 d (Re 22 dp = [sin 9| 7/? Hehe 


=1-4(2°/? — 1) = 3(2°/? — 1) 


29. fff, tydV = Jd fs oY ey dzdydx = f; Jo zy|z Es ee dy da = f? So zy(x + y) dy dx 
= fo fr (ay + ay?) dydx = f; [32?y? + dary lice A de = f° (3a* + 42°) da 


EXAM xt dz = [ie = 8L = 40.5 
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30. fff, xy dV = fo /3 S dr ue zy dz dy dx = ie de zy(1— 3x — y) dy dx 
exl: i ie 97 (ry — 8z?y — vy?) dy dx 
= fo” [Be xy? 32y? — zey 0 1-37 dx 


= f /3 [iz(1 32)? 32?(1 37)? ia(1 3zy?] dz 


= fè” (Ae - $a? + $2? - $04) de 


—— 
31. Tf adve Ts po à z2? dxdzdy = f*, poe z2 (1— y? — 2°) dz dy 
= dde (r? cos? 6)(r? sin? 0)(1 — r?) rdr d0 = "x (3 sin 20)? do doe — r')dr 


T [$(1 — cos 40)] d0 for? -r)dr-i[e- 1sin40]7" [ar° — ir*] 


—Jo 4 0 
-ieü-2-:4-8 
32. f [f zdV = f, ee 3 ap " z dedz dy = fd f as y)zdzdy = f, à(2— y)(1 — y?) dy 
= fo 32-y-wt+y*)dy= 2 
v z2 x2 —g2 
33. SS fa uzdav m im Jo yzdzdydz = f”, pen Ga [$y27] Z o dy dz = if y?^dy dx 


= iff (rsin 8)? r dr dO = $ fj sin? 0 d0 d r^ dr = $ f; (1 — cos? 0) sin0 d0 fe r* dr 


= 4 [0008 + poose]; [=G + 8) (8) = 8 


34. [fp Pa? FP FeV = fo" J? fo (0 cos? 6) p(p? sin d) dp de d0 


= 57 dO Jr’? cos? dsing de fà pê dp = 2n[—4 cos* gr” (2-4 


85. V = fo f? (a? + 4?) dydz = f; [ey + $^] iTi dz = f; (3a? + 84) dz = a? + 84]; = 176 


36. VE A dz dz dy = f, Í s eee ay dx dy 
= fo 3 [(4 — 29)*y - (y + 1)°y] dy 
Jo 3(—y* + 5y? — 11y? + Ty) dy = 3(-4 +3 - 4 +7) = 8 
37. 


V = fo fd [C OP dzdzdy = f; f? (1— 4y) dz dy 


= fo (u-i) dy = gy? — §y°]5 = 3 
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3—r sin 0 
38. V = fo [o fo Tt rdzdrdé = fo" fo [re] dr d0 = f°" f? (3r — r? sin 6) dr dO 


= h "[3r? ir? sin 6]; do = a [6 — $ sin] dd = [60 + $ cos0]?" = 127 


39. Using the wedge above the plane z = 0 and below the plane z = mz and noting that we have the same volume for m < 0 as 


for m > 0 (so use m > 0), we have 


3e 


=2 Ey cl mx da dy = 2 fE àm( 9y?) dy = m |a?y — 3y 


40. The paraboloid and the half-cone intersect when x? + y? = \/a? + y?, that is when x” + y? = 10r 0. So 


V= [f SNET? dzdA- f£" fi o rdzdrde = f?" [2 (i? — i?) arde = [2^ (1 — 1) dd = d, 2m) = 3. 


24y 2 
z2--y2«1 


41. (a) m = ds es y dz dy = f; (y y)dy-i-i-i 


EE: 1 
(b) My = fi [17 aydzdy = fo 3y(1 — y dy = -0 - y]; = ds 


M, = Jeu dean y? dz dy = Jo (y? — y^) dy = &. Hence (7,7) = (5, iz). 


© In = fd f2-” y? dedy = fd (? — y) dy = 4, 


1— al 1 
I, = f 17 yo? dedy = f bu - y?) dy = -4(1-y?)4]} = h, 


2 1/12 1 1/24 


In/m= fz =3 y Land = Ij/m — 15 


ol 
S 
[e] 


42. (a) In polar coordinates, the lamina occupies the region D = ((r,0) | 0 <r <a, 0 X 0 X 7/2}. Assuming constant density 
K, then m = K A(D) = K : xà? = in Ka, 
7/2 lirt] = iKa’, and 


M, = Sfp KedA = K fr” f*( r cos 0) r dr dó = K (7^ cosód0 f? r? dr =K [sin €]; [8 


M; = [fp KydA= x pm sind fo r? dr = K [- cos 6]7/? [ir]; = iKa’? [by symmetry My = Mz]. 
Thus the centroid is (z, y) = (My/m, Ms /m) = (Xa, z-a). 
(b) m = ff, p(z,y)'dA = ff, xy? dA = fo’? ft (r cos 0) (r sin 0)? r dr do 
= ie sin? 0 cos0 dé fY r*^dr = [i sin a wie [er"]6 = ia 2 
My = puer " r? cos? 0 sin? 0 dr dó = i[0o- 1 sin46|7 ^ [ir ral = ag ra^, and 
Mz = jum " r? cos 6 sin? 0 dr d0 = [i sin Soler [i79]? = = we’. Hence (z, y) = (ra, ža). 
43. (a) A right circular cone with axis the z-axis and vertex at the origin has equation z? = c? (x? + y?). Here we have the bottom 


frustum, shifted upward h units, and with c? = h? /a? so that the cone includes the point (a, 0, 0). Thus an equation of the 


. : : _ h 2 2 . . . . . 
cone in rectangular coordinates is z = h — $y £? + y?, 0 € z € h. In cylindrical coordinates, the cone is described by 


E = {(r,0,z)|0<r<a, 0<0< 2r, 0<z<h(1—4r)}, and its volume is V = ina?h. By symmetry 
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Myz = Mzz = 0, and 


2r pra ph(1—r/a) 2- pa 1 z=h(1—-r/a) 
May = f Í [/ z-rdzdrd0 = f 1 EN dr d0 
o Jo Jo o Jo |? =0 
2T a 2T 
-5 fwa-zy ado sn? f a f (r-inean)e 
2 Jo 0 a a? 


2.54 ur]? = 18? (27) (La? — 2a? + 1a?) 


2/1 2) _ 1,2752 
=rh (7307) yra h 


Hence the centroid is (z, y, Z) = (0, 0, [ra? h? /12]/[ra?h/3]) = (0, 0, ih). 


(b) The density function is p = \/x? + y? = Vr? = r, so the moment of inertia about the cone's axis (the z-axis) is 


L = ff f(a? + y?) pley, 2) dV = JO" fo [7077/9 (e)(r) r dz dr d 


Uf [^ dm 7/9) dy dg = A r^h (1— 1r) dr d0 


= h (27) (1à5 — " = trarvh 


4. 1<2? <4 => 1/@ zz cy <4/a?. Let D = ((z,y) | 1/a? < £? +y? < A/a?). z = f(x,y) = a y£? + y?, so 


fs (zy) = ax(a? +y?) 7, fy(x,y) = ay(x? + y?) 7", and 


$- [f JL arene a [| veritas = Va? +1A(D 
aO -O] rn 


45. Let D represent the given triangle; then D can be described as the area enclosed by the x- and y-axes and the line y = 2 — 2z, 


or equivalently D = ((z,y) | O < x € 1,0 € y € 2— 2x). We want to find the surface area of the part of the graph of 


z = zx? + y that lies over D, so using Formula 15.5.3 we have 


2 1 p2-2m 
Oe aA - ff VA Gap taaa f Í VIF dy de 
Oy D o Jo 
= fi VZ F i [y] 2 de = f1(2 — 22) VIF 4x? dz = fi 2/24 4a? da — (12x /2 + Ax? de 
3 y=0 0 0 0 
Using Formula 21 in the Table of Integrals with a = V2, u = 2x, and du = 2 dz, we have 
[2 V2-- 4x? dx = x V2 + 4a? + In(2z + v2 + 4x? ). If we substitute u = 2 + 4x? in the second integral, then 
du = 8x dz and f 2x /2+ 42? dx = 1 f /udu= 1-2 u3/2 = 4(2+ 42?)?/2, Thus 
1 
A(S) = E V2 4 4a? + In(2x + V2 4 4a?) — 4(2+ 4g2)9/2 
= VB-+In(2+ V6) - 169 - m2: cn toj 4B 
= In(V2-- V3) + X2 ~ 1.6176 
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46. Using Formula 15.5.3 with 0z/Ox = sin y, 


Oz/Oy = x cos y, we get 2 
PONE 
of 3 “2 LS 
SEE vV/1 4- sin? y + x? cos? y da dy ~ 62.9714. 2 0 we 
-2 SH 


4T. "n 3 p/9-z? 9— V/9-a2 
3 j f (a? + ay? Jayde = f = a(a” + y?) dy dx 
D 0 —A/9—22 
0 34 mI (r cos 0) (r?) r dr dO 


24 eus cos 0 dÜ [S r^ dr 


= [sing] 2, [$r] = 2. 2243) = 888 = 97.2 


48. The region of integration is the solid hemisphere a? y? tg «ATO 


4—y2 4— V/A-a3 y? 
f. p~ Do AR eee 


E do: [3 (psin $ sin 0)? (vs zig sin ó dp do d0 = f7, sin? 0 d fo sin? à dó R p? dp 


= [36 — 15im26]777,, [cose + 3 cos* d] [ielo = (GG + (3) = Sn 


49. From the graph, it appears that 1 — x” = e” at x zz —0.71 and at 1.25 
x = 0, with 1 — x? > e” on (—0.71, 0). So the desired integral is 
TREES. E 9 p di 
UP, dA Joon Sex y dy dx 
; WA 
= 3 S-o.nl(l- 2?) - e*] dx 1 0.25 


3210 PP = 
e] ou © 0.0512 0.25 


50. Let the tetrahedron be called T. The front face of T is given by the plane x + iy iz =lorz=3-32 žy, 
which intersects the xy-plane in the line y = 2 — 2x. So the total mass is 
m = fff plz, y,z)dV = 3o d pou er. +4? + 2°) dz dy dz = £. The center of mass is 
(7,9,7) = (m^ SSS r ola, y, 2) dV,m™ fff, yp(@.y, 2) dV, m^ ff fp ze(@,y,2) dV) = (25: 5): 

51. (a) f(x, y) is a joint density function, so we know that Spe f(x,y) dA = 1. Since f(x, y) = 0 outside the rectangle 


[0, 3] x [0, 2], we can say 


SSe FE y) dA = f, fA, f (ny) dy da = fy fo Cla + y) dy dz 
=O f° [ry + 2877.3 : da =C fr( (Qa + 2) dx = C |z? + 2x]? = 15C 


Then 15C=1 > C= %. 
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2 =2 
(b P(X < 2Y 2 1) = f2,, SE flay) dydz = fof? dm vy) dydz = $ Jp [zy + $7] 7 dz 
2 j 2: 2 
= ds h (@+ 3) dr = glar + ga], 7 3 
(c) P(X +Y € 1) = P((X,Y) € D) where D is the triangular region shown in yA 


the figure. Thus 
P(X +Y <1)= ffyf(x,y)dA- fof; ^ (2 +y) dyde 


Ben rri 1— PL 


= Eh [x( (1— x) ) - 40 — z)?] dz 


= 36 h(l- 2?) de = zle- 32°], = a5 


52. Each lamp has exponential density function 
0 if t<0 
th= 
dis age 9" if t>0 
If X, Y , and Z are the lifetimes of the individual bulbs, then X, Y, and Z are independent, so the joint density function is the 
product of the individual density functions: 


L1 o-(zty42)/800 ; 
f(z,y,z) = 4 500° i if 20,920,220 
0 otherwise 
The probability that all three bulbs fail within a total of 1000 hours is P(X + Y + Z < 1000), or equivalently 
P((X,Y, Z) € E) where E is the solid region in the first octant bounded by the coordinate planes and the plane 


x + y + z = 1000. The plane x + y + z = 1000 meets the xy-plane in the line z + y = 1000, so we have 


P(X +Y +Z x 1000) = [ffp f(z,y, z) dV = fo (100077 foo ase (0090/89 dz dy dx 
mI T 1000—a aon EREA] a dy dis 
==, ee on ieee — e +) /800) dy dz 
aa [e^ ^y + 800-1800] en dz 
= gads [o^ [e-5/4(1800 — x) — 8007/59? dx 
= gate [- 3e */^ (1800 — a)? + 8002e=7/800] 
= sais | - 3e 9/^ (800)? + 800?e75/4 + 1e-5/^ (1800)? — 800°] 


—1-— 82e 9/ ~ 0.1315 


53. 74 des fh dos f(x,y, 2) dzdydx = fus c z f( x,y,z) dz dy dz 


x x-24y 
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54. 


[Os y «20$ €34,02 h 


x,y,z) dV where E = { (2, y, z) 


Jody fü Feyz) dzde dy = J fp F 
If Di, D», and Ds are the projections of E onto the xy-, yz-, and xz-planes, then 

[(yloxysz20zzzyj -((ylozzs8rxyz2) 
)losyx20xz&zyj 


Dye 
Di-((yz)|0€2xX4vyzzy&z2)2l(Q 


Ds = {(x,z)|0 < x < 8,0 < z < 4}. 
Therefore we have 
jo So peg (x,y,z )dedady = fe [ys IE f 
ep (x,y, z) dx dy dz 
=f Js “fed (x,y, z) dx dz dy 
= pe “Pefeye dy dz dx + Ts Toe f usu) dy dz dx 


(x,y, z) dz dy dx 


43/2 
— folo  fuf(zu.z) dydzdz + Jo Sis Sea flay, 2) dy da dz 


1/2 1/2 1 
55. Since u = z — y and v = z +y, x = t (u + v) and y = 4(v — u). Then (m. y) = =. 
= (—2, 2), (0, 2), (0, 4), and (—2, 4). Thus, 


R is the image under this transformation of the square with vertices (u, v) 


4 0 4 27 u=0 4 
ES taa =f f #(4) ee - 8 [ I av = 5 f (-2) a 
rcty 2 J2 V\2 2 Jo [2w] 9 2 Jo U 


4 
= |- m] = —ln4 + ln2 = —2ln 2 + ln2 = — ln 2 
2 
2u 0 0 
56, 902) _ 0 2v O | = 8uvw, so 
O(u, v, w) 
0 0 2w 


Vai av =f a 1" Buvw dw dv du = f) A " Auy(1— u — v? du 
> - fo Jo "pua — u)?v — 8u(1 — u)v? + 4uv?] dv du 


= ils [2u(1 — u)* — 8u(1 —u)* +u(1—u)*] du= f, 1 


$) = 30 


23[a-9*-ü -w5]dv- 3[-30 -u+ E(u) J = 3 
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See the figure. Letting u = —x + y and v = x + y, we have x = 3(v— u) yA SE 

and y = 4 (v + u). Then x+y=2 

e|- | ee - E G) -Oll 0 S 
(u,v) ðuðv Ov du ees) 

R is the image under this transformation of the square region with vertices x+y=0 


(u,v) = (0,0), (—2, 0), (0, 2), and (—2, 2). Thus, 
2 p0 Q3. 2 /1 ps ia 
ff maa=] f ( ) aude = I L zd dv 
R uds. 14 2 8 Jo S AN" 
2 2 
-s/ w2 È dy = l|2,5. 8, =0 
8 Jo 3 8|3 3 |o 


This result could have been anticipated by symmetry, since the integrand is an odd function of y and R is symmetric about 


the x-axis. 


1 2m R eee. 
@ f] apa =f Ia gorta = 2r | £7" dt 


2m Pe 2m 2—n 2—n ; 
em mm —r^") ifnz2 


2n In(R/r) ifn-2 


(b) The integral in part (a) has a limit as r — O* for all values of n such that2-n>0 © n<2. 


€ fff Piz — occu ed v=f TE Gy? ? sin ó dô de dp = 2r f” Jo 9^" sinódé dp 


4n x : 4m 


E 3—n _ ,3—n : 
dcum (R r^") ifnz3 
4n In(R/r) ifn-3 


(d) As r — 0*, the above integral has a limit, provided that 3 -n » 0 & n<3. 
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T. -37 Let R = U?_, Ri, where 
5T 
AL NS Ri = {(x,y)| £r +y >i+2,xr+y<i+3,1<xz<3,2<y<5}. 
31 5 5 2 
A SS Sale € v] dA — E SSe le v] dá — 27 [Iz v] Sfp, dA, since 
x+y=5 
B [z + y] = constant = i + 2 for (x,y) € Ri. Therefore 
anc SSele +y] dA = 27a G+ 2) [AQ?] 
= 3A(R1) + 4A(H2) + 5A(R3) + GA(R4) + TA(Hs) 
= 3(4) +.4(3) - 5(2) + 6(3) + 7(4) =30 
2. y Let R= ((z,y) | < zx, y € 1}. Forz,y € R, max {2?,y?} = x° if x > y, 
and max 14 y = y? ifa < y. Therefore we divide R into two regions: 
R= Rı U R2, where Ri = ((z,y) | O € z € 1,0 € y € x) and 
0 x Rə = {(x,y) |O<y<1,0< £ < y}. Now max {x?, y? } = x? for 


(x,y) € Ri, and max (27,9?) = y? for (x,y) € Ro => 


2,2 2,2 2,2 2,452 
ies emax{x y } dy dx = ts ELE n )jdA- Is ELE n dA ffs, emax{x IJ dA 


1 
eu e% dy dz + hd e" dx dy = i, ae” da + I ye" dy = e ec 


0 


b 1p 
3. fave = al f(x) dx = i |/ sos(é^)at da 


= fs fc cos(£?) dt dx = le Js cos(£?) da dt [changing the order of integration] 


= is t cos(t?) dt = 1 sin(t?)], = isinl 


4. To show that (s Je 2e* V dy dr = fe fo 2e 00079 dy da is equal to J pos €" dx dy, we use a change of variables 


on the left-hand side. Leting u = x + y and v = x — y, we have x = 4 (u + v) and y = 4 (u — v). Then 


1/2 1/2 


a(x, y) _ Ltd 
O(u, v) 1/2 -1/2 2 
Ris bounded by y= z, z = 2, and y = 0. DA YA 
y-z 3(u-v)-$(urv) > v=0; (2,2) 
$2 > į(u+v)=2 > T, 
Uu-—A4-—u0ru-4-—vu; 
y=0 4(u—v)=0 u =v. 
z(u — v) E TES 3 


So R is the image of S. Thus, 
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2 x 2 2 2 x 2 A—v 
f f 2e" " dydx= f | 2e 009-79 dy dz = D f 2e"" |-=| dudv 
o Jo o Jo 0 Jv 
2 A—v 
=| I e"" du dv, 
0 v 
which is the same as ile: joe e*? dx dy. 
5. Since |zy| < 1, except at (1, 1), the formula for the sum of a geometric series gives T = Yo (xy)", so 
— vy n=0 


1ml 
Ty 1 dz dy La. Y (zy) asi S f f zy) dx dy 
o Jo 1-ay 0 n=0 

1 1 

N an l] & 1 1 
|/ i d |/ 3 J AFERE 


o i 1 œ 1 
= M utu 45 COME 


Il 
ita 


6. Let z = Eu and y = mu We know the region of integration in the xy-plane, so to find its image in the uv-plane we get 


v2 V2 


] ; u—v u+v ty 
u and v in terms of x and y, and then use the methods of Section 15.9. z + y = + 2u, S0 u = , and 
: dp UR E v2 


similarly v = yma 5, is given by y = 0,0 < x < 1, so from the equations derived above, the image of S1 is $1: u = BT 


a 


v=- TRB, 0 < x < 1, that is, v = —u, 0 < u < T Similarly, the image of S» is 55: v—u-v2, 4, Sus v2, the 


image of $5 is $3: v = V2 — u, u < V2, and the image of $4 is S4: v —u 0X u < P 


i 


The Jacobian of the transformation is 


A(w,y) |8v/Ou Ov/Ov| - P, ERE ^a 
O(uv)  |8y/Ou Oy/8v P Ww 


From the diagram, we see that we must evaluate two integrals: one over the region {(u, v)|O<u< P —ucxuvux u} 


and the other over { (u, vlz u € V2, — V2+usv<v3-uh. So 
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LT dx dy - f dv du us io du dv du 
o Jo l—-*y Jo ul [zs (u + v)| [35 ( V3/2 J - au 1 Y 


! 35 (utv)] | 38 (9) 
-A 2 dv du T pae Edna 
2- ue +? 2/2 Zu 2 2- w+? 


vals 1 U " va 1 U amy 
2 —— | arctan ———— du + , ——— —Z | arctan ———— du 
0 dl = nia | m a. 


/2/2 v2 
= 1 Lb arctan SOR n du + f i arctan ———— v2—u au 
0 


V2 — u? y2 — u? Vv3/2 V2 — u? y2 — u? 


Now let u = V2sin 0, so du = V/2 cos 0 dé and the limits change to 0 and Z z (in the first integral) and & and 5 (in the 


second integral). Continuing: 


dx w- he /2sin 6 
= —— ——— arctan| ———————— | ( V2 cos 0 d0 
[fz 1 V2 — 2sin? 0 (Em) ) 
1/2 


1 V2 — J2sin0 
— arctan| -——— — | ( V2 cos 0 d 
n/6 1/2—2sin? 0 (Feet ) 


7/6 : 7/2 E" 
1 V2 cos0 Cosg arctan ( nn) do + v2cos 6 Coxe acta (380—580) (1 — sin 2) a 
0 


V2 cos Ó V2 cos 0 1/6 V2 cos 0 V2 cos Ó 


id n/2 E 
4 n arctan(tan 0) d0 + I arctan ( 1 — sin *) J 
o 1/6 cos 0 


But (following the hint) 


on = E Sets » 2, = as [1 3 em Gl Ex ) [half-angle formulas] 
o0 sin($ A GG 8) cos($(E o) 
2sin?( (8 — 6)) 
0 


"asxi(i-6)ex(i(i-5y -"G -9) 


Continuing: 


dxdy _ 7/6 7/2 - 
a a ETE (f arctan(tan 0) d0 «f arctan(tan(3(£ — 0))) d0 


7/6 
7/6 7/2 217/6 217/2 2 2 
zu o+ | HERDIE, d S| «[£-5 I 
A es [22 Z l a os 72 6 
1 oo 
7. (a) Since |zyz| < 1 except at (1, 1, 1), the formula for the sum of a geometric series gives mer 2 (xyz)", 


n=0 


TE zwa f f f Y (zyz)^ aaya- f ff xyz)” dx dy dz 
<a 0 n=0 


-X [os da) | fo v" dy] [fa 2" d] = E — l I 


dee ppp o n+l n+1 


eS 1 1 Se sq 
pow r Bi ae 
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; ; — 1 eo 
(b) Since |-zyz| < 1, except at (1, 1, 1), the formula for the sum of a geometric series gives TEE = 


1 pl pl 
uno pru drdydi- LS (—xyz)^ aaya- f f f. —ryz) dx dy dz 


-Xc scipit ae] = XC uua 


= n+1 “n+l nl 


a © ae 1 a (yt? Da 
= (n--1) 13 m3 = xx 
; . 1 1 1 
To evaluate this sum, we first write out a few terms: s — 1— 25 + 35 38 +o p gp = 0.8998. Notice that 


a7 = E < 0.003. By the Alternating Series Estimation Theorem from Section 11.5, we have |s — se| < a; < 0.003 


This error of 0.003 will not affect the second decimal place, so we have s ~ 0.90. 


^ ik arctan mg — arctanz 4, — h = a di f E Jara dy dx 
f = s - 14 y? 
Te arctan yz ]"~* 
Ty dt dy = jim ———— dy 
1 —oo #20 


y 


E ML. Ou  OuOr  Oudy , Oudz Ou Ou. 
9. (a) x = rcos0, y = rsin, z=z. Then an COME Dy OF 5 OF OE cos 0 + By sin 0 and 


Ou sb Ou dx | Ou Oy | Ou Oz dona Ou Oy | Ou Ox Ou Oz 
Or? Ox? Or | OyOxOr | OzOxOr Oy? Or ` OxOy Or | OzOyOr 


2 2 


2 
= Aus cos? + as sme 2 "m cos sin 

Similarly a =— a r sin 0 + u r cos 0 and 
u u F 2 2 ; Ou ðu . 
28? = age” sin’ O + aye” cos? 0 — 2 YET r^sinÓ cos 0 — gz"? By S8. So 

Ou _ 1ldu i 1 Ou l Pu Pu oho Ou sin20 d ru ee QucosÜ | Ousin0O 

Or?  rOr  r?80? Oz) Ax? Oy? ^ Oy Ox Ox r Oy r 

Ou.» 2u Pu 
in? 0 4 29-2 in@ cos 
+ ENS sin Bp? cos aj E? sin Ü cos 


Ou cos 0 dusind | du 
Ox r Oy r Oz? 


(b) x = psin$cosÓ, y = psingsin#d, z = pcos. Then 
Ou Oudx Oudy |OuOz OA 


u. Ou. : Ou 
00 —nmsop ` əy öp öz öp ` Iz sind cos0 + ape sin? + = cos $, and 
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2 
a = sin $ cos Ü | 
p 


Pude Pu y, Pu D: 
Ox? Op  OyOxrOp  OzOxOp 
dtu dy , Ou ðe, Pu a: 
Oy? Op  OrOyOp Oz dy Op 
ces Sees Ou dz 4s Ou Ox Ou Oy 
z2? Op  OxOzOp  OyOzOp 


2 2 2 


= 25 sin? 9 sin 0 cos -- 2.27 sinó cos ó cos +2 2 


+ sinósin0 | 


sind cos ó sin 


Ou.» 5 Ow. oy iS Pu > 
+ gz” $ cos dub ósin 0 o Cos [o 
a ðu Ou Ou : ðu . 
Similarly E?! = Jr p cos ġ cos 0 + ai pcos ó sin 9 — az p sin $, and 


Ou Ou $4 52,. Ou 
agp apoE” cos $ sind cos — 2 2 5- 
2 " 2 


T p? sing coso sin + E p? cos? ¢ cos? ar^ p? cos? $ sin? 0 


p? sin $ cos ¢ cos 0 


2 


+ aT sin? $ — DU psing cos — a, psinó sin 0 — ot pcosó 


Ou Ou, ; Ou, ; 
And ant Dz p sin ġsin0 + gg P eee while 


Oru ru Pu 
w bee p sin? 9 cos0 sind + a> p? sin? ¢ sin? 0 


Ou Ou Ou 
+ ap sin? ¢ cos? 0 — = psinó cos — 37 psinó sin 0 


Therefore 


Pu 20u otgðu 1u, 1 Gu 
Op? pp Op p Ob Pa Psin? o 06? 


^u 


= 9,2 [(sin? $ cos? 0) + (cos? ¢ cos? 0) + sin? 8] 


2 2 
+ = [(sin? $ sin? 0) + (cos? ¢ sin? 0) + cos? 8| + a2 [cos? $ + sin? $] 
Ou | 2sin? ¢ cos@ + cos? ¢ cos 0 — sin? cos — cos 
+ = | 
Ox psing 
Ou E ¢ sind + cos? ¢ sin 0 — sin? ¢ sin 0 — 


y: Oy psin o 


But 
2 sin? $ cos 0 + cos? $ cos 0 — sin? $ cos0 — cos 0 = (sin? ¢ + cos? o — 1) cos6 = 0 
and similarly the coefficient of Ou/Oy is 0. Also 
sin? $ cos? 0 + cos? $ cos? 0 + sin? 0 = cos? 0 (sin? ¢ + cos? o) + sin? 0 = 1 


and similarly the coefficient of 0?u/Oy? is 1. So Laplace's Equation in spherical coordinates is as stated. 
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10. (a) Consider a polar division of the disk, similar to that in Figure 15.3.4, where 0 = 09 < 01 < 02 < +++ < On = 2m, 


O=1r1 <re<-++:<1rm = R, and where the polar subrectangle R;;, as well as r7, 07, Ar and A0 are the same as in that 


figure. Thus AA; = rž Ar A0. The mass of Ri; is p A Ai, and its distance from m is sij © 4/ (r7)? + di. According to 


Newton’s Law of Gravitation, the force of attraction experienced by m due to this polar subrectangle is in the direction 


Gmp AA; 
Z 


from m towards R;; and has magnitude . The symmetry of the lamina with respect to the x- and y-axes and the 


ij 
position of m are such that all horizontal components of the gravitational force cancel, so that the total force is simply in 


TE ; ; : . GmpAAi . 
the z-direction. Thus, we need only be concerned with the components of this vertical force; that is, IUE sina, 
S? 


: E : d : 
where a is the angle between the origin, rj and the mass m. Thus sino = — and the previous result becomes 
Sij 


Ege de. AA The total attractive force is just the Riemann sum y 23 Gmpd AA AA = 5 ^ Gmpalrt) Ar A6 yee 
s3. s3. 2 3/2 
13 i—1j-—1 13 i—1j-—1 [ez d 


2T 
which becomes ie [ E T dð dr as m — oo and n — oo. Therefore, 
(r2 + d?)3/2 


R 
1 1 
= 2nGmpd| 5 — ——— 
o E m) 


(b) This is just the result of part (a) in the limit as R — oo. In this case NET. — 0, and we are left with 


K T 1 
F —2nGm af —— dr = 2rGmpd | — ———— 
No (ria da Ve te 


F- 2rGmpa( 5 -= 0) = 2nGmp. 


11. f fo fo f(t) dtdz dy = ff fa f (t) dV, where 


E = {(t,z,y) | 0<t<2z,0<z<y, 0<y<r}. 


If we let D be the projection of E on the yt-plane then 


D = {(y,t)|O0 <t < x,t < y < x}. And we see from the diagram 


that E = {(t,z,y)|t<z<y,t<y<zr,0<t< zr}. So 


[ff ronem f f f roesma- f [oras] dt 


2 (a — ty) FO) |), d= f By - te - st? -- €] f(t) dt 
0 0 


= F [12 — tæ + 147] f(t) dt = "n (ia? — 2tz +t”) f (t) dt 
0 0 


[| o- o noa 
0 
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2 2 
nn 1 nn 1 n n2 1 1 
12. n? = . can be considered a double 
22 yn? t nit j 2E xvn? + nit j E 2 Vl+i4+4 i 
1 
Riemann sum of the function f(x,y) = —————— where the square region R = { (x, O0Ocrz1l10zyczlli 
f(x,y) T q g {(z,y) | ys} 


13. 


divided into subrectangles by dividing the interval [0, 1] on the x-axis into n subintervals, each of width + =, and [0, 1] on the 
y-axis is divided into n? subintervals, each of width i. Then the area of each subrectangle is AA = i. and if we take the 


upper right corners of the subrectangles as sample points, we have (17;, y;;) = (i, i). Finally, note that n? — oo as 
n — oo, so 


2 2 
" E n m 1 4 non 1 1 
lim n 2 y 2 = =- = lim ». 5 - = 3 = lim 5 * f(x Lij, ij) AA 
noo i=1j=l y/n? +nitg — nmn?—ooi23ij-à loe Ee n n,n?—0o j=1 j=1 


But by Definition 15.1.5 this is equal to f f(x,y) dA, so 
R 


M EEG [[ 1e [ [oe 


= o paie] asc 2 fo (VERE - VET) d: 


il! 
-2|iQ + a)3/2 er 4(3?/2 — 28/2 — 28/2 4 1) 
= $(3/3 — 4V2 + 1) 2 4V3 — E V2 + $ 


The volume is V = fff r dV where R is the solid region given. From Exercise 15.9.23(a), the transformation x = au, 


y = bv, z = cw maps the unit ball u? + v? + w? < 1 to the solid ellipsoid w 
"d tvtw-l 
2 2 2 
z + y + a <1 with Sz, yz) — abc. The same transformation maps the u=v=w 
a? b? c O(u, v, w) 


plane u + v +w = 1to Z + ; : 1. Thus the region R in zyz-space 


corresponds to the region S in uvu-space consisting of the smaller piece of the 
unit ball cut off by the plane u + v + w = 1, a “cap ofa sphere" (see the figure). 
We will need to compute the volume of S, but first consider the general case 
where a horizontal plane slices the upper portion of a sphere of radius r to produce 
a cap of height h. We use spherical coordinates. From the figure, a line through the 
origin at angle ó from the z-axis intersects the plane when cos ġ = (r — h)/a => 


a = (r — h)/ cos @, and the line passes through the outer rim of the cap when 


a=r => cosóc-(r-h)/r $ = cos! ((r — h)/r). Thus the cap 
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is described by { (p, 8, $) | (r — h)/cosó < p < r,0 < 0 € 27,0 < ó € cos* ((r — h)/r)) and its volume is 


cos! ((r—h)/r T : 
=i flrs NM Rom p sin à dp dà dO 


2- [cos 


— 1((r=h)/r) 
7 Jo Jo [s p sino] (r—h)/ cos à do dé 


2m pcos l((r—h)/r) Gcr h)? 
=3/ l |^ sin ó — prr sing] do dé 


eos E te IR 
=1 am r? cos l(r ny cos? ea ((r-h)/7) ag 


AC DG) Hem ty men] 


= 4 f°" (arh? — 1h?) d0 = 3(3rh? — Eh?) (27) = wh?(r — th) 


(This volume can also be computed by treating the cap as a solid of revolution and using the single variable disk method; 
see Exercise 6.2.61.) 

To determine the height h of the cap cut from the unit ball by the plane a line u=v=w 
u +v +w = 1, note that the line u = v = w passes through the origin with 


direction vector (1, 1, 1) which is perpendicular to the plane. Therefore this line 


coincides with a radius of the sphere that passes through the center of the cap and 


h is measured along this line. The line intersects the plane at (4, i i) and the plane ut vt w-1 


sphere at (=: Fe à) (See the figure.) 


2 
The distance between these points is h — 4/3 (= — ij) = /3 á — +) =l Z Thus the volume of R is 


dV = abe [ff dV = abc V (S) 


a or ih iQ “al 


A(z, y, z 


ndm s | O(u, v, w) 
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16 [] VECTOR CALCULUS 


16.1 Vector Fields 


1. F(z,y) =i+ ij 
All vectors in this field are identical with length 


4/12 + (iy = v= x and parallel to (1, 1), or, Tg 


equivalently, (2, 1). 


2. F(r,y) 2 2i- j 
All vectors in this field are identical with length pus lr uer 


V2? + (C1? = V5 and parallel to (2, — 1). 


MFG) - esu] AIA TR. 
The length of the vector i 4- iyj is 4/1 + iy. Vectors t utut 
along the line y = 0 are horizontal with length 1. > h 

MSE PRO 

4. F(z, y) = vit 5yj n 

Loa E dE E cá 
The length of the vector zi + iyjis 4/2? + $y. CK NÉ m 


Vectors point roughly away from the origin and vectors 


farther from the origin are longer. 


1611 
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5. F(z,y) 2 - 5i (y - 2)j 


The length of the vector —4i+ (y — x) jis 


+ + (y — «)?. Vectors along the line y = x are 


horizontal with length i. 


6. F(z,y) 2 yict (zt v)j 


The length of the vector y i + (a + y) j is 


Jy? + (x + y)?. Vectors along the x-axis are vertical, 


and vectors along the line y = —z are horizontal with E 


length |y]. 
7. F(z,y) = 23 i 


"x NES 
vitzi is 


\ 
! 


The length of the vector 


2 2 
y y 4 T = y 
2 2 2 PE 
sept +y y UNES 
Vectors along the x-axis are vertical, and vectors along the y-axis are horizontal. In general, vectors in Q1 and QIII point away 


from the origin, whereas vectors in QII and QIV point toward the origin. 


yi-zj y4 


All the vectors F(a, y) are unit vectors tangent to circles 


8. F(x,y) = 


> 
centered at the origin with radius \/a? + y?. T 
9. F(r,y,z)-—i ZA 
All vectors in this field are identical, with length 1 and P 
" Pd 
pointing in the direction of the positive x-axis. 4^ 
x d y 
UL E y 
A 
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13. 


14. 


15. 


16. 


17. 


18. 
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F(x,y,2) = zi fi 
LLL 
At each point (x, y, z), F(a, y, z) is a vector of length |z]. —r 
i 
For z > 0, all point in the direction of the positive x-axis, E d 
while for z « 0, all are in the direction of the negative x ES y 
a-axis. In each plane z = k, all the vectors are identical. "E. 
F(x,y,2) = —yi | 
CIT 
At each point (x, y, z), F(a, y, z) isa vector of length |y]. ae a 
A. 
For y > 0, all point in the direction of the negative x-axis, ee T7 
p 
while for y « 0, all are in the direction of the positive pe 
y 
-axi h plane y = k, all th identical A 
x-axis. In each plane y , all the vectors are identical. al 
F(z,y,z) =i+k < 
All vectors in this field have length \/2 and point in the E N 


same direction, parallel to the xz-plane. K 


F(x,y) = (x, —y) corresponds to graph IV. In the first quadrant all the vectors have positive x-components and negative 
y-components, in the second quadrant all vectors have negative x- and y-components, in the third quadrant all vectors have 
negative z-components and positive y-components, and in the fourth quadrant all vectors have positive z- and y-components. 


In addition, the vectors get shorter as we approach the origin. 


F(x,y) = (y, x — y) corresponds to graph V. All vectors in quadrants I and II have positive z-components while all vectors in 
quadrants III and IV have negative x-components. In addition, vectors along the line y = x are horizontal, and vectors get 


shorter as we approach the origin. 


F(x,y) = (y, y + 2) corresponds to graph I. As in Exercise 14, all vectors in quadrants I and II have positive z-components 
while all vectors in quadrants III and IV have negative z-components. Vectors along the line y = —2 are horizontal, and the 


vectors are independent of x (vectors along horizontal lines are identical). 


F(x,y) = (y, 2x) corresponds to graph VI. In the first quadrant all the vectors have positive x- and y-components. In the 
second quadrant all vectors have positive z-components and negative y-components. In the third quadrant all vectors have 


negative z- and y-components. In the fourth quadrant all vectors have negative z-components and positive y-components. 
F(x,y) = (sin y, cos x) corresponds to graph III. Both the x- and y-components oscillate in all four quadrants. 


F(x,y) = (cos(x + y), x) corresponds to graph II. All vectors in quadrants I and IV have positive y-components while all 
vectors in quadrants II and III have negative y-components. Also, the y-components of vectors along any vertical line remain 


constant while the z-component oscillates. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1614 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


CHAPTER 16 VECTOR CALCULUS 


F(zr,y,z) =i+2j+3k corresponds to graph IV, since all vectors have identical length and direction. 


F(z,y,z) = i+ 2j + zk corresponds to graph I, since the horizontal vector components remain constant, but the vectors 


above the xy-plane point generally upward while the vectors below the zy-plane point generally downward. 


F(zr,y,z) = £i+yj+3k corresponds to graph III; the projection of each vector onto the xy-plane is x i + yj, which points 


away from the origin, and the vectors point generally upward because their z-components are all 3. 


F(r,y,z) = xi- yj + zk corresponds to graph II; each vector F(x, y, z) has the same length and direction as the position 
vector of the point (x, y, z), and therefore the vectors all point directly away from the origin. 

F(z,y) = (y? — 2zy)i + (3xy — 62”) j. 

The vector field seems to have very short vectors near the line y = 2x. 


For F(x, y) = (0,0), we must have y? — 2ay = 0 and 3xy — 62? = 0. 


The first equation holds if y — 0 or y — 2z, and the second holds if 


x = 0 or y = 2x. So both equations hold [and thus F(z, y) = 0] along 


the line y = 2x. 


F(x) = (r° — 2r) x, where x = (x,y) and r = |x]. 
From the graph, it appears that all of the vectors in the field lie on lines 


through the origin, and that the vectors have very small magnitudes near 


the circle |x| = 2 and near the origin. Note that F(x) =O <= 


r(r—2)=0 r = Oor 2, so as we suspected, F(x) = 0 for 


|x| = 2 and for |x| = 0. Note that where r? — r < 0, the vectors point 


towards the origin, and where r? — r > 0, they point away from the 


origin. 


f(x,y) =ysin(xy) => 
Vf(z,y) = fs(z,y)i-- fy (z,vy) j = (ycos(xy) -y)i+[y-xcos(xy) + sin(xy) - 1] j 


= y? cos(zy) i + [zy cos(ry) + sin(zy)]3 


f(s,t) 2 V2s+3t => 


V f(s,t) = fo(s, (it fils, j= [3253071722] i+ [305-3071 3] j = eat EXE 


f(2,y,2) = y2 vy +e => 
V f(v,y, 2) = fe(z, y, z) V fu(m, y, 2)  f(m y, z)k 

= 3G? +y? 27) Pa) F(a? + y? e 22) (Qy) 5+ F(a? +y? 22) 1/7 (22) k 
VEZ + y? + 2? V2? + y? + 2? Vr? + y? + 2 
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f(z,y,z) = aye > 
Vf(z,y,z) = felt, y, i+ ful@y Dit fey, z)k 


= 2rye” i+ x? lv: e** (1/2) + ev/* . 1] j+ [=*ye/*(-y/2")| k 


2,2 
= 2xye!/* i + a? eV/* (2 + 1) j = ZY eviz k 
z z 


fy) =z- = al 

Vf(z,y) = (x - y)Q)it (z - y)(71)j = (x - y)it (y - 2)j. NNUS 

The length of V f (x,y) is \/(x — y)? + (y— 2)? = V2 |æ — y|. The vectors EN S x > 

are O along the line y = x. Elsewhere the vectors point away from the line ^ SN 

y = x with length that increases as the distance from the line increases. Es 

f(x,y) =3(@’-y*) > VF(a,y) = 2i- yi. zi 

The length of V f (x, y) is Ja? + y? . The lengths of the vectors increase ai 

as the distance from the origin increases, and the terminal point of each ‘| 

vector lies on the x-axis. , » 

—4 -1 1 ox 

-14 
ot 
31 


f(£,y) =£? +y? => Vf (a,y) = 2vi + 2yj. Thus, each vector V f(x,y) has the same direction and twice the length of 
the position vector of the point (x, y), so the vectors all point directly away from the origin and their lengths increase as we 
move away from the origin. Hence, V f is graph III. 


2 


f(x,y) = x(x +y) =2° + zry V f(x,y) = (2x + y) i+ xj. The y-component of each vector is x, so the vectors 
point upward in quadrants I and IV and downward in quadrants II and III. Also, the z-component of each vector is 0 along the 


line y = —2z so the vectors are vertical there. Thus, V f is graph IV. 


f(a,y) =(a«@+y) => Vf (a,y) = 2(a + y)it 2(x + y) j. The z- and y-components of each vector are equal, so all 
vectors are parallel to the line y = x. The vectors are O along the line y = —: and their length increases as the distance from 


this line increases. Thus, V f is graph II. 
f(x,y) = sin yx? +y? > 
Vf (x,y) = [cos V2? v? 3G? P) 1 Q2) | i+ [cos Va? Fy? 3G? +y] j 


= cos /2? t y^ ai 7 cos y/x? + y? di Sonne. 


Thus each vector is a scalar multiple of its position vector, so the vectors point toward or away from the origin with length that 


zi-d yj) 


changes in a periodic fashion as we move away from the origin. V f is graph I. 
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35. f(x,y) = In(1 + z? + 2y?). We graph E 


t t 
"m 4y , l : EOM 
Vf(z,y)— ipa? poy i+ Tp a? 2,2 j along with a contour map d 2 NN 
4 S 4 


of f. The graph shows that the gradient vectors are perpendicular to the 


level curves. Also, the gradient vectors point in the direction in which f is 


increasing and are longer where the level curves are closer together. n» Lala C y 


36. f(x,y) = cosx — 2sin y. al 


fa 


We graph V f(x,y) = — sin z i — 2 cos y j along with a contour map of f. 


The graph shows that the gradient vectors are perpendicular to the level 


2 2T 


S 
NW 


Hf 


curves. Also, the gradient vectors point in the direction in which f is 


lj 
RA 


increasing and are longer where the level curves are closer together. 


=I: 
37. V(x, y) = p c y’). At t = 3 the particle is at (2, 1) so its velocity is V (2, 1) = (4,3). After 0.01 units of time, the 
particle's change in location should be approximately 0.01 V(2, 1) = 0.01 (4, 3) = (0.04, 0.03), so the particle should be 


approximately at the point (2.04, 1.03). 
38. F(x,y) = (xy — 2, y — 10). Att = 1 the particle is at (1, 3) so its velocity is F(1,3) = (1,—1). After 0.05 units of time, 
the particle's change in location should be approximately 0.05 F(1, 3) = 0.05 (1, — 1) = (0.05, —0.05), so the particle should 


be approximately at the point (1.05, 2.95). 


39. (a) We sketch the vector field F(x, y) = xi — yj along with several 


approximate flow lines. The flow lines appear to be hyperbolas with 


shape similar to the graph of y = +1/x, so we might guess that the 


flow lines have equations y = C'/a. 


(b) If x = x(t) and y = y(t) are parametric equations of a flow line, then the velocity vector of the flow line at the 


point (x, y) is z' (t) i + y' (t) j. Since the velocity vectors coincide with the vectors in the vector field, we have 


x (thity'(t)j=ari-yj dx /dt = x, dy/dt = —y. To solve these differential equations, we know 


dz/dt =x = da/x=dt In|r| 2 t-- C. = x — «e! * € = Ae for some constant A, and 


dy/dt= -y => dy/y=-dt > ln|y|2-t- K = y=+e™t* = Be for some constant B. Therefore 


xy = Ae! Be! = AB = constant. If the flow line passes through (1, 1) then (1) (1) = constant = 1 cy=1 


y lg 
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40. (a) We sketch the vector field F(x, y) = i+ z j along with several 
approximate flow lines. The flow lines appear to be parabolas. 
(b) If x = x(t) and y = y(t) are parametric equations of a flow line, then 
the velocity vector of the flow line at the point (x, y) is x’(t)i + y' (t) j. 
Since the velocity vectors coincide with the vectors in the vector field, 


dx 1 Y 
dt ' dt 


we have z'(t)i4- y(t)j 2i cj x. Thus, 


Pn uu a 4^ x A a 
“a 7S8 7S SY Da Ille a 


a au 
« 
f, 
` 
x 
aN 


dy _ dy/dt 2-19 
dr dx/dt 1 


(c) From part (b), dy/dx = «x. Integrating, we have y = ia? + c. Since the particle starts at the origin, we know (0, 0) is on 


the curve,soO=O0+c = c= Oand the path the particle follows is y = zi 


16.2 Line Integrals 


1z-£ and y = 2t, 0 € t < 3, so by Formula 3 


3 a) (2) 3 
ds = 2t — — 2t (2t)? 2)2 dt = 2t y At? + Adt 
[ ae / (2) + (3) a= f + (2) ^ * 


3 
= ff 4t JP FIdt= [2- 203 1° = 4(10°/? — 1) 


0 


2. x = t? and y = tf, 1 < t < 2, so by Formula 3 


fo (z/v) ds = f2(8/t*)/ Bt)? + (46)? dt = [2 (1/t) -& V9 162 dt = f? t/9 + 162? dt 
i E ger 1612)9/?] = a. — 253/2) or 2.(73V73 — 125) 


3. Parametric equations for C are x = 4cost, y = 4sint, 


= 4 a eee dt = (4)6 [3 sin? t]"/?, = 4°. 2 = 16384 


4. Parametric equations for C are x = 2+ 3t, y= 4t, 0 < t € 1. Then 
fo ze ds = fọ (2+ 3t) e“ /82 +P dt = 5 fy (2-- 3t) e*t dt 


Integrating by parts with u = 2+ 3t => du — 3dt, dv =e*dt > v= ie? gives 


1 4t 3 ef 5 4 3 A4 1 3 — 85.4 25 
Jo ze ds = 5[12 30e — ġej 25[5 - £e - 54+ 3] = Bet - 28 


5. If we choose x as the parameter, parametric equations for C are x = x, y = x? for 0 < x < s and by Equations 7 
fo (2y + sina) dy = f [z?(a?) + sinz] -2zdz — 2 fj (a? + xsinx) dx 


6 


y T where we integrated by parts 
[ix — x cosz + sinz]^ 8 YP 


Il 
ho 


in the second term 
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6. Choosing y as the parameter, we have x = y^, y — y, —1 < y € 1. Then 


1 
foe? de = fi e 3P dy = e| -e el-e-l 


7. C = C14 C3 
On C1: r—z,y icr dy dz, 0€ rc X2. 
x On C2: r—z,y—3-r dy = -dz, 2< x <3. 


fo (x + 2y) dz + a? dy = So, (@ + 2y) dz + x° dy + fc, (w+ 2y) dz + a? dy 


2-2 (32) +2? (3)] det JÈ [e+ 28 — 2) +2°(-1)] de 


ol 
= fe (20+ 4a?) de fÈ (6-2-2?) de 
= [aè + ha" enc fo? — Jo] = 04 9-8-5 
8. » C=C1+C2 
OnCi;: r—2cost => dx = —2sintdt, 
y —2sint => dy=2costdt,0<t< 5$. 
On Co: x = -—t dx = —dt, 
x y=2-t dy = —dt,0<t<1. 
Then 
Sov? dz + y? dy = fo, a? dz +y? dy + fo, x? dx + y? dy 
= ["/? (2cost)?(—2sint dt) + (2sint)? (2 cost dt) + foc (—dt) + (2 — t)? (—-dt) 
opm —8 cos? t sint + 8sin? t cost) dt — 2 PUR dt 
0 0 


= 8[1 cost + isin? t7? —2[18 — ¢? 42; —8(1— 4) -2(3- 12) 2 - 8 
9. x = cost, y — sint, z —t, 0< t< 7/2. Then by Formula 9, 


Joa? yds = fr eost (inr) (F + (GY + (E) dt 


= oe cos? t sint \/(— sint)? + (cost)? + (1)? dt = ds cos? t sin t ysin? t + cos? t + 1 dt 


= V2 (7? cos? tsint dt = V2 [- 1 cos? ee V2 (0+ 4) = e 


10. Parametric equations for the line segment C from (3, 1, 2) to (1, 2,5) are x = 3 — 2t, y= 1 +t, z=2+3t, 0 xt 


Then by Formula 9, 


fo yreds = fo (0-0 (2 304/(729 + 1? F3? dt = VIA fo (3t + 8? + Tt + 2)dt 


= VTA [inr 848 + Fe? +24], = VTA (3 484242) = 914 
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11. Parametric equations for the line segment C from (0,0, 0) to (1,2, 3) are x = t, y = 2t, z = 3t, 0 < t € 1. Then by 


1 
Formula 9, f, xe”? ds = So te2090./12 E 2? E 32 dt = V14 So te dt = VTA [e] = NI (e$ — 1). 
0 


12. C: x = t, y = cos 2t, z = sin2t, 0 € t € 2m. 
v/(dz/dt)? + (dy/dt)? + (dz/dt)? = 4/12 + (-2sin2t)? + (2cos2t)? = \/1 + A(sin? 2t + cos? 2t) = v5. 


Then by Formula 9, 
Jol? +y? + 2?) ds = oe + cos? 2t + sin? 2t) V5 dt = V5 ee +1)dt 


= V5 E t0 = /5 [5 (87°) + 27] = V5 (£x? +27) 


13. C: z =t, y=, z =¢,0<t<1. 


1 
fo zye” dy = So (t)(t2)e 1) - 2t dt = if 256" dt = Ed = 2(e! — e°) = 2(e— 1) 


14.C:2=e',y=2t,z=Int,1<t<2. 
Joye’ dz+alnady—yda= f? 2te™t ldt+ elne -2dt — 2te! dt = f? (2t + 2te' — 2te*) dt 


= f? tdt = [P] =4-1=3 


15. C: x = sint, y = cost, z = tant, —x/A < t < m/4. 


fo zdz + zy dy + y?’ dz = [715 (tan t)(cost dt) + (sin t)(cost)(— sint dt) + (cos? t)(sec? t dt) 
-q (sint — sin? t cost + 1) dt [ cost tein eee 
uL 3 —n/4 
V2 1 J/2 : 4 T /2 1 J/2 a T T V2 
2 3\ 2 4 2 3 2 4 2 6 


16. C:c¢=Viy=t2=0P,1<t<4 


fc dz zdy zdz— fý t- jt dt dt Vi-2tdt = fi (307 +8 200) ar 


4 
a | 1,3/2 1,3 4,5/2 _ 8 64 128 T 1 A _ 722 
=([} pee aan ),=$+9+32-3-3-4-2 


17. Parametric equations for the line segment C from (1, 0,0) to (4,1,2) are x = 1+ 3t, y =t, z = 2t, 0€ t € 1. Then 
fo ? dz a? dy y? dz — fa (2t -3dt+ (14 3t)? dt +t? -2dt = fo (23t? + 6t + 1) dt 


= [2+43 +45 = 2%+34+1= 8 


18. C = Ci +02 


On C, from (0,0,0) to (1,0,1): z —t => dx=dt, 
y=0 => dy=0dt, 
z=t => dz=dt,0<t<1. 


On C5 from (1,0, 1) to (0,1,2): z—1—t da dt, 
y=t => dy=dt, 
z=1+t dz=dt,0<t<l. [continued] 
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19. 


20. 


21. 


22. 


23. 


24. 


CHAPTER 16 VECTOR CALCULUS 


Then 
fo (y 9- z) det (x + z) dy + (x + y) dz 


= fo, (yt+z)dx+(a+z)dyt+(r+y)dzt fo, (y+ z)dz + (x + z) dy + (x + y) dz 


= fo (0 +t) dt + (t+t)-Odt+(t+0)dt+ fo (t--14-(-dt -(1- £14 t)dt- (17 £4 t)dt 


1 1 2]1 2 1 
= fy 2tdt+ f, (-2t - 2)dt = [P], + [HP +24], =14+1=2 
(a) Along the line x = —3, the vectors of F have positive y-components, so since the path goes upward, the integrand F - T is 
always positive. Therefore Je, F- dr = fe F - T ds is positive. 
(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that is, opposite the 
direction to the path. So F - T is negative, and therefore f, Co F-dr=f Co F - T ds is negative. 
Vectors starting on C point in roughly the same direction as Ci, so the tangential component F - T is positive. Then 
f. e F.dr—f e F - T ds is positive. On the other hand, no vectors starting on C2 point in the same direction as C2, while 
some vectors point in roughly the opposite direction, so we would expect f. Co F-dr=f €; F - T ds to be negative. 
F(x,y) = zy’ i — z’ jand r(t) = 8i 0j 0ztc1 > 


F(r(t)) = (PP) i — (8)? j =t i— 1$j and r'(t) 2 3? i+ 2tj. Then 


So E- de= f; FEE) -r'(t) dt = fo (E - 3¢? t - 2t) dt = f (BP — 207) dt = [S509 - i]. 


F(r,y,z) =(e«+y)it+azjt+(ytz)kandr(t) = P?i+Pj—-22tk0<t<2 > 
F(r(t)) = (¢? + (¢°)?) i+ (?)(-20)j + (t — 20) k = (t? + 15)1— 20° j + (t? — 2t) k and r'(t) = 2ti + 3? j — 2k. 
Then 

fo F-dr= fo F(r(t)) -r'(t dt = fe (20 + 21" — 6t — 209 + 4t) dt = f? (2t — 605 + 4t) dt 


= [148 — tê + 247]° =64-644+8=8 


F(r,y,z) = singi +cosyj + zzkandr(t) =#i-#?j+tko<t<1 > 


F(r(t)) = sin t? i + cos(—t?)j+¢?-tkandr’(t) = 3t i — 2tj + 1k. Then 
Jo E: dr = fe F(r(t))-r'(t)dt = i (3t? sint? — 2t cost? + t*) dt 


— [- cost? — sint? 4- zl = $ — cos 1 — sin 1 


F(x,y, z) =azit+t 2jtykandr(t)=eit+e*jte*k—-1<t<1 > 
F(r(t)) 2 ete™ i + (e™)’ j +e” k =i +e” j+ e” k and r'(£) = e i + 2e” j— e™ k. Then 


F -dr = (!, F(r(t))-r'(t)dt = f}, (L-e +e% . 2e” — ete") dt 
(o) 1 1 
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25. F(r(t)) = ysin? t + sintcost i+ [(sint cos t) / sin? t| j = vsin? t + sintcost i+ cott j, 


r'(t) = 2sint costi + (cos? t — sin? t) j. Then 


Jo F:dr- [74$ FGr() v (t) dt 


= a [2 sint cos ty sin? t + sint cost + (cott)(cos? t — sin? o] dt ~ 0.5424 


26. F(r(t)) = (costtant)e* ‘i+ (tant sint)e*?*' j + (sin t cos t)e*®™t k 
= (sint)e*"* i + (tantsint)e*95* j + (sint cost)e'*"* k, 
r'(t) = costi — sint j + sec? t k. Then 


So F- dr = fF F(r(t)) r'(t)dt 


[7/4 


= fo^. [(sint cos te" * — (tantsin? t)e*5* + (tan t)e'?^*] dt ~ 0.8527 


27. x =t, y — P, z= Vt so by Formula 9, 


Jo vy arctan z ds = ee) arctan Vt- 4/ (2t)? + (3¢?)? + [1/ (2t )] at 


= f? 0° \/4t? + 9t* F 1/(4t) arctan Vt dt © 94.8231 


28. xr — 14-3t, y=2+t?, z= t^ so by Formula 9, 
fo zin(z 4 y) ds f*, t*in(14+ 8t 2 - £)). (3)? + (20)? + (43)? dt 


= f1 8/9 AE F 1685 In(3 + 3t + t?) dt ~ 1.7260 


29. We graph F(x, y) = (x — y) i + xyj and the curve C. We see that most of the vectors starting on C point in roughly the same 
direction as C, so for these portions of C the tangential component F - T is positive. Although some vectors in the third 
quadrant which start on C point in roughly the opposite direction, and hence give negative tangential components, it seems 
reasonable that the effect of these portions of C is outweighed by the positive tangential components. Thus, we would expect 
Jo E- dr = fo E - T ds to be positive. 

To verify, we evaluate fe F - dr. The curve C can be represented by r(t) = 2costi + 2sintj, 0< t € an 


so F(r(t)) = (2cost — 2sin t) i + 4costsin tj and r'(t) = —2sinti+2costj. Then 


[o E- dr = f°"? F(r(t))  v'(t) dt 


_ [37/2 


= fo [-2sint(2cost — 2sint) + 2cost(4costsint)] dt 


=4 for? (sig? t — sintcost + 2sint cos? t) dt 


= 3n + 2 [using a CAS] 
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30. We graph F(x, y) = Tat " i4 Tr " j and the curve C. In the 


first quadrant, each vector starting on C points in roughly the same direction 


as C, so the tangential component F - T is positive. In the second quadrant, 
each vector starting on C points in roughly the direction opposite to C', so 


F - T is negative. Here, it appears that the tangential components in the first 


and second quadrants counteract each other, so it seems reasonable to guess 
that fo F - dr = fo F - T ds is zero. To verify, we evaluate fo F - dr. The curve C can be represented by 


2 
t pe a tt jandr'(t)=i+2tj. Then 


r(t)=ti+(1+¢)j, —1 <t < 1, so F(r(t)) = 
je+ate? ye+a+e’? 


dt 


-dr= 1 r rl — : t 2t(1- €) 
fo F:dr — f, F(r(t))  r'(t) dt js /e+a+e? a "ENS, 
f Ch SNP 
CI.VEYNUEDOT 


81. (a) f, F -dr = f] Cle E) - (2t, 3t?) dt = fi (2:7 i 3t”) dt = [ent + seli =u qe 


0 [since the integrand is an odd function] 


(b) r(0)=0, F(r(0)) = (e™*,0); E 


r(1) = (1,1), F(r(1)) = (1,1). 


In order to generate the graph with Maple, we use the 1ine command in 


the plottools package to define each of the vectors. For example, 


vi:-line([0,0],[exp(-1),0]): 


generates the vector from the vector field at the point (0, 0) (but without an arrowhead) and gives it the name v1. To show 
everything on the same screen, we use the display command. In Mathematica, we use List Plot (with the 


PlotJoined - » True option) to generate the vectors, and then Show to show everything on the same screen. 


32. (a) Jo F -dr = f^, (26,0,3t)- (2,3, —2t) dt = [^ (4t + 3? — 6t?) dt = [2 — 6]^ , = —2 


(b) Now F(r(t)) = (2t, ¢?, 3t), so F(r(-1)) = (—2, 1, 3, F(r(-3)) = (-1, , - S. F(r(4)) = (5.3). 
and F(r(1)) = (2, 1,3). 


0 0 
z —] 
Z 
= -2 
0 
c + 
0 2 A 
3 2 
7 -2 0 2 E 9 
y y 
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33. 2 —e 'cos4t, y —e 'sindt, z =e™%, 0xtx2m. 


34. 


35. 


36. 


^ 


d 
Then = = e '(— sin4t)(4) — e * cos4t = —e '(Asin4t + cos 4t), 
w = e™* (cos 4t) (4) — e™* sin 4t = —e~*(—4 cos 4t + sin 4t), and < = —e so 
dz Y dy Y _ (a i =ty2 : 2 i 2 
8) + (3) Fic (—e-*)?[(4sin 4t + cos 4t)? + (—4cos 4t + sin 4t)? + 1] 
= e^t \/16(sin? 4t + cos? At) + sin? 4t + cos? 4t + 1 = 3 /2e7! 
So by Formula 9, fo oy zds- jw (e^ * cos 4t)? (e^ * sin 4t)? (e *) (3 V2 e~*) dt 


_ [2 —T7t 3 + 2 _ 172,704 —14m 
= fo 3 V2 e^. cos? 4t sin? 4t dt = zes2 705 V2 (l-e ) 


(a) We parametrize the circle C as r(t) = 2costi+2sintj, 0 € t € 2r. So F(r(t)) = (4 cos? t, 4costsint), 
r'(t) = (—2sint, 2cost), and W = f, F dr = fe" (-8 cos? tsin t + 8cos*tsint) dt = 0. 
(b) 23 From the graph, we see that all of the vectors in the field are 


perpendicular to the path. This indicates that the field does no work 


on the particle, since the field never pulls the particle in the direction 


and so certainly f/, F- dr = 0. 


—23 
We use the parametrization x = 2cost, y = 2sint, —5 X t < 5. Then 
(2y + (4) )at = v/(—2sint)? + (2cost)? dt = 2 dt, so m = Jo kds =2k gt. dt = 2k(v), 


in which it is going. In other words, at any point along C, F - T = 0, 


T= gk Jo zkds = + [7/5 (2cost)2dt = + [15int]" ^, = 2,9 — Ay Jo ykds = d- J7/7, (2sint)2dt — 0. 


Hence (7, y) = (4,0). 


We use the parametrization x = acost, y = asint, 0 <t € 5. Then 


= 4/ (E): + (4Y at = „/(—asint)? + (a cost)? dt = adt, so 


m= fo p(z, y)ds = fo kzyds = [7^ k(a cost)(asint) a dt = ka? fee cost sint dt = ka? [3 sin Mp es i 
1 2 1/2 2 1/2 
T= kat 2 ] 36» ds — i k(a cost)? (asint)a dt = Ta ` ka‘ f cos? t sint dt 
= 2a[ 1 cos? t] 7? — 2a (0 4- i) = ža, and 
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zr. rl RE mE 
37. (a) T = s f zenz) ds, J = s; f ime 2 ds, Z = s] alea) ds, where m — Je P(x, y, 2) ds. 


(b) ds = "CS + (fu) + (EF dt = \/(2cost)? + (—2sint)? + 3? dt = y/4(cos? t + sin? t) +9 dt = V13 dt. 


= Ja kds = k 13 dt = k 13 dt = 27k v13, 
z H VI3 VI3 E J/13. 


1 1 2m 

T= — | zp(z,y,z)ds = ——— 2k v13 sintdt = 0, 
a A(z, y, 2) en 

Jad / (x,y,z) ds = l Jud 

y "i P d RD 2nk V13 Jo > 

z= ~ | zp(z, y, z) ds [ VIB ) (3t) dt = 3 z— (27?) = 37. Hence, (7, y, Z) = (0,0, 37) 
m c , , = on , , , Li y d 


38. m— Jol? +y? +2?) ds = Te + cos? t + sin? t) ,/(1)? + (— sint)? + (cost)? dt 


= fe^ (P +1) V2dt = V2 [409 e dz = V2 (80° +20), 


1 2r 4n*+2n? 3/(2r) 
eee V2 (t +t oo [it + e = . 
x ZE T3 +27) ‘a ) dt ET ET [s 2 Jo 33 +27 3/(27) 
— 8n(2n? +1) 
|  4m243 " 
T= Amm (v2cost) (i? +1) dt — 0 and 
1 Vai ee) Jo | 


S 1 2m : 2 Wee es 3n(2r? +1) 
ren (v2sint) (t + 1) dt = 0. Hence, (7, y, Z) = (E Roo 


39. From Example 3, p(x, y) = k(1— y), xz = cost, y = sint, and ds = dt, Oc t«v > 


Is = fy’ o(@,y) ds = fy sin? t[k(1 — sint)] dt = k f? (sin? t — sin? t) dt 


Let u = cost, du = — sin t dt 
in the second integral 


= $k fo (1 — cos 2t) dt — k fy (1 — cos? t) sint dt | 
&[$ + fy (1-0?) dul = &(8 - $) 


I, = f(a, y) ds = k ff cos? t (1 — sint) dt = 


E fo (1 + cos 2t) dt — k fọ cos? tsint dt 


= k(& — 2), using the same substitution as above. 


40. The wire is given as x = 2sint, y = 2cost, z —3t, 0 € t € 2r with p(z,y, z) = k. Then 


ds = ,/(2cost)? + (—2sint)? + 3? dt = \/4(cos? t + sinf t) + 9 dt = v13 dt and 


I = foly? + 27) o(a,y,z) ds = Je" (4cos? t+ 9t?)(k)V13 dt = V13k[4(4t + 4 sin 2t) + 36] A 


= V13 k(4r + 241?) = 4/13 rk(1 + 62?) 


[continued] 
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Ty = fo (2? + 27) o(z, y, z) ds = n (Asin? t + 91?) (k)V13 dt = V13k[4(3t — $ sin 2t) + 38] 


= V 13 k(4r + 241?) = 4/13 rk(1 + 62?) 


I, = fo(2? + y?)o(a,y, 2) ds = Je" (4 sin? t + 4cos* t)(k)V13 dt = 4 V13 k dt = 8r V13 k 


W = fo F -dr = pe (t — sint, (1 — cost) + 2) - (1 — cost, sin t) dt 


= ae tcost — sint + sintcost + 3sint — sint cost) dt 


= (t — tcost + 2sint) dt = [ie — (tsint + cost) — 2cost] A per by parts | 


in the second term 
= Qn? 
Choosing y as the parameter, the curve C is parametrized by £ = y? + 1, y = y, 0 < y € 1. Then 
W= fo F-dr= fj (G? +1)’ yer +) - (2y, 1) dy = fo [2v (y? +1)° yet] dy 
— [1,2 3 | i,?*4]| 8,1, 1 1, 1,2. 1 T 
= HC T1) 43e" ],"3*&e -37 3653% —5€t3 


r(t) = (2t,t,1-t), O<t<1. 


W = fa F- dr = fp (2t- t,t — (1—t)?, 1 —t — (20?) - (2,1, —1) dt 


= fo (4t- 28 +t-142t-0? 1444407) dt = f) (P + 8t— 2) dt = [i + 40? 20]; = 


WIN 


. r(t) =2i+tj+5tk, 0 € t € 1. Therefore 


1 1 
dx E i iras "dde Kf G+ amy d= K[- 429^] = &(3 - 4). 
(a) r(t) = at? i+ b£j v(t) =r’ (t) = 2ati + 30? j a(t) = v'(t) = 2ai + 6bt j, and force is mass times 
acceleration: F(t) = ma(t) = 2mai + 6mbtj,0<t< 1. 
(b) W = fo F -dr = fo (2mai + 6mbt j) - (2ati + 3bt? j) dt = fọ (4ma?t + 18mb?t?) dt 
= [2ma?t? + $mb?t*]^ = 2ma? + Smb? 
r(t) = asinti+bcostj+ctk = v(t)=r'(t)=acosti—bsintj+ck a(t) = v'(t) asinti—bcostj 


and F(t) = ma(t) = -masin ti — mbcostj. Thus 


W = f F- dr = 1 C-masinti — mb cost j) - (acosti — bsintj+ck) dt 


7/2 


= [o (—ma? sint cost + mb? sint cost) dt = m(b? — a?) [i sin? i = imb? — a?) 


2 0 

The combined weight of the man and the paint is 185 Ib, so the force exerted (equal and opposite to that exerted by gravity) is 
F = 185k. To parametrize the staircase, let x = 20 cost, y = 20sint, z= 204 = Bt, 0 < t € 6r. Then the work done 
is 


W = fo F -dr = f?" (0,0, 185) - (—20sint, 20 cost, 15) dt = (185) 15 f?" dt = (185) (22) (67) ~ 1.67 x 104 ft-lb 
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48. This time m is a function of t: m = 185 et 185 i t. Solet F — (185 — Zt) k. To parametrize the staircase, 

let x = 20cost, y= 20sint, z= 204 = PIA 0 € t € 6r. Therefore 

W = fo F- dr = f?" (0,0,185 — 3-t) - (—20sint, 20cost, 45) dt = 15 f?" (185 — 24) at 
= 1 [185t — 2-0]? = 90(185 — 2) ~ 1.62 x 10* ft-lb 
49. (a) r(t) = (cost,sint), 0 < t < 2r, and let F = (a,b). Then 
W=f,F-dr= es (a,b) -(—sint, cost) dt = Je" (asint + bcost) dt = [acost + bsint]^" 
=a+0-—a+0=0 
(b) Yes. F (x,y) = kx = (ka, ky) and 
W=f,F-dr= a (k cost, ksin t) - (—sint, cost) dt = 77 (—ksint cost + ksint cost) dt = 57 Odt =0. 


50. Consider the base of the fence in the xy-plane, centered at the origin, with the height given by 


z = h(z,g) =4+0.01(x? — y?). To graph the fence, observe that the fence is highest when y = 0 (where the height is 5 m) 


and lowest when x = 0 (a height of 3 m). When y = +2, the height is 4 m. 


Also, the fence can be graphed using parametric equations (see Section 16.6): x = 10cosu, y = 10sinu, 


z —v|44 0.01((10cos u)? — (10sin u)?)] = v(4 + cos? u — sin? u) 
= v(4--cos2u), 0€ u € 21, 0X v € 1. 


The surface area of one side of the fence is f, c h(x, y) ds, where the base C of the fence is given by 


x=10cost, y = lOsint, 0 € t € 27. Then 


Jo h(a, y) ds = JP" [4 + 0.01((10cos t)? — (10sin t)?)] /(—10sint)? + (10 cost)? dt 


= Hi (4 + cos 2t) V100 dt = 10[4t + 1 sin 2t] "i = 10(87) = 807 m? 


If we paint both sides of the fence, the total surface area to cover is 1607 m?, and since 1 L of paint covers 100 m?, we require 


19r = 1.67 ~ 5.03 L of paint. 


51. Let r(t) = (x(t), y(t), z(£)) and v = (vi, v2, v3). Then 
fo v dr = f? (vi, va, va) - (x (t), y' (t), 2 (t) dt = fe [vr a! (t) + va y (t) + vs 2’ (t)] dt 
= [vi x(t) + v2 y(t) + va ROIM = [vi x(b) + ve y(b) + vs z(b)] — [v1 z(a) + v2 y(a) + vs z(a)] 
= vi [r(b) — x(a)] + vo [y(b) — y(a)] + vs [z(b) — z(a)] 
= (v1, v2, vs) : (x(b) — z(a), y(b) — y(a), z(b) — z(a)) 
= (v1, v2, vs) : [(x(b), y(b), 2(b)) — (x(a), y(a), 2(@))] = v - [r(b) — r(a)] 
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52. If r(t) = (a(t), y(t), z(t)) then 


= 3 (P + vO? + [20)]7) — (Ext)? + wor + 2(0P)) 
3 [Ir — r(a)|7] 


53. The work done in moving the object is f, cF: dr = JS c FE- T ds. We can approximate this integral by dividing C into 
7 segments of equal length As = 2 and approximating F - T, that is, the tangential component of force, at a point (77, y; ) on 
each segment. Since C is composed of straight line segments, F - T is the scalar projection of each force vector onto C. 


If we choose (x7, y; ) to be the point on the segment closest to the origin, then the work done is 


7 
fo F:Tdsz X [F(zi, yf)- T(aj, yf)] As = [24+ 2424241414 1](2) = 22 
i=1 


Thus, we estimate the work done to be approximately 22 J. 


54. Use the orientation pictured in the figure. Then since B is tangent to any circle that lies in the plane perpendicular to the wire, 


B = |B| T where T is the unit tangent to the circle C: x = rcos0, y = r sin 0. Thus B = |B| (— sin 9, cos 0). Then 
fo B:dr— ae |B| (— sin 0, cos 0) - (—r sin 0, r cos 0} d0 = Hi |B| r d0 = 2rr |B|. (Note that |B| here is the magnitude 


of the field at a distance r from the wire's center.) But by Ampere’s Law fe B - dr = oT. Hence |B| = pol / (27r). 


16.3 The Fundamental Theorem for Line Integrals 


1. C appears to be a smooth curve, and since V f is continuous, we know f is differentiable. Then Theorem 2 says that the value 
of f. c Vf : dr is simply the difference of the values of f at the terminal and initial points of C. From the graph, this is 
50 — 10 — 40. 

2. C is represented by the vector function r(t) = (t? + 1)i+ (t? --£) j, 0 € t € 1, sor'(t) = 2ti+ (3t? + 1) j. Since 
3t? + 1 0, we have r’(t) Æ 0, thus C is a smooth curve. V f is continuous, and hence f is differentiable, so by Theorem 2 


we have fo Vf -dr = f(r(1)) — f(r(0)) = f(2,2) - f,0) 29—3— 6. 


3. Let P(x,y) = zy + y? and Q(z, y) = x? + 2zy. Then OP/Oy = x + 2y and 0Q/Ox = 2x + 2y. Since OP/Oy 4 0Q/Oxz, 
F(x,y) = Pi+ Qjis not conservative by Theorem 5. 

4. O(y? — 2x) /Oy = 2y = O(2xy)/Ox and the domain of F is R? which is open and simply-connected, so F is conservative by 
Theorem 6. Thus, there exists a function f such that V f = F, that is, f. (x,y) = y? — 2x and f,(a, y) = 2xy. But 
f(x,y) = y? — 2x implies f(x,y) = xy? — x? + g(y) and differentiating both sides of this equation with respect to y gives 
fu(x,y) = 2xy + g'(y). Thus 2xy = 2xy + g' (y) so g'(y) = 0 and g(y) = K where K is a constant. Hence 


f(x,y) = vy? — x? + K isa potential function for F. 
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10. 


2 (y e) 2 y? - re” + 2ye*? = (zy? + 2y)e™, 
y 
ð TY TY TY zy 2 Ly cy 2 zy 
gg Mi t+ zy)e"!] = (1+ zy) ye?” + ye?” = ye + zy e** + ye?” = (zy  2y)e^". 


Since these partial derivatives are equal and the domain of F is R? which is open and simply-connected, F is conservative by 
Theorem 6. Thus, there exists a function f such that V f = F, that is, f(a, y) = ye" and fy(x, y) = (1 + xy)e*". But 


fr(x,y) = y? e?" implies f(x,y) = ye?” + g(y) and differentiating both sides of this equation with respect to y gives 


fué, y) = (1+ aye" + g'(y). Thus (1+ 2y)e" = (1 + zy)e?* + g (y) so g/(y) = 0 and g(y) = K where K isa 


constant. Hence f(x,y) = ye*" + K is a potential function for F. 


. O(ye?)/8y = e” = O(e* + e")/Ox and the domain of F is R? which is open and simply-connected, so F is conservative. 
Hence there exists a function f such that V f = F. Here f(x, y) = ye” implies f(x,y) = ye” + g(y) and then 
fy(z,y) = e* + g'(y). But fy(z,y) =e” + e” so g'(y) =e” => gly) =e%+K and f(z, y) = ye +e% + K isa 
potential function for F. 

. Aye” + sin y)/8y = e” + cosy = O(e* + x cosy)/Ox and the domain of F is R?. Hence F is conservative so there 
exists a function f such that V f = F. Then f(x, y) = ye” + sin y implies f(x,y) = ye” + x sin y + g(y) and 
fy(z,y) = e* + x cosy + g' (y). But fy(x, y) = € + xcosy so gly) = K and f(x,y) = ye” + zsin y + K is a potential 
function for F. 

. O(2zy + y ?)/8y = 2x — 2y ? = O(a? — 2xy ?)/0x and the domain of F is {(a, y) | y > 0} which is open and 
simply-connected. Hence F is conservative, so there exists a function f such that V f = F. Then f.(z,y) = 2xy + y ? 
implies f(x,y) = xy + zy 7 + g(y) and f(x, y) = z^ — 2zy 7 + g'(y). But fy(z,y) = 2? — 2vy ? so 
g(y)-0 =  g(y)- K. Then f(x,y) = z?y + xy ? + K is a potential function for F. 

. O(s? cos x + cos )/Oy = 2y cos z — sin y = O(2ysinx — x sin y)/Ox and the domain of F is R? which is open and 

simply-connected. Hence F is conservative so there exists a function f such that Vf = F. Then fs(x, y) = y? cosa + cosy 

implies f(x,y) = y? sinz + x cosy + g(y) and f,(x,y) = 2ysinz — rsiny + g' (y). But fy(z,y) = 2ysinz — xsiny 

sog'(y) 2-0 => g(y)=K and f(x, y) = y? sin x + x cosy + K is a potential function for F. 

O(In y + y/z)/0y = 1/y + 1/z = O(Inz + z/y)/Ox and the domain of F is {(x, y) | x > 0, y > 0} which is open and 

simply-connected. Hence F is conservative so there exists a function f such that V f = F. Then fz;(z,y) = lny + y/x 


implies f(x, y) = zlny + yln z + g(y) and f,(z, y) = z/y 4 Inz + g'(y). But fy(£, y) = Inz4- z/ysog'(y 0 => 


gly) = K and f(x, y) = zIny + ylnz + K is a potential function for F. 


. (a) F has continuous first-order partial derivatives and p (2zy) = 2x = (x?) on R?, which is open and 


Ox 


simply-connected. Thus, F is conservative by Theorem 6. Then we know that the line integral of F is independent of path; 
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in particular, the value of f, c F - dr depends only on the endpoints of C. Since all three curves have the same initial and 
terminal points, f, c E: dr will have the same value for each curve. 

(b) We first find a potential function f, so that V f = F. We know f. (x,y) = 2xy and f, (x, y) = 2”. Integrating 
fs (a, y) with respect to x, we have f(x,y) = z?y + g(y). Differentiating both sides with respect to y gives 


fu(x,y) = x? + g' (y), so we must have z? + g'(y) = a? g'(y)=0 g(y) = K, a constant. 


Thus f(x,y) = z°y + K, and we can take K = 0. All three curves start at (1, 2) and end at (3, 2), so by Theorem 2, 


Jo E- dr = fo Vf - dr = f(3,2) — f (1,2) = 3° (2) — 1? (2) = 16 for each curve. 


12. (a) F(x,y) = 2xyi + (a? +siny)j. 


: 2 ? + si oe 
Solution 1: F has continuous first-order partial derivatives and oer) =2¢= Ds m) on R?, which is open and 
y z 


simply-connected. Therefore, the vector field is conservative and there exists a function f(x, y) such that V f = F. Here, 


falx, y) = 2xy implies f(x,y) = xy + gly) and fy(z, y) = r? + g' (y), but fy (x,y) = x? + sin y, which implies 


g'(y) ^ siny g(y) cosy + K and f(x,y) = z?y — cosy + K is a potential function for F. Then 


Jo F:dr = f(2, £) — f(0,0) = 22(2) — cos($) +K -0 + cos0  K =2r+1 
Solution 2: As in Example 4, since F is conservative, we know that f. c F : dr is independent of path, so we replace the 
curve C by the simpler curve C; consisting of the line segment connecting the two endpoints of C. Thus, C1 can be 
represented by r(t) = 2ti + $£j, 0 < t < 1. Then 
[o F:dr- fo, E- de = fj FEE) v'(t) dt 
= fo {2(2t) (Ft) 2) + [(28)? + sim(50)] (4) } at = [f Ont? + § sim(31)] at 


= [2nt? — cos(Zt)] 4 


= (2r — 0) — (0-1) =27 41 


(b) From part (a), we know that F is conservative and therefore independent of path. Thus, since C is a closed path, by 


Theorem 3, fo F- dr = 0. 


13. (a) F(x, y) = (32? -- y?)i + 2zy j. r(t) = 2costi+ 2sintj, m <t X 2r. Then 
F(r(t)) = [3(2cost)? + (2sint)?]i + 2(2cost)(2sint) j = (12cos? t + Asin? t) i + 8costsintj 
and r’(t) = —2sin ti + 2costj, so 


F - dr = (?" F(r(t)) -r/(t) dt = (?* [-2sint 12 cos? t + Asin? t) + 2cost(8costsint)] dt 
C T T 


2m 
= [77 (—8sint cos? t — 8sin? t) dt = -8 f?" sint dt = 8|cost| = 8[1 — (-1)] = 16 


T 


2,,2 
3x^ + y^) Lg O(2xy) 


o 287- 


and the domain of F is R?, which is open and simply-connected. Thus, F is conservative 


and there exists a function f (x, y) such that Vf = F. Then f; (x,y) = 3z? + y? implies f(x,y) = x? + zy? + g(y). 


[continued] 
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Differentiating both sides with respect to y gives f(x, y) = 2xy + g'(y), so we must have 2xy + g'(y) = 2xy => 


g(y)=0 = g(y)- K,aconstant. Thus, f(x,y) = x? + zy? + K is a potential function for F. 


(c) From part (b), f(a, y) = x? + ay? + K. Thus, 


oF dr = fa Vf: dr = f(2,0)  f((-2,0) = 22 +0 + K — (-2)? -0-K = 16 


(d) We replace C with the line segment from (—2, 0) to (2,0) so r(t) = (4,0), —2 € t < 2, which implies r’(¢) = (1,0) and 


F(r(t)) = (32,0). Thus, fo F - dr = f^, F(r(t)) (t) dt = f?, 3¢7 dt = [P]^ , 


= 23 — (-2)? = 16. 


14. (a) F(a, y) = (siny +e”, x cosy) and C: x = t, y = t(3— t), 0 <t <3. 


O(sin y + e”) O(a cos y) 


Əy = cosy = ET and the domain of F is R?, which is open and simply-connected. Thus, F is 


conservative and there exists a function f(x, y) such that V f = F. Then f(x,y) = sin y + e” implies 


f(x,y) = vsiny +e” + gly), so fy(z,y) = xcosy + g'(y), which implies g'(y) =0 =  g(y) = K. Therefore, 


f(x,y) = xsiny + e” + K isa potential function for F. 


(b) The endpoints of C are (0,0) and (3,0). Thus, by Theorem 2, sl 


fo E- dr fa Vf dr = f(3,0) — f(0,0) e 
— 3. sin0 +e? +K — (0: sin0 +e +K) 


—e-i 


> 
(0,0) (3, 0) x 


(c) We replace C with the line segment that connects the endpoints of C 
along the x-axis. Sox = t, y = 0,0 < t < 3. Then r(t) = (t,0), r'(t) = (1,0), and 


F(r(t)) = (sin0 + e',tcos0) = (e',t). Therefore, f/, F - dr = le F(r(t)) - r'(t) dt = E e dt = [e 


15. (a) F(x,y) = (ye*",ze"") and C: z = sin Zt, y = e*t (1 — cosnt),0 < t € 1. 


Əlye™”) _ zy payet = O(xe^") 
Oy 


and the domain of F is IR’, which is open and simply connected. Thus, F is 


conservative and there exists a function f(x, y) such that V f = F. Then f(x, y) = ye*" implies f(x,y) = e** + g(y), 
so fy(z, y) = xe™” + g'(y), which implies g'(y) 2 0 =  g(y) — K. Therefore, f(x,y) = e^" + K is a potential 


function for F. 


(b) The endpoints of C are (0, 0) and (1, 2). Thus, by Theorem 2, TA (1, 2) 
fo F:dr— fo; Vf: de = f(1,2) — f(0,0) 
=+K-&°-K=e-1 * 
(c) We replace C with the line segment that connects the endpoints of C. 
Sox = t and y = 2t, 0 < t € 1. Then r(t) = (t, 20), r'(t) = (1, 2), and (0, 0) S 
x 
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F(r(t)) = (2t, te"), Therefore, 
Jo E- dr= fi ECE) v (t) dt = fo ate?” dt 
= f2e"du [w= 22, du = 4t dt] 


= [e] 2 ? -1 


16. f(z,y,z2) = xy?z +x? and C: x = t°, y = T in z=t4+t,-1<t<1. Vf is the gradient vector field of f and 
therefore conservative. Thus, by Theorem 2, f, Vf - dr = f(1,1,2) — f(1,1,0) = [((1)2)(2) + 12] — (0 4- 12) 2 2. 
17. (a) F(x,y) = (2x, Ay). If F = V f, then f.(z,y) = 2x and fy (x,y) = 4y. f«(x, y) = 2x implies that f(x, y) = 2? + g(y) 
and f,(z,y) = g' (y) = 4y, so g(y) = 2y? + K. We can take K = 0, so f(x,y) = x? + 2y?. 


(b) C is a smooth curve with initial point (4, —2) and terminal point (1, 1), so by Theorem 2, 


Ja F- de = fo, Vf- de = f(1,1) - f(4, 2) = (1 + 2) - (16 + 8) = —21. 


18. (a) F(x,y) = (3+ 2zy?)i + 22?y j. IfF = V f, then f(x,y) = 3 + 223? and fy(a,y) = 2x?y. 
fe(x, y) = 3 + 2zy? implies f(z, y) = 32 + z?y? + gly) and fy(x, y) = 2£°y + g' (y). But fy(x, y) = 2z?y so 
g'(y)=0 = gly) =K. We can take K = 0, so f(x,y) = 3x + x°y’?. 
(b) C is a smooth curve with initial point (1, 1) and terminal point (4, i) , so by Theorem 2, 


fo E: dr = fo Vf- dr = f(41)- f(51) = (12+ 1) — (341)-9. 
19. (a) F(x,y) = a?y? i-- vy’ j. IFF = V f, then f(x, y) = z?y? and f,(z, y) = xy. 
fs (x, y) = a?^y? implies f(x, y) = $a?y? + gly) and fy(x,y) = a? y? + g' (y). But fyl(£, y) = a?y^,sog'(y) 2-0 => 
3 


g(y) = K, a constant. We can take K = 0, so f(x,y) = ia?y i 


(b) C is a smooth curve with initial point r(0) = (0, 0) and terminal point r(1) = (—1, 3), so by Theorem 2, 


JeF- dr = fa Vf dr = f(-1,3) - f(0,0) = -9 — 0 = —9. 


20. (a) F(x,y) = (1 + aye i+ z?e?* j. fy(x,y) = a?e*" implies f(a, y) = ze?” + g(x) 
folz, y) = vye^" c e"? +g'(x) = (1+ xy)e™” + g'(x). But falx, y) = (1+ xy)e"" so g'(x)=0 => g(a) — K. 
We can take K = 0, so f(x,y) = xe’. 


(b) The initial point of C is r(0) = (1,0) and the terminal point is r(7/2) = (0,2), so by Theorem 2, 


fo E -dr = f(0,2) — f(1,0) = 0 — e 2 —1. 


21. (a) F(x,y, z) = 2zyi-- (£? + 2yz)j +y? k. fz(x,y, z) = 2xy implies that f(x,y, z) = x?y + g(y, z) and so 


fyl£, y, z) = r? + gy(y, z). But fy(z,y, z) = x? + 2yz, which implies gy(y,z) = 2yz+hy(z) => 


gly, z) = yz + h(z). So f(z,y, z) = z^y + y?z + h(z) and f(x,y, 2) = y^ + h’(z). But f.(x,y,z)=y? > 


h'(z)=0 = h(z)= K. Wecantake K = 0, so f(x,y,z) = a?y + y?z. 
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(b) C is a smooth curve with initial point (2, —3, 1) and terminal point (—5, 1, 2), so by Theorem 2, 


[o E- dr = fo Vf dr = f(—55,1,2) — f(2, 53,1) = (25 + 2) — (-12 + 9) = 30. 


22. (a) F(x, y, z) = (y?z + 2x2?) i + 2zyz j + (zy? + 227 z) k.. falz, y, z) = y?z + 2x2? implies 


f(x,y,z) = zy?z + a?2? + g(y, z) and so f,(z,y, z) = 2xyz + gy (y, z). But fy(z,y, z) = 2xyz so 
gy(y,2) 20 = gly,z) — h(z). Thus, f(x,y, z) = xy?z + a?z? + h(z) and f(x,y, z) = ey? + 22? z + h/ (z). 
But f.(r,y,z) = zy? + 2x°z, so h'(z)=0 = h(z)= K. Hence, f(x,y, z) = xy?z + a? z? (taking K = 0). 
(b) t = O corresponds to the point (0, 1, 0) and t = 1 corresponds to (1, 2, 1), so by Theorem 2, 
Jo F- d= f, Vf- dr = f(1,2,1) - f(0,1,0) 25-0— 5. 


23. (a) F(z,y,z) = yze"^ i + e” j+ rye” k. fz(x,y,z) = yze** implies f(x,y,z) = ye?” + g(y, z) and so 
f(x, y, 2) = e** + gy(y, z). But fy(£, y, z) = e** so gy(y,z) 20 =  g(y, 2) = h(z). Thus, 
f(z,y,z) = ye"? + h(z) and f(x,y,z) = xye"* + h' (z). But fz(z,y, z) = rye”, so '(z) 20 => h(z)=K. 
Hence f(x,y,z) = ye”? (taking K = 0). 


(b) r(0) = (1, 21,0), r(2) = (5,3,0) so fo F- dr = f(5,3,0) — f(1,—1,0) = 3e? + e? = 4. 


24. (a) F(z,y,z) = sinyi+ (xcosy +cosz)j—ysinzk. f(x,y,z) = sin y implies f(x,y,z) = xsiny + g(y, z) and so 
fy(z,y,z) = x cosy + gy(y, z). But fj(z,y,z) = zcosy--coszsogy(y,z) =cosz => g(y,z)-— ycosz 4 h(z). 
Thus, f(x,y,z) = xsiny + y cosz + h(z) and f(x, y, z) = —ysinz + k' (z). But fz(z,y, z) = —ysinz, so 
h'(z)=0 = h(z)- K. Hence, f(x,y,z) = xsiny + ycosz (taking K = 0). 


(b) r(0) = (0,0,0), r(7/2) = (1, 7/2, m) so Je F dr = f(1, 7/2, 7) — f(00,0 21— $5 -0—1-— $. 
25. The functions 2xe™” and 2y — z?°e™” have continuous first-order derivatives on R? and 


2 (2re~¥) 2 —2re™” = — (2y — x?°e™”), so F(z, y) = 2xe "i + (2y — x?e™”) j is a conservative vector field by 


Oa 
Theorem 6 and hence the line integral is independent of path. Thus a potential function f exists, and fs(x, y) = 2xe 


implies f(x,y) = a?e-" + g(y) and f(z,y) = —^e-" + g'(y). But fy(z,y) = 2y — 2?e™ so 


g'(y) = 2y gly) = y? + K. We can take K = 0, so f(x,y) = a?e^* + 4?. Then 


fo Que dz + (2y — ae) dy = f(2,1) — f(1,0) = 4e! +1-1=4/e. 
26. The functions sin y and x cos y — sin y have continuous first-order derivatives on R? and 


E (siny) = cosy = 2 (x cos y — sin y), so F(x, y) = siny i + (x cosy — sin y) j is a conservative vector field by 
z 


Oy 

Theorem 6 and hence the line integral is independent of path. Thus a potential function f exists, and f; (x, y) = sin y implies 
f(x, y) =asiny + g(y) and fj(z, y) = xcosy + g'(y). But fy(x,y) = xcosy — siny,sog'(y) =—siny = 

gly) = cosy + K. We can take K = 0, so f(x,y) = xsiny + cosy. Then 


fo siny dx + (x cosy — siny) dy = f(1,m) - f(2,0) = -1-1— -2. 
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27. If F is conservative, then f, c F- dr is independent of path. This means that the work done along all piecewise-smooth curves 


that have the described initial and terminal points is the same. Your reply: It doesn’t matter which curve is chosen. 


28. The curves C; and C2 connect the same two points but f. €i F.d f Co F - dr. Thus F is not independent of path, and 


therefore is not conservative. 


29. F(z,y) =2°i+y?j, W = Jo E- dr. Since O(x?)/8y = 0 = (y?) /ðzx, there exists a function f such that Vf = F. 


3 


In fact, fr(a,y) = 23? = f(x,y) = ia^ g(y) => fy(x,y) — 0 g'(y). But fy(x,y) = y? so 


g(y-y  - gy) =4y*+K. We can take K = 0, so f(x,y) = 12^ + 3^. Thus 


W =f. F- dr = f(2,2) — f(1,0) = (4+ 4) - (24-0) = #. 


30. F(x,y) = (2a +y)i+ xj, W = fo F- dr. Since O(2z + y)/Oy = 1 = O(a)/Oz, there exists a function f such that 
Vf =F. In fact, f.(z,y) =2e+y => f(z,y)—a?-ay-g(y) => fy(a,y) — x+ g' (y). But 
fy(z,y) =xsog'(y)=0 = gly) =K. Wecan take K = 0, so f(x,y) = a? + xy. Thus 
W = fo F -dr = f(4,3) f(1,1) = (16 + 12) — (1 + 1) = 26. 


31. We know that if the vector field (call it F) is conservative, then around any closed path C, f oF: dr = 0. But take C to bea 
circle centered at the origin, oriented counterclockwise. All of the field vectors that start on C are roughly in the direction of 


motion along C, so the integral around C will be positive. Therefore the field is not conservative. 


32. We know that if the vector field (call it F) is conservative, then around any closed path C, f, c F - dr = 0. For any closed path 
we draw in the field, it appears that some vectors on the curve point in approximately the same direction as the curve and a 
similar number point in roughly the opposite direction. (Some appear perpendicular to the curve as well.) Therefore it is 


plausible that f' c E: dr = 0 for every closed curve C which means F is conservative. 


2 $ ; ! 
33. IGI 3 TTT N From the graph, it appears that F is conservative, since around all closed paths, 
see ees en ee ies Oe MY 
; i ' : : ; i | the number and size of the field vectors pointing in directions similar to that of the 
, : i E ssl eA i 1 f j path seem to be roughly the same as the number and size of the vectors pointing 
cul Vian pera emer e E 1 ar 
1 ' : an, i i in the opposite direction. To check, we calculate 
hU fo ate zen ae We SX a 
epee a : ; i 7 Dy (siny) = cosy = m (1+ x cos y). Thus, F is conservative, by Theorem 6. 
—2m7 
34. f(x,y) = sin(x — 2y) F = V f(x,y) = cos(x — 2y)i— 2cos(z — 2y) j 


(a) We use Theorem 2: So, F -dr = Se, Vf -dr = f(r(b)) — f(r(a)) where Ci starts at t = a and ends at t = b. So 


because f (0,0) = sin 0 = 0 and f(z, 7) = sin(m — 2r) = 0, one possible curve C4 is the straight line from (0, 0) to 
(7,7); that is, r(t) = nrti+ tj, 0<t<1. 
(b) From (a), Se, F dr = f(r(b)) — f(r(a)). So because f (0,0) = sin 0 = 0 and f (3,0) = 1, one possible curve C^ is 


r(t) = Şti, 0 € t < 1, the straight line from (0,0) to (2,0). 
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35. Since F is conservative, there exists a function f such that F = V f, that is, P = fz, Q = fy , and R = fz. Since P, 
Q, and R have continuous first-order partial derivatives, Clairaut’s Theorem says that OP/Oy = fry = fys = 0Q/O0x, 


OP/0z = frz = fzx = OR/Ox, and 9Q/Oz = fy; = fey = OR/Oy. 


36. Here F(x,y, z) = yi + xj + xyz k. Then using the notation of Exercise 35, 0P/Oz = 0 while OR/Ox = yz. Since these 


aren’t equal, F is not conservative. Thus by Theorem 4, the line integral of F is not independent of path. 


37. D = ((z,y) | 0 < y < 3} consists of those points between, but not » 

on, the horizontal lines y = 0andy —3. |. . .— | |  . | .......---- SH LP REANO. 

(a) Since D does not include any of its boundary points, it is open. More 
formally, at any point in D there is a disk centered at that point that 


lies entirely in D. 0 x 


(b) Any two points chosen in D can always be joined by a path that lies 


entirely in D, so D is connected. (D consists of just one piece") 


(c) D is connected and it has no holes, so it's simply-connected. (Every simple closed curve in D encloses only points that are 
in D.) 


38. D = ((z,y) | 1 < |x| < 2} consists of those points between, but 
not on, the vertical lines x = 1 and x = 2, together with the points 


between the vertical lines x = —1 and x = —2. 


(a) The region does not include any of its boundary points, so it is open. 9-1 


(b) D consists of two separate pieces, so it is not connected. [For 


instance, both the points (—1.5, 0) and (1.5, 0) lie in D but they 


M 


cannot be joined by a path that lies entirely in D.] 


(c) Because D is not connected, it’s not simply-connected. 


39. D = (Gy) l1xa?4y <4, y> 0} is the semiannular region yA 
in the upper half-plane between circles centered at the origin of radii 


1 and 2 (including all boundary points). 


(a) D includes boundary points, so it is not open. [Note that at any 


boundary point, (1, 0) for instance, any disk centered there cannot lie 
entirely in D.] 
(b) The region consists of one piece, so it's connected. 


(c) D 1s connected and has no holes, so it's simply-connected. 
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40. D = {(x,y) | (x,y) Æ (2, 3)} consists of all points in the zy-plane "n 
except for (2, 3). a i 
(a) D has only one boundary point, namely (2, 3), which is not included, 


so the region is open. 


(b) D is connected, as it consists of only one piece. 0 2 X 


(c) D is not simply-connected, as it has a hole at (2,3). Thus any simple 
closed curve that encloses (2, 3) lies in D but includes a point that is 
not in D. 


OP _ y — r? x OQ _ y- r? Th OP  0Q 


= y EE, SENA: RM RS a GET = UNE 
41. (a) P= and Q = P rpg us Dy iy 


at ty?’ Oy (tyy 


(b) Ci: x = cost, y = sint, 0 < t < v, C2: x = cost, y = sint, t = 27 tot = x. Then 


1635 


J F- dr = » E^ pt) Sey eq open oon) dt = f dt = 7+ and f F.dr= | dt = —7 Since these aren't 
Cı 0 0 C5 2 


cos? t + sin? t z 


equal, the line integral of F isn’t independent of path. (Or notice that f. Cs F-dr= a dt = 2r where Cs is the circle 


z? + y? = 1, and apply the contrapositive of Theorem 3.) This doesn’t contradict Theorem 6, since the domain of F, 


which is R? except the origin, isn’t simply-connected. 


42. (a) Here F(r) = cr/|r|? and r = ri +yj+ zk. Then f(r) = —c/|r| is a potential function for F, that is, V f = F. 


(See the discussion of gradient fields in Section 16.1.) Hence F is conservative and its line integral is independent of path. 


Let P, = (41, y1, 21) and P» = (x2, yo, 22). 


c c 1 1 
W = f, F-dr = f (P2) — f (P) jk = ) 
ie (33-33-23) (+t) a d 


(b) In this case, c= —((mMG) => 


w= -mue( I : ) 


1.52x 1011 1.47 x 10H 
= —(5.97 x 10?*)(1.99 x 10°°)(6.67 x 107") (—2.2377 x 10718) 
x 1.77 x 108° J 
(c) In this case, c = eqQ > 


1 1 
107-12 5x 107:3 


w= «o( ) = (8.985 x 10°) (1) (—1.6 x 1077?) (—107?) a: 1400 J. 
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16.4 Green's Theorem 


1. (a) Ci: x —t dx =dt, y=0 dy —0dt, 0<t<5. 
Co: ©=5 dr —0dt, y —t dy —dt, 0t «4A. 
Cs: x — 5—t dx dt, y —4 dy —0dt, 0<t<5. 
C4: x —0 dx —0dt, y—4-t dy dt, O<t<4 
g C, (5,0 x 
Thus fo y! dz + a?ydy = $ y? dx + a?y dy = f 0dt + fi 25tdt + fJ (—16 + 0) dt + ff Odt 


Cı +C2+C3+Ca4 


03 ET ET 16t]o + 0 = 200 + (—80) = 120 


(b) Note that C as given in part (a) is a positively oriented, piecewise-smooth, simple closed curve. Then by Green's Theorem, 


fo Vy, dxt+a°ydy = ffp [2 (ay) 7 (^) dA = IN fo Qay — 2y) dy dz = ie [zy — y"] a dx 


= fo (16x — 16) dz = [8x? — 16x]? = 200 — 80 = 120 


2. (a) Parametric equations for C are x = 4cost, y=4sint, 0 < t< 2r. Then dz = —4sintdt, dy = 4costdt and 


fo yda — z dy = i ((4sin t)(—4sint) — (4cost)(4cost)] dt 


= —16 f°" (sin? t + cos? t) dt = —16 fg” 1dt = —16(27) = —32n 
(b) Note that C as given in part (a) is a positively oriented, smooth, simple closed curve. Then by Green's Theorem, 
fovde-zdy= ff, |& 7 - & (0| 44 = ff, C71 - 044 = -2 ffp dA 


= —2(area of D) = —2- (4)? = —32m 


3. (a) "m 0,2) C ee dx = dt, y —0 dy —0dt, 0X tx 1. 
y=2x Co: ©=1 > dxr=0dt, y=t => dy=dt, 0<t<2. 
C; C C3: 7—1-—t da dt, y —2-—2t dy = —2dt, O<t<1. 
2 


0 c ao * 


Thus fo xy da + a?^y? dy = $ zy dx + 223? dy 
C1 +C2o+C3 


= fo Odt+ fo tat + f? [0 — t)(2 - 20) - 2(1 — t)?(2 — 2t] at 


= 0+ [1¢4]5 + fo [-2(1 — t)? — 16(1 — £9] at 


=4+ [2(1-2)9+ 380-295 =4+0- 22-2 
(b) fo vy da + a^y? dy = ff, E (x? y3) — pm (cy) dA -— So 2 (22y? — x) dy dx 
E ie [iov — zy] de = fy (80° — 2a?) dx = 2 u 2 = 2 
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Ci: c=t dx = dt, y= t? dy = 2tdt, O<t<1 
(0, 1) 
Co: e=1-t da dt, y —1 dy —0dt, 0<t<1 
C3: x =0 dx = 0dt, y=1-t dy dt, O<t<1 
Thus 
fo xy? dx + xy dy = $ xy” dx + zy dy 
C14-C24-03 
= fo [PEP dt + t(t?)(2t dt)] + fo. [a — £)?()? (744) + (1 — t))(0at)] 
+ fy [(0)?(4 - t)?(Odt) + (0)(1 — t)(—dt)] 
= fo (E + 2t*) dt + fo (714-2t - €) dt + fo 0dt 
= [407 + 20°]) + [-t+P - 48], +0=(44+2)+(-14+1-4)=2 
(b) fo ty ? da + ay dy = Sp Ex (xy) — & Gy?) dA = J Jes (y — 22? y) dy dx 


= fo (bu? — at WL, de = fa (3-8 — da oa) de 


= = igh mariai 1 1 22 
= [32 3v ge om] 10 +7 


5. The region D enclosed by C is [0,3] x [0, 4], so 


fo ye® dx + 2e* dy - ff, |& 2 (2e*) — 2- = (uy e?) dA = f? fr (2e* — e") dy dx 


= > e” dx h dy = [e7]? luli = (e — e°)(4— 0) = 4(e — 1) 


(1, 4) (2, 4) The region D enclosed by C can be given by ((z,y) | 1 < £ € 2,1 € y € 4}, so 


] seas e tay |f E (Z) 2 m(ey)| dA 
e aaa ee 


z-—1l 


(1, 1) (2, 1) 


y 2 3 [(-3 n) 
" = +—)dy= - d 
0 e a y ATIR p y)” 
2 4 
y 16 15 
I In4 =— In4 
Eo e Eee pene s 


The region D enclosed by C can be given by ((z,y)|0 € y € 32,0 € x € 1}, so 


[ev detyt ydy = J, E (ytan^ ! y) = D. (ahy?) dA 
C oy 
3a 
= fo So” (-22°y) dy dar =- fo [y^] s de 


Ee eat ete 


(0, 0) (1,0) x 
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The region D enclosed by C is given by ((z,y) | UO € y € 1, 0 € x € 2y}, so 


fola? +4?) da + (2? - y")dy = ff, |Z (2 -) -  G? y?) aa 
= fo fo" (2x — 2y) dx dy 
E Fie — 2zy] 7 2! dy 


= fo (44? — 4?) dy = f; Ody =0 


9. Jo (ue 7) dz + (2z + cosy?) )dy = ffp Ex (2a + cos y?) — & (y e"*)| aA 


1 
= Cie — 1) dy dz = fo (e x’) dx = [22 EUN =; 
10. fo y^ dx + 2zy? dy = die E (2x?) D (^)] dA= ffo Qv? — 4?) dA 
=—2 [fp y’ dA=0 
because f(x,y) = y? is an odd function with respect to y and D is symmetric about the x-axis. 
t. fo y? dz — 1° dy = ff, |Z (-2*) - & (y’)| dA = ffo C92? — 3?) dA = f" Jo (-3r?)r dr dà 
= —3 f?" d0 f? r^ dr = —3[0]5" [1r*]; = —3(27) (4) = —247 


12. So — 99) dz + (a? 4- ^) dy = ff, E (z3 e^) — &- y? dA — ff (3? + 3?) dA 
he r?)rdrdð =3 f?” d0 [3 r? dr 
M sg 2 [17]? = 300) (81 — 16) = 2250 


4 


13. The region D enclosed by C is given by ((r,0) | 1 < r < 2, 0 < 0 < 7/2} (in polar coordinates),which is traversed 


counterclockwise, so C has positive orientation. Thus, 
Jo (3 + e) dx + (tan! y + 32?) dy — ff, | (tan? yd 327) - (3 + e) dA 
= Sp 6rdA—6 e fe r cosÜ r dr dé [Switching to polar coordinates] 


= = 6 f7 cos0 do f? r?dr =6 [sin 6] $5 mie [=], 
r=1 


-6(1-0)($-3)—14 


14. The region D enclosed by C is given by {(x,y) | y? <a < 4,0 € y € 2). C is traversed clockwise, so —C gives the 


positive orientation. Then 
- f ola??? e y!) dz + (I — 5?) dy =— ff, [E0 - 27) - ZG? +y)] aA 
elu T (—2x — 2y) dr dy = fo D (2x + 2y) dx dy 


= _ 2 _ 4 944 
[U gy =. 
=f? [z? + 22y] 5 dy fo (16 + 8y — y* — 2y*) dy 
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15. F(x,y) = (y cosx — xysinx, xy + zx cos x) and the region D enclosed by C is given by 
((z,y)|0€ <2, 0 < y € 4-— 2x). C is traversed clockwise, so —C gives the positive orientation. 


fo F:dr — — f o(vcosz — xysinz) dz + (zy + x cos x) dy 


= - ff, |& Oa (xy + xcosx) —  (ycosa — sysin x)| dA 

=- ffov — zsinz + cosz — cosz + zsinz) dA — — f° f, A ?7 y dy dx 
2 —4- 2x 2 

=- fo [ Ay? i de=- J? (4 — 20)? de = — [2 (8 -8r + 20”) de 


=— [8a — 42? + 22°]? = 


E (16 — 16 + 1$ — 0) 18 


16. F(x,y) = (e^* -- y^, e" + a?) and the region D enclosed by C is given by {(x,y) | —m/2 € x € 7/2,0 € y € cosa}. 


C is traversed clockwise, so —C gives the positive orientation. 


[c F-dr- - f_o (67 y?) de + (e es?) dy =- ff, |& (7 +2") - & (7 v)| dA 


=- f h T (2x — 2y) dydz = — fT, [2ay — caer 5? dz 


1/2 


ES [2a cosa — $(1+ cos22)] da 


=- f7 (2x cosx — cos? x) dz = — f^ 


1/2 


—/2 [integrate by parts in the first term] 


= — [2x sinz + 2cosz — i (x + lsin2x 
2 2 


17. F(x,y) = (y — cosy, x sin y) and the region D enclosed by C is the disk with radius 2 centered at (3, —4). 


C is traversed clockwise, so — C gives the positive orientation. 
fo F:dr — — f o(y — cosy) dz + (zsiny) dy = — ff, E (zsiny) — A (y — cos y)| dA 


= — ff (siny — 1 — siny) dA = ffp dA = area of D = n(2)? = 47 


18. F(x,y) = (Va? + Ltan ! x) and the region D enclosed by C is given by ((x,y) D Ex € 1, X y € 1). 


C is oriented positively, so 


[7 z 
/ Ga 2 —1 m 1 2 
fo E- dr = fo Va? + 1dz + tan vay= ff [5 (tan rr. x * dA 


EE ' : —0 Jd da= f l [ lies de = f 1 (1— x) dx 
2 Jo Ja Mc Uar o 1+? Yly=s "F5 o 1+2? 


L4 a z 1 1 es 
= dx = tan !z— =In(1+2°)| =—-—=In2 
f (— 3) z ften x 5 In( Z2 1 3 


19. Here C = C1 + C2 where 


C4 can be parametrized as x = t, y —0, —7/2<t< 1/2, and 


C% is given by z = —t, y = cost, —/2x t € 7/2. 


[continued] 
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Then the line integral is 


$ x y*dx+a°y* dy = ferret EN (—t)3 (cos t)* (—1) + (—t)? (cos t)*(— sin t)] dt 


CictCa3 


0-r 0) dt + fr" 


=0+ [u (e cos? t + t? cos* t sin t)dt = i ot MT wen TS = 0.0779 


according to a CAS. The double integral is 


n/2 pcoosx 
II, & = 2) dA = f a (5a*y* = 4a?y?) dy dx — i idem) + ie © ~ 0.0779, 


verifying Green’s Theorem in this case. 


20. We can parametrize C as x = cos0, y = 2sin0, 0 < 0 < 2m. Then the line integral is 
fo P dz +Q dy = fo" [2 cos 0 — (cos 0)? (2sin 6)?] (— sin 0) d0 + Je" (cos 0)? (2sin 0)? - 2cos0 d0 


= E 7 (—2 cos 0 sin 0 + 32 cos? 0 sinf 0 + 512 cos? 0 sin? 0) d0 = Tr, 


4— Ax? 
according to a CAS. The double integral is If. (22 — a) aA -f ra cca (32? 8 + 5z?y^) dy dz = Tr. 
g g Or Oy P Vc y y )dy 


21. By Green's Theorem, W = fj, F-dr = fo s(x + y) dz + xy? dy = ff (y? — x) dA where C is the path described in the 


question and D is the triangle bounded by C. So 


W = CE "(y ? — g) dydz = f; [5^ -ayi da = [5 ((1— 2)? — z(1— z)) dz 


[ i x) iz? | ispet 24-8) ( i) 3 


22. By Green's Theorem, W = fo F - dr = fo sing dz + (siny + zy? + $a?) dy = ff (y? +2? — 0) dA, where 


D is the region (a quarter-disk) bounded by C. Converting to polar coordinates, we have 


= ZP Ër- dr dd = [0] 7/? [Art] = ba (85) = 55. 


23. Let C1 be the arch of the cycloid from (0, 0) to (27, 0), which corresponds to 0 < t < 27, and let C2 be the segment from 
(27, 0) to (0, 0), so C2 is given by z = 27 — t, y= 0,0 € t € 2r. Then C = C1 U C^ is traversed clockwise, so —C is 
oriented positively. Thus —C encloses the area under one arch of the cycloid and from (5) we have 


A=- f ydr = So, yde + fo, yde = fo^ (1— cost)(1— cost) dt + [27 0 (dt) 


d — 2cost + cos? t) dt + 0 = [t — 2sint + 3t + 1 sin2t]^" = 30 


24. A= fo zdy = dps (5 cost — cos5t)(5 cost — 5 cos 5t) dt 
= rag (25 cos? t — 30 cost cos 5t + 5 cos? 5t) dt 


= [25(5 tty ; sin 2) — 30($ sin4t + d ii sin 6t) +5($ t+ d; sin 10t)] >" 


BY 


[Use Formula 80 in the Table of Integrals] 


= 307 
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25. (a) Using Equation 16.2.8, we write parametric equations of the line segment as x = (1 — t)a1 + tae, y = (1 — tyi + ty, 


26. 


27. 


0 € t € 1. Then dz = (x2 — 21) dt and dy = (y2 — yı) dt, so 


So zdy — ydz = fy [(1 = thar + taro|(y2 — yi) dt + [(1 — t)ys + tye](w2 — 21) dt 


= fo (z1(y2 — 91) — i (22 — 21) + t[(y2 — yi) (22 — 21) — (z2 — zi) (yo — y1)]) dt 


- ie (ziy2 — 22j1) dt = r1y2 — 211 


(b) We apply Green's Theorem to the path C = C1 U C2 U --- U Cs, where C; is the line segment that joins (zi, yi) to 


(£i+1, yii) fori = 1,2, ..., n — 1, and Cn is the line segment that joins (an, yn) to (x1, y1). From (5), 
3 fo x dy — y dz = ffp dA, where D is the polygon bounded by C. Therefore 
area of polygon = A(D) = ffp dA = $ fo x dy — y dx 
= +(e, ady—yda+ fo, dy — ydr +--+ fo, , zdy —yde+ fo, dy — ydz) 
To evaluate these integrals we use the formula from (a) to get 
A(D) = i((ziya — £241) + (ways — zaya) +- + (acis — LnYn—1) + (Zn — T1Yn)]. 
(c) A= $[(0-1-2-0)+(2-3-1-1)+(1-2—0-3)+(0-1-(-1)-2)+(-1-0-0-1)| 


= 4(0+5+2+2)= 2 


By Green's Theorem, 3x o c dy =A ff; 2x dA = 4 ffp s dA = 7z and 


-Afo y? de = - ds f (72) 4A [fA — 3 


We orient the quarter-circular region as shown in the figure. 


1 1 

ian eee 2 = 2 
A= 47a oT = aah 8 dy and = - 5) v dz. 
Here C = C + C5 + C3 where 

Ci:c=t, y-0,0zxtt€a 


C»: x — acost, y=asint, 0<t< 5; and 
C3:2=0,y=a—t,0<t<a. Then 


for? dy = fo, x dy + Jo, x dy + Jo, z? dy = fo 0dt + f" (a cost)? (a cost) dt + f, 0 dt 


1/2 
0 


= Re a? cos? t dt = a? sea — sin? t) cos t dt = a? [sint — $ sin? t] $ 


1 2 4a 
es War pa. 
pem aaah Y= 3r 


foy’ de = Je, y? dz + fo, y? dz + fo, y! dx = [7 0dt + [7 (asin t)?(—asint) dt + fg Odt 


eT 


S esu sin? t) dt — —a? (es — cos? t) sint dt = —a? [i cos? t — cos t|; ^ = 


= 2 
= Jo 0 3 3075 
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28. Here A = iab and C = Ci + C2 + Cs, where C1: x = x, y = 0,0 < x <a; 


C2: x =a, y = y, 0 < y < b; and C3: æ = q, y = 22,2 = atom = 0. Then 
for? dy = fo, 2? dy + fo, 2° dy + fo, 2° dy =0+ fy a? dy + fẹ (7) (2 dz) 


=a?°b+ ET -— a?b- ia?b = 2a?b. 
Similarly, foy? dz = fo, Y? dz + fo, Y? dz + fo, Y? dz =0+0+ fÈ (2)? de = 35. 125)” = —iab?. Thus 
T= zx for? dy = a . 2a°b = ia and y = -z foy’ dx = —i (-$iaP) = ib, so (z,y) = (3a, 3b). 
29. By Green's Theorem, —$p¢,, y? dz = —4p ff, (-3y?) dA = ff, y) pdA = Is and 
ipfo 1? dy = 1p ff, (327) dA = ffp à? p dA = Iy. 


30. By symmetry the moments of inertia about any two diameters are equal. Centering the disk at the origin, the moment of inertia 
about a diameter equals 
Iy = $pf 2° dy = 1p f°" (a cost)? (acost dt) = iof a‘ cos? t) dt 


= ja Pile [$( (1 + cos 2t)]” dt = za'p a (2 + $ cos 2t + $ cos 4t) dt 


: : 2m 3(2« 
= gap [8t + $ sin2t + $ sin4t]^ = łap. Qr) —1 


8 Imap 


31. As in Example 5, let C” be a counterclockwise-oriented circle with center the origin and radius a, where a is chosen to 


be small enough so that C" lies inside C, and D the region bounded by C and C". Here 


p= 2xy m OR es Qa (x? + y?)? — 2zy - 2(a? + y?) - 2y _ 2x3 — 6x3? d 
7 772 4 4232 OU." (a? + y2)4 es z3 an 
(x? +y?) y z? +y (2? +y?) 
"A 2 1,22 31 9 oru Y gas. 
Qd IL > Ai Se ee EOME Thus, as in the example, 
E a? + y? 


[Parr Qdy+ Pas « Qdy- ff. (28 - 57) aa - ff 0dA=0 
Le! Ox Oy D 


and fo F - dr = fo F - dr. We parametrize C” as r(t) = a costi + asintj, 0 < t < 2. Then 


27 2 (a cost) (asint) i 4- (a? sin? t — a? cos? t 
[raf F-dr= | lecot lasinn it es (—asinti + acosts) dt 
C €! 0 (a? cos? t 4- a? sin? p 


Qn 2m 
-i (— cost sin? t — cos? t) at == f (— cost sin? t — cost (1 — sin? t)) dt 
à Jo a Jo 


32. P and Q have continuous partial derivatives on IR?, so by Green's Theorem we have 


F-dr= OQ. LE y dac: Pedo s gi Lay) dA 
C p \ Ou Oy p (Ox Oy 
= [f @-naa=2 ff 4472.49 =2:6=12 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 16.5 CURL AND DIVERGENCE 1643 


33. Since C is a simple closed path which doesn’t pass through or enclose the origin, there exists an open region that doesn’t 
contain the origin but does contain D. Thus P = —y/(x? + y?) and Q = x/(a? + y?) have continuous partial derivatives on 
this open region containing D and we can apply Green's Theorem. But by Exercise 16.3.41(a), 0P/Oy = 0Q/Or, so 
foF - dr = ffp 0dA — 0. 


34. We express D as a type II region: D = ((z,y) | fi(y) € x € fe(y), c € y € d] where fı and f2 are continuous functions. 


0Q d ff2(y) 0Q d 
Then / a dA = f / Em dx dy = I (Q(f2(y). v) — QC (y), y)] dy by the Fundamental Theorem of 
D c Jfily) € 


a) 
Calculus. But referring to the figure, f- Q dy = $ Q dy. » S 
C1 t C2 t Ca +C4 n C, x= fa) 
Then fo, Qdy = fj Q(fily), v) dy. So, Q dy = fo, Qdy = 0, C, C3 
_ pa ct 
and fos Qdy =. f. Q(fe(y), y) dy. Hence x= fiy) C; 
$oQ dy = f Qly), v) - hw). v) dy = Sfo (09/02) dA. 0 
; : Oh Oh 
35. Using the first part of Equation 5, we have that ffp dx dy = A(R) = fp x dy. But x = g(u, v), and dy = 25 du + E dv, 
u v 


and we orient 0S by taking the positive direction to be that which corresponds, under the mapping, to the positive direction 


along OR, so 


Oh Oh Oh Oh 
= —d — dv] = — d — d 
[oto [oe (ae Faw) = [ ouo E dutou Za 


+ ffs [3- (glu, v) gh) m (glu, v) hy) dA [using Green's Theorem in the uv-plane] 


=+ ffa er + g(u,v) QUA. — 92 ^ — g(u, v) a) dA [using the Chain Rule] 
=+ ffa (22 ou — ge Ou) dA [by the equality of mixed partials] = + ff, cL du dv 


The sign is chosen to be positive if the orientation that we gave to OS corresponds to the usual positive orientation, and it is 


9 (x,y) 
O(u,v)' 


negative otherwise. In either case, since A(R) is positive, the sign chosen must be the same as the sign of 
Therefore, A(R) — "n dz dy = If 
R S 


16.5 Curl and Divergence 


du dv. 


O(z, y) 
O(u, v) 


i j k 
1. (a) culF = Vx F—|0/0xr O/dy O/Oz 


ryz? ryz? ryz 


l2 22a 3r al 19 nzrzn 32a | O,2 2 a22 
=| epa- pedi- [5:2 - Z2 i [Se - t2] 


= (22? yz — 22?yz)i— (2xy?z — 2xy?z) j + (2xyz? — 2xyz”)k = 0 
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NN p NT EIE 2D O UEM TN T NN 

(b) dvF = V Bag, eet ee ye) + a (a yz) = ye tare + x y 
i j k 

2. (a) curl F = V x F = | /ðx O/Oy O/Oz 
0 zy ytz3 

l2 pa ey O poss | Op aay. 0 fy | Bas d 

"aou Ba ag eel e as ae MO) doe ae ue) 

= (4y?z? — 223 yz) i — (0 — 0) j + (3z?yz? — O) k 

= (Ay? z? — 2a? yz) i + 3a?gz? k 


(b divF = V -F = 2 (0) 4 + (z3y22) + 2 (y*z3) = 0 + a2? + 3yt2? = 22? + 3y*z? 


ijk 
3. (a) curlF = V x F=|0/dx 0/0y 0/8z | = (ze* — 0)i— (yze* — xye*)j + (0 — ze?)k 
zye?” 0 yze* 


= ze” i 4+ (rye? — yze?)j — ze” k 


: o AAi Ó o L\ __ z apt. c. z x 
(b divF = V -F a; eve) i ay ac ture) ye? +0+ ye? = y(e* +e”) 


i j k 
4. (a) curlF = V x F = | /ðx O/Oy 0/0dz 
sinyz sinzz sinzy 
= (x cos xy — x cos zx) i — (y cos xy — y cos yz) j + (z cos zx — z cos yz) k 


= x(cos xy — cos zx) i + y(cos yz — cos xy) j + z(cos zz — cos yz) k 


; Ó ,. Qr Qs 
OU NSE So OPIDO Ee emer meu cec porn 


i j k 
5. (a) curl F = V x F = O/0r O/dy ð/Əðz 
ve Vy vz 


1l+z 1+a Il1+y 
= [vz(-1)(1+y)? — oji- [0- Va(-1)(1 +2) 7] i+ [vaSC-00 * 2) ? - 0] k 
OO y42 0 ve, yF 


IL SSS) 


C+ (c2? UFP 


o aves ve m (m) em (27) (E) 


Ox\1l+z 


1 1 1 
“atA AF) Bz +9) 
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i j k 


. (a) curl F = V x F = 0/0x 0/0y 0/0z 


In(2y+3z) ln(x +3z) ln(x + 2y) 


E 2 3 i— 1 3 A 1 | 2 k 
|Xr-c2y zr+3z rd4-2y 2y+3z J xz +3z 2y+3z 


2 3 ^ 3 1 ; 1 2 
= Sa | ———— j+ — ——— ]k 
xz+2y «£432 2y +3z x+2y xz+3z 2y+3z 


; a a ð 
(b) divF =V: F = — [In(2y + 3z)] M [ln(z + 32)] uo [In(z + 2y)] =0+0+0=0 


i j k 


. (a) culF =VxF=] 0/dc O/dy  0/dz |—(0—e*cosz)i— (e? cosx — 0)j + (0 — e” cosy) k 


e” siny e"sinz e* sing 


= (—e" cos z, —e* cos x, —e” cos y) 


(b) divF =V-F= 2 (e? siny) + P (e? sin z) + 2 (e? sinz) = e? siny + e” sin z + e? sin x 


i j k 


. (a) curlF = V x F = 0/0x 0/0y 0/0z 


arctan(xy) arctan(yz) arctan(zz) 
(0 rox)! (ct 0}5+(0- sy) 


= y Z E 
E 1-—-?;2!' 1+m2z2?) 14 my? 


(b) divF =V-F= E [arctan(zy)] + 2 [arctan(yz)] + 2 [arctan(zx)] = Y | Z | 


1645 


x 


Ox Oy Oz 1+ ry? o, 


velocity field of fluid flow, then the net flow at P is inward. 


L+y2z2 ' 144222 


. (a) div F is negative because the vectors that start near P are shorter than those that end near P. Intuitively, if F represents a 


(b) curl F is zero because we can see that if F represents a velocity field of fluid flow, then a paddle wheel placed at P moves 


with the fluid, but does not rotate. 


(a) div F is positive because the vectors that start near P are longer than those that end near P. Intuitively, if F represents a 


velocity field of fluid flow, then the net flow at P is outward. 


(b) curl F is zero because we can see that if F represents a velocity field of fluid flow, then a paddle wheel placed at P moves 


with the fluid, but does not rotate. 


(a) div F is zero because the vectors that start near P are the same length as those that end near P. Intuitively, if F represents 


a velocity field of fluid flow, then the net flow at P is zero. 


(b) curl F Z 0 because we can see that if F represents a velocity field of fluid flow, then a paddle wheel placed at P would 


rotate clockwise about its axis, and hence the curl vector there points in the direction of — k. 
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12. (a) div F is zero because the vectors that start near P are the same length as those that end near P. Intuitively, if F represents 


a velocity field of fluid flow, then the net flow at P is zero. 


(b) curl F Z 0 because we can see that if F represents a velocity field of fluid flow, then a paddle wheel placed at P would 


rotate counterclockwise about its axis, and hence the curl vector there points in the direction of k. 


13. (a) We need to verify curl(V f) = 0 for f(x,y,z) = sin xyz. First, Vf = yz cos xyz i + xz cos xyz j + zy cos xyz k. Then 
i j k 
curl(Vf)=| 0/dx 0/0y 0/0z 
yzcoscyz zzcosryz xy cosxryz 
= [-a?yzsinayz + z cos zyz — (—a?^yzsinzyz + z coszyz)]i 


— [^zy?zsinzyz + y cos zyz — (—vy?z sinzyz + y coszyz)]j 


+ [-ayz? sin ryz + z cos zyz — (—xyz? sin ryz + zcoszyz)] k = 0 
(b) We need to verify that div curl F = 0 for F(x,y, z) = xyz? i + z?yz? j 4- y? k. First, 
i j k 
curl F = V x F = |ð/ðx 0/dy 0/0dz 


ryz zyz? y 


2 
= (2y — 3a?yz?)i — (0 — 2xyz) j + (2xyz? — xz?) k 
= (2y — 32?yz2)i + 2zyz j + (2xyz? — xz?) k 
Then 
divcurlF = V.(VxF)— 2 (2y — 8z?yz?) + a Quz) + £ (2ryz? — £2”) 
= —6xryz? --2zz + 61yz? — 2xz = 0 
14. (a) curl f — V x f is meaningless because f is a scalar field. 
(b) grad f is a vector field. 
(c) div F is a scalar field. 
(d) curl (grad f) is a vector field. 
(e) grad F is meaningless because F is not a scalar field. 
(f) grad(div F) is a vector field. 
(g) div(grad f) is a scalar field. 
(h) grad(div f) is meaningless because f is a scalar field. 
(i) curl(curl F) is a vector field. 
(j) div(div F) is meaningless because div F is a scalar field. 
(k) (grad f) x (div F) is meaningless because div F is a scalar field. 


(I) div(curl(grad f)) is a scalar field. 
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i j k 
15. curl F = V x F = | 9/Ox 0/0y 0/0z 
2zy'z? 3x)?  2a?y)z 
= (62?y?z — 6a? y?z)i — (Axy? z — Amy? z) j + (6xy? z? — 6ry?z?)k = 0 
and F is defined on all of R? whose component functions have continuous partial derivatives, so, by Theorem 4, F is 
conservative. Thus, there exists a function f such that Vf = F. Now fx(z,y, z) = 2zy?z? implies that 


f(2,y, z) = 27 y?2? + gly, z) and then f, (x,y,z) = 3z?y? z? + g, (y, z). But fy(v, y, z) = 32?y?^2?, so gly, z) = h(z) 


and f(x,y,z) = z?^y?z? + h(z). Thus, f(a, y, z) = 2x?y?z + h/ (z), but fz(z, y, z) = 2a? y?z, so h(z) = K, a constant. 
Hence, a potential function for F is f(x,y, z) = 2?y?z? + K. 
i j k 
16. curlF=VxF=|0/dx O0/O0y | Of/Oz | -(u—x)i—-(y—1—y)j-- (z—z)k—j Z0, 
yz rz-c-y xy—cx 


so F is not conservative. 
i j k 
17. curl F = V x F = |0/0x 0/0y 0/0z| = (1/z —1/z)i— (0—0)j + (1/y —1/y) k 2 0 
lny  (z/y-lnz  y/z 


and the partial derivatives of the component functions are defined and continuous on the open set {(x, y, z) | y, z > 0}, so, by 
Theorem 4, F is conservative. Thus, there exists a function f such that V f = F. Now fz(x,y,z) = In y implies that 

f(x,y, z) = xlny + gly, z) and then f, (z,y, z) = (x/y) + gy(y, z). But fy(z,y, 2) = (x/y) + nz, so 

g(y, z) = ylnz + h(z) and f(x,y,z) = xlny + ylnz + h(z). Thus, fz(z,y, z) = (y/z) + h' (z), but f:(z,y, z) = v/z, 


so h(z) = K, a constant. Hence, a potential function for F is f(x,y,z) =amy+ylnz4+K. 


i j k 
18. curlF=VxF=| 0/02 0/0y 0/0z 
yzsin(xy) xzsin(ry)  —cos(ry) 


= [rsin(zy) — z sin(zy)]i — [ysin(wy) — ysin(zy)]j 
+ [zsin(zy) + xyz cos(zy) — z sin(xy) — xyz cos(zy)] k 
—0 
and F is defined on all of R? whose component functions have continuous partial derivatives, so, by Theorem 4, F is 
conservative. Thus, there exists a function f such that V f = F. Now f(x,y,z) = yzsin(xy) implies that 
f(a, y; z) = —z cos(xy) + gy, z) and then fy(z, Y, z) = qz sin(xy) F gy (Y, z). But fy(z, Y, z) = £2 sin(zy), so 
gly, z) = h(z) and f(x,y,z) = —zcos(xy) + h(z). Thus, f; (x,y,z) = — cos(zy) + h'(z), but fz(z,y, z) = — cos(xy), 


so h(z) = K, a constant. Hence, a potential function for F is f(x, y, z) = —zcos(xy) + K. 
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i j k 
19. curlF = V x F = | /ðx O/Oy  O/Oz 
yz? e”? ze?” ryze?” 


rz — zze**)i— (yze** + ryz? e”? — Qyze™* — zyz?e*^)j iE (z2e** — 2e"*)k 


= (rze —e 

= —e” i + yze"*j Æ 0, 
so F is not conservative. 

i j k 
20. curl F = V x F = | 9/Ox 0/0y 0/0z 
e” cosx e"cosz  e^sinx — e"sinz 

= [-e* sin z — (—e* sin z)] i — (e? cos x — e* cosz) j + (0 -0)k = 0 
and F is defined on all of R? whose component functions have continuous partial derivatives, so, by Theorem 4, F is 
conservative. Thus, there exists a function f such that V f = F. Now f(x, y, z) = e* cos x implies that 
f(x,y,z) = e* sinz + g(y, z) and then f(x, y, z) = gy(y, z). But fy(x, y, z) = e” cos z, so g(y, z) = e" cosz + h(z) and 
f(z,y,z) = e? sinx + e” cosz + h(z). Thus, f(x, y, z) = e sing — e" sin z + h’(z), but 
f.(x,y, z) = e* sin z — e” sin z, so h(z) = K, a constant. Hence, a potential function for F is 


f(x,y,z) = e* singz + e" cosz + K. 


21. No. Assume there is such a G. Then div(curl G) = 2 (x sin y) + n (cosy) + 2 (z — ry) = siny — sin y + 1 # 0, 


which contradicts Theorem 11. 


22. No. Assume there is such a G. Then div(curl G) = 2 (x) + 5, 0) + 2 (z) = 1+ 1+ 1 Z 0 which contradicts 


Theorem 11. 
i j k 
23. cul F = |0/dx 0/dy 8/8z| = (0 — 0)i-- (0 — 0)j + (0 — 0) k = 0. Hence F = f(x) i + g(y)j -- h(z) k 
f(z) g(y) h(z) 


is irrotational. 


: ə ə o z ne . 
24. div F = a (f(y,z)) + a (g(a, z)) + De (h(x, y)) = 0 so F is incompressible. 


For Exercises 25—31, let F (x, y, z) = Pi i + Qij+ Ri kand G(z,y, z) = Poi + Qoj + Rok. 


O(P; + P3) , 0(Qi - Qo) , O(Ri + Ha) 
Ox Oy Oz 


OP; E? OP,  0Qi , OQ» , Olü " OR» OP, , OQ: , Of OP, E 0Q» a OR2 
Ox dr Oy Oz Oz ðr | Oy ` Oz Ox Oy Oz 
= div(Pi, Qi, Ri) + div(P2, Qo, R2) = div F + div G 


25. div(F + G) = div(P; + Po, Qı + Qo», Ri + H2) = 
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26. curl F + curl G = 9m OQ i+ bn oR j+ a _ SE k 
Oy Oz Ox Oy 
OR2  0Q» ; 0h . 0Qo _ oP 
Ala aa a ea 


= E +R)  0(Qi D i [zn +P) O(m EIE 


Oy Oz l Oz Ox 


n O(Qid- Qo) (Pi + P3) 
Ox Oy 


| k = curl(F + G) 


21. div( fF) = div(f (Pi, Qı, R1)) = div(f Pi, fQi Ra) = APO , AO) | BUR) 


Ox Oy Oz 
= (ren D) e (ree Ee TR) 


Oz Oz 
a (Ge OQi | OR 


af Of Of 
22 LER) (Pi, Qi, Fa) (2, By rz fdivF+F. Vf 


28. curl(fF) = [ims Me i+ oe ie j+ Ea a] k 


OR ð ð [o) OP ð OR ð 
mpm aL - r0 - ZAR +p +r Sls RE) 
Oy Oz Ox 
0Q1 Of OP, Of 
[ree Ern 
_ [2R 20), , [BR Om). 2R On. 
-i yi ar: 2 NIE: a | i 
OF OF [nal can sous op. o af 
E Lr Qi x ' |n Oz nis le Ox TU PIE 
= fcurlF + (Vf) x F 
0/Ox O[Oy O/dz 
Qi Ri ð |P fà ð |P Qı 
29. div(F x G)=V-(FxG)=| Pi Qi Ri zs az 
Q2 R2 VIP, Ra ?*|P, Qe 
P; Q2 2 
OR2 0Qi OR, 0Q» OR» OP, OR, OP. 
DE 275 r | Le Be ag Oy DE 
9Q» OPE. p Qı _ OP, 
«[n ERE as r4 


_ ðRı  0Qi OP, Ol 0Qi OP 
Um eL 
-[p(9R. 90), (2P _ORa |p (2Q2 P. 
Bo coe Sem 
= G- curl F — F - curl G 
30. div(V f x Vg) = Vg - curl (V f) — Vf -curl (Vg) [by Exercise 29] = 0 [by Theorem 3] 
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i i k 
31. curl(curl F) = V x (V x F) = 0/Ox 0/0y 0/0z 
OR, /Oy —0Qi1/0z ƏP,/ðz— ƏRı/ðx 0Qi1/Ox — OP, /Oy 


.(9Q FP PP Om, (0m oq FQ | 9M. 
| \ dyOx — Oy? Oz? OÓzÓcr OzdOy Oz? Ox? ' OxOy 


OP R PR Qi ü 
Ox0z Ox? Oy? OyOz 


Now let's consider grad(div F) — V?F and compare with the above. (Note that V?F is defined in the discussion following 


Example 16.5.5.) 


OP OQ, Om, OP EQ AR. OP PQ R 
d(div F) — V?F = | 
pred v =v ( Ox? = OxOy T axdz ) ' T OyOx Oy? OyOz ðzðx |ÓOzOy Oz? 


PP PP PR). (PQ PQ PQN., 
( Ox? T Oy? i Oz? )i+ (S3 "Ay? T Oz? Ji 


OR, ORB, OH 
«(S5 T Oy? T 5a. )*] 


OyOr | OyOz Ox? Oz? 


Af OO ËR P RP i OR PRs Q EQN., 
~ \ðrðy | ðrðz əy? Oz? 


8? Pı l PQI R  9R k 
ðzðx ` Ozdy Ox? Oy? 


Then applying Clairaut’s Theorem to reverse the order of differentiation in the second partial derivatives as needed and 
comparing, we have curl curl F = grad div F — V?F as desired. 


ð. Ə. Ə : A - = 
32. (a) V. r (iitmitEk)cieebes9-08181-3 


(b) V- (rr) 2 V: az? +y? 4+ 2? (zi yj zk) 
2 


2 
= SIN REN /x? + y? + 22 + — uu / £? + y? + 22 
/x? + y? + 2? /x? + y? + 2? 


2 
! i +V Fy 
/ x2 + y? + z2 
1 


N FIET A = (427 + dy” + 427) = 4 xz? +Y? +2? — 4r 
Vr? + y? +2 


Another method: 


By Exercise 27, V - (rr) = div(rr) = rdivr +r- Vr 23r +r- t [see Exercise 33(a) below] — 4r. 
T 
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= & [8G +y? za) +g BG eye yy) + £6 +y? +27)'7(22)| 
= 3[3 (a? +y? & 22)" "2 (2) + (a? e y zt)? 
-3]io? +4? £2) P Qy)(y) + (a? + 9? ez?) 


+3[ E? +y? ez) Qa) + (+ e ty 


= 3(a? +y + 22) 1? (4x? + Ay? + Az2) = 12(z? + y? + 22172 = 12r 


Another method: Zz (a? + y? + 27)9/? = 3x [22 Fy? + 2? Vr? = 3r(xi+yj+ zk) =3rr, 
so V?r? = V . Vr? =V- (3r r) = 3(4r) = 12r by part (b). 


| wit+tyj+zk 


33. (à) Vr 2 V fete 4 zi = ————— di ij + ek = LL - 
/ £2 + y? + 2? / x2 + y? + 22 / x? + y? + 2? / £2 + y? + 2? T 


i j k 
ð ð ə o Ó Ó ð ð o 
— = = — I k= 
ovx 2 2 $-[ILe-£zeeze-zee me: 
GL y z 
1 
ov( jes : 
9 / x2 + y? + 22 
1 1 1 
—-————03)  —————0  L———M09 
| 24a224y? +2? . 2/2? +y? +2? . 2/2? + y? + 2? 
= x+y? + 22 2 x? + y? + 22 J £? +Y + 2? 
rzityjtzk _ r 
(x? + y? + 22)3/2 r3 
(d) Vlnr = VIn(z? + y? + 22)/2 = iV In(z? + y? + 27) 
u x i+ y TM z _xzi+yj+zk_ r 
£ + y? + 22 Pry 2) a +Y + 2 | 224422422 — r2 


34. r=xi+yj+zk r = |r| 2 az? + y? + z?, so 


r x y z 


pot ; : i 
rP (a? +y? + 2?)P/? a (x? + y? + 22)»/? J+ (a? + y? + 22)P/? 
ð T (z^ T y? + 27) = pz? r? — pa? v tes 
Then Ox (x2 +y2+22)P/2 (a? yhp z2))»72 ppt? ` Similarly, 
re rs py! — by" and | EE RR r= pe = pz Thus 
Oy (x? + y? + 2?)P/2 — ret? Oz (x2 + y2 + 22)P/2 pp +2 ` 


r?—pr? op? — py??? — pz? " 3r? — pa? — py? — pz? 


div E= SERE Er ES rP42 rP42 rP2 


| 3r? — ple? +y? +2?) _ 3r? — pr? 3—p 
rypt2 E rp+2 rP 


Consequently, if p = 3 we have div F = 0. 
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35. By (13), fo f( -nds = = div(fVg)dA = ff, [f div(Vg) + Vg- V f] dA by Exercise 27. But div(Vg) = V?g. 
Hence ffp ie fo f(Vg)-nds— ff, Vg- Vf dA. 
36. By Exercise 35, [fp /V^gdA = fo f -nds — ff, Vg: Vf dA and 


ffpsV^f dA = fo gV F): ae V f - VgdA. Hence 

[fp (/V*s — 9V*f) dA = fo (f(Vg) m — (Vf) mds ffo (Vf - Va - Vg: Vf)dA = fo (fVg — Vf] nds. 
37. Let f(x,y) = 1. Then V f = 0 and Green's first identity (see Exercise 35) says 

Sfp V?'gdA = fo (Vg): nds— ff; 0- VgdA = ffp V?gdA = fo Vg- nds. But g is harmonic on D, so 

V?g —0 => $,Vg- nds = Qand £, Dagds = $,(Vg* n)ds = 0. 
38. Let g = f. Then Green's first identity (see Exercise 35) says ff, f V? f dA = fo (X(Vf): nds- ff, Vf - Vf dA. 

But f is harmonic, so V? f = 0, and Vf - Vf = |Vf?, so we have 0 = fo (A) (VD nds— ff,|Vf\?> dA => 

Tis Iv fl? dA = fo (f) (Vf) : nds = 0 since f (x,y) = 0 on C. 
39. (a) We know that w = v/d (where v is the tangential speed), and from the diagram sin 0 = d/r (where r = |r|) = 

v = dw = (sin 0)rw = |w x r| (by 12.4.9). But v is perpendicular to both w and r, so that v = w x r. 


i jk 


(b) From part (a) v =w xr=]|0 0 w/=(0-z2-—wy)i-(0-z-wa)j+(0-y—0-2) k 2 —wyid wx j. 


i j k 
(c) curlv =Vxv=|0/0x O/Oy OJOz 


40. Let H — (hi, h2, ha) and E — (E1, E2, E3). 


i j k 
(à) V x (Y x E) = V x (curl E) = V x ( VX)- - 8jos. By 3/ðz 
Ohi/0t Oha/Ot Ohs/Ot 
Oha Oho h  Oha3N, Oh, hi 
S - (58 - 5a) + (Sx x) (SR - ee) | 


are continuous so that the order of 
differentiation does not matter] 


Əh Əh , Əh Əh [assuming that the partial derivatives 
(ae) (eae) 
ð 
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i j k 
(b) V x (Y x H) = V x (curl H) = V x CS) z Əjðæe ajay  Oj8z 


8E,/0t OF2/Ot OE3/at 
| 1[f0?E. Ez - OE, OE, m OE, OE " 
c|\dyat | üzÓt dzat dxdt I" (OrOt Oy8t 


7 18 | ( aE OE» ) T ( OE, OE ) . ( OE, OE, ) x| [assuming that the partial derivatives 


Ox Oy 


Oz Ox 


are continuous so that the order of 
c Ot Oy Oz 


differentiation does not matter] 


-1 ap- tê (12E _ 1H 
c Ot c Ot c Ot c Ot? 
(c) Using Exercise 31, we have that curl curl E = graddivE— VE. => 
1 E 1 E 
2 
V^E = grad div E — curl curl E = grad 0 + = GB [from part (a)] = 2 BBC 
(d) As in part (c), V?H = grad div H — curl curl H rad 0 4 aL [using part (b)] = L A 
E i E E | e Ot? SE 0 00" 
41. For any continuous function f on IR?, define a vector field G(x, y, z) = (g(x,y, z), 0,0) where g(x, y, z = f, f (tu, 2) dé. 
Then div G — CA (g(x,y, z)) 4 : (0) + ur ô aeg f (t, y, z) dt = f(x,y,z) by the Fundamental Theorem of 
Ox ne, Oy Ba | ~ Ox 10 , aes 


Calculus. Thus every continuous function f on IR? is the divergence of some vector field. 


16.6 Parametric Surfaces and Their Areas 


1. P(4, —5, 1) lies on the parametric surface r(u, v) = (u + v, u — 20,3 + u — v) if and only if there are values for u and v 


where u + v = 4, u — 2v = —5, and 3 + u — v = 1. From the first equation we have u = 4 — v and substituting into the 


second equation gives 4 — v — 2v = —5 v = 3. Then u = 1, and these values satisfy the third equation, so P does lie 
on the surface. 
Q(0, 4, 6) lies on r(u, v) if and only if u + v = 0, u — 2v = 4, and 3 + u — v = 6, but solving the first two equations 


simultaneoulsy gives u — $ v= -$ and these values do not satisfy the third equation, so Q does not lie on the surface. 


2. P(1,2,1) lies on the parametric surface r(u, v) = (1 +u-—v,u+v7,u? — v?) if and only if there are values for u and v 


where 1 + u — v = 1, u +v? = 2, and u? — v? = 1. From the first equation we have u = v and substituting into the third 
equation gives 0 — 1, an impossibility, so P does not lie on the surface. 
Q(2,3,3) lies on r(u, v) if and only if 1 + u — v = 2, u + v? = 3, and u? — v? = 3. From the first equation we have 


u = v + 1 and substituting into the second equation gives v +1 +v? =3 © v?+vu-2=0 & (v+2)(v—1)=0, 


so v = —2 u=-lorv=1 u = 2. The third equation is satisfied by u = 2, v = 1 so Q does lie on the 


surface. 
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r(u,v) = (u+ v)i + (3— v)j + (1 + 4u + 5v) k = (0,3, 1) + u (1,0, 4) + v (1, —1, 5). From Example 3, we recognize 


this as a vector equation of a plane through the point (0, 3, 1) and containing vectors a = (1,0, 4) and b = (1, —1,5). If we 


ijk 
wish to find a more conventional equation for the plane, a normal vector to the planeisax b=/1 0 4/=4i-—j—k 
1-1 5 


and an equation of the plane is 4(a — 0) — (y — 3) — (z — 1) = 0 or 4x — y — z = —4. 


r(u,v) = u? i + ucosvj + usin v k, so the corresponding parametric equations for the surface are x = u?, y = ucosv, 


2 2 2 


z = usin v. For any point (x, y, z) on the surface, we have y? + 2? = u? cos? v + u? sin? v = u? = z. Since no restrictions 
are placed on the parameters, the surface is x = y? + z?, which we recognize as a circular paraboloid whose axis is the 
x-axis. 

r(s,t) = (s cost, s sin t, s), so the corresponding parametric equations for the surface are x = scost, y = ssint, z= s. 


2 


For any point (x, y, z) on the surface, we have x” + y? = s? cos? t + s? sin? t = s? = z”. Since no restrictions are placed on 
y p Ys > 


the parameters, the surface is z? = z? + y?, which we recognize as a circular cone with axis the z-axis. 


r(s,t) = (3cost, s, sin t), so the corresponding parametric equations for the surface are x = 3cost, y — s, z = sint. For 
any point (a, y, z) on the surface, we have (x/3)? + 2? = cos? t + sin? t = 1, so vertical cross-sections parallel to the 
xz-plane are all identical ellipses. Since y = s and —1 < s < 1, the surface is the portion of the elliptic cylinder 


ia? +z? = 1 corresponding to —1 < y < 1. 


. r(u,v) — (u?,v?,u+v), -l<u<l1, -l<v<l. 


The surface has parametric equations x = u?, y = v?,z =u+v,-l<u<1,-l<v<1. 


In Maple, the surface can be graphed by entering 


plot3d([u°2,v°2,utv],u=-1..1,v=-1..1); 


In Mathematica we use the ParametricPlot3Dcommand. Peonstant 


If we keep u constant at uo, £ = ug, a constant, so the 


corresponding grid curves must be the curves parallel to the 


yz-plane. If v is constant, we have y = vê, a constant, so these 


grid curves are the curves parallel to the xz-plane. 
uconstant 7 1 


: r(u,v) = (u, v?, —v), -2<u<2, -2<v<2. v constant 


The surface has parametric equations x = u, y = v?, z = —v, 


—2 € u € 2, —2 € v € 2. If u = uo is constant, 


K) 
4 
MS 


GWWNM 


on 


«o 


x = uo = constant, so the corresponding grid curves are the curves z 0 


NNNM 


S 


parallel to the yz-plane. If v = vo is constant, y = vg = constant, so 


K 
ie 


S> 


8 


the corresponding grid curves are the curves parallel to the xz-plane. 
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r(u,v) — (u?, usin v, u cos v), -l<u<10<v<27 


The surface has parametric equations x = u?, y = usin v, 


z=ucosv, —1 € u € 1, 0 € v € 2r. Note that if u = uo is z 0 
3 u constant v constant 

constant then x = ug is constant and y = uo sin v, z = uo cosv 

-1 
describe a circle in y, z of radius |uo|, so the corresponding grid M 

E 
0 
: y 

curves are circles parallel to the yz-plane. If v — vo, a constant, 11 9. 


the parametric equations become x = u?, y = usin vo, z = u cos vo. Then y = (tan vo)z, so these are the grid curves we see 


that lie in planes y = kz that pass through the x-axis. 


r(u,v) = (u,sin(u+ v),sinv), t <u <T, -Tr Xv m. 


The surface has parametric equations x = u, y = sin(u + v), 


z=sinv, -n X u € m, —r X v € m. If u = up is constant, 


x = uo = constant, so the corresponding grid curves are the 
curves parallel to the yz-plane. If v — vo is constant, 
z = sin vo = constant, so the corresponding grid curves are the 


curves parallel to the xy-plane. 


z —sinv, y —cosusindv, z —sin2usindvu, 0<u< 2r, -5 Svs 5 


Note that if v = vo is constant, then x = sin vo is constant, so the 


corresponding grid curves must be parallel to the yz-plane. These 


o 
KSN 


e 
^ 


NNI 
NN à 
M 

RAN 
HNN 


are the vertically oriented grid curves we see, each shaped like a 


“figure-eight.” When u = uo is held constant, the parametric 


equations become x = sin v, y = cos uo sin 4v, Y Constant 


z = sin 2uo sin 4v. Since z is a constant multiple of y, the 
corresponding grid curves are the curves contained in planes 


z = ky that pass through the x-axis. 


x = cosu, y = sinu sinv, z=cosv, 0< u < 27, 0 € v € 2m. 


If u = uo is constant, then x = cos uo = constant, so the 
corresponding grid curves are the curves parallel to the yz-plane. If 


v = vo is constant, then z = cos vo = constant, so the 


v constant 


corresponding grid curves are the curves parallel to the xy-plane. 
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r(u,v) = ucosvi+ usinvj + v k. The parametric equations for the surface are x = u cos v, y = usin v, z = v. We look at 
the grid curves first; if we fix v, then x and y parametrize a straight line in the plane z = v which intersects the z-axis. If u is 
held constant, the projection onto the xy-plane is circular; with z — v, each grid curve is a helix. The surface is a spiraling 


ramp, graph IV. 


r(u,v) = uv? i + u?vj + (u? — v?) k. The parametric equations for the surface are x = uv?, y = u?v, z = u? — v’. If 


u = uo is held constant, then z = uov?, y = ugv so x = uo(y/ug)^ = (1/ug)y^, and z = ug — v? = ug — (1/uo)x. Thus 


each grid curve corresponding to u = uo lies in the plane z = ug — (1/uo)x and its projection onto the xy-plane is a parabola 


x = ky? with axis the x-axis. Similarly, if v = vo is held constant, then x = uve, y = u?vo 


2 


y = (x/ve)?v0 = (1/và)z?, and z = u? — vg = (1/vo)y — vê. Each grid curve lies in the plane z = (1/vo)y — vê and its 


projection onto the xy-plane is a parabola y = ka” with axis the y-axis. The surface is graph VI. 


r(u,v) = (u? — u) i +v? j +u? k. The parametric equations for the surface are x = u? — u, y = v?, z = u’. If we fix u 
then x and z are constant so each corresponding grid curve is contained in a line parallel to the y-axis. (Since y = v? > 0, the 
grid curves are half-lines.) If v is held constant, then y — v? — constant, so each grid curve is contained in a plane parallel to 


the xz-plane. Since x and z are functions of u only, the grid curves all have the same shape. The surface is the cylinder shown 


in graph I. 


x = (1— u)(3 + cos v) cos 4ru, y = (1 — u)(3 + cos v) sin 4ru, z = 3u + (1 — u) sin v. These equations correspond to 
graph V: when u = 0, then x = 3 + cos v, y = 0, and z = sin v, which are equations of a circle with radius 1 in the xz-plane 
centered at (3,0, 0). When u = i then z = 3 + i cos v, y = 0, and z = 3 + i sin v, which are equations of a circle with 
radius i in the zz-plane centered at (3, 0, 3). When u = 1, then x = y = 0 and z = 3, giving the topmost point shown in the 
graph. This suggests that the grid curves with u constant are the vertically oriented circles visible on the surface. The spiralling 


grid curves correspond to keeping v constant. 


3 3 3 3 


x = cos” u cos” v, y = sin” u cos” vu, z = sin? v. If v = vo is held constant then z = sin® 


vo is constant, so the 
corresponding grid curve lies in a horizontal plane. Several of the graphs exhibit horizontal grid curves, but the curves for this 
surface are neither ellipses nor straight lines, so graph III is the only possibility. (In fact, the horizontal grid curves here are 


members of the family x = a cos? u, y = asin? u and are called astroids.) The vertical grid curves we see on the surface 


3 3 3 


correspond to u = uo held constant, as then we have z = cos? uo cos? v, y = sin? uo cos? v so the corresponding grid curve 


lies in the vertical plane y = (tan? uo)x through the z-axis. 


x = sinu, y = cosu sinv, z = sinv. If v = uo is fixed, then z = sin vo is constant, and x = sin u, y = (sin vo) cos u 


describe an ellipse that is contained in the horizontal plane z = sin vo. If u = uo is fixed, then x = sin uo is constant, and 


y = (cos uo) sin v, z = sin v y = (cos uo)z, so the grid curves are portions of lines through the x-axis contained in 


the plane x = sin uo (parallel to the yz-plane). The surface is graph II. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


SECTION 16.6 PARAMETRIC SURFACES AND THEIR AREAS 1657 


From Example 3, parametric equations for the plane through the point (0, 0, 0) that contains the vectors a = (1, —1, 0) and 


b = (0,1, —1) are x = 0+ u(1) + v(0) =u, y = 0 + u(—1) + (11) 2v— u, z=0+4+ u(0) + v(-1) = —v. 


From Example 3, parametric equations for the plane through the point (0, —1, 5) that contains the vectors a = (2,1, 4) and 


b = (-3, 2,5) are x = 0 + u(2) + v(—3) = 2u— 3v, y = —1 + u(1) + v(2) = —1 +u + 2v, 


z = 5 + u(4) + v(5) = 5 + 4u + 5v. 
1,2 


Solving the equation 4z? — 4y? — z = Aforx gives z? = 1 + y? + ge > r—a4flcybo iz. (We choose the 


positive root since we want the part of the hyperboloid that corresponds to x > 0.) If we let y and z be the parameters, 
parametric equations are y = y, z= z, z = 4/1 +y? + 422. 


Solving the equation x? + 2y? + 32? = 1 for y gives y? = 3(1— x? — 32°) y= 4 (1 — x? — 322) (since we 


want the part of the ellipsoid that corresponds to y < 0). If we let x and z be the parameters, parametric equations are 


L=k, 2=2, y= i(1— x? — 322). 


2 2 
y Z 


(1/v2)° (1/73) 


Alternate solution: The equation can be rewritten as z? + = 1, and if we let x = u cos v and 


E 
V3 


and 0 < v < 2m. 


au E 


usin v, then y = i(1—22—322)- 1(1— u? cos? v — u? sin? v) = —/1(1— w?), where0 < u € 1 


Second alternate solution: We can adapt the formulas for converting from spherical to rectangular coordinates as follows. 


1 1 f 
We let x = sin $ cos 0, y = — sin ġsin 0, z = —=cos ġ; the surface is generated for 0 < 6 < m, m < 0 € 2m. 


v2 v3 


Since the cone z = ,/a? + y? intersects the sphere £? + y? + z? = 4 in the circle x? + y? = 2, z = /2 and we want the 


portion of the sphere above this, we can parametrize the surface as x = £, y = y, z = \/4 — x? — y? where x? + y? < 2. 
Alternate solution: Using spherical coordinates, x = 2sin $ cos 0, y = 2sin ġsin 0, z = 2cos¢ where 0 € ¢ < 4 and 


0 € 0 € 2n. 


We can parametrize the cylinder as x = 3cos0, y = y, z = 3sin 0. To restrict the surface to that portion above the xy-plane 


and between the planes y = —4 and y = 4 we require 0 < 0 < c, —4 < y < 4. 


In spherical coordinates, parametric equations are x = 6sin $ cos 0, y = 6sin ġsin 0, z = 6 cos ¢. The intersection of the 


sphere with the plane z = 3/3 corresponds to z = 6cos à = 3/3 cos ¢ = v3 = % and the plane z = 0 


(the xy-plane) corresponds to ó = 4. Thus the surface is described by 2 <6 < 5, O< 0 < 2. 
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Using x and y as the parameters, x = x, y = y, z = x + 3 where 0 < xr? + y? < 1. Also, since the plane intersects the 
cylinder in an ellipse, the surface is a planar ellipse in the plane z — x 4- 3. Thus, parametrizing with respect to s and 0, we 


have x = scosÓ, y = ssin 0, z = 3 + s cos 0 where 0 < s < 1and 0 < 0 < 2m. 


The surface appears to be a portion of a circular cylinder of radius 3 with axis the x-axis. An equation of the cylinder is 


y? + 2? = 9, and we can impose the restrictions 0 < x < 5, y < 0 to obtain the portion shown. To graph the surface on a 


37 


CAS, we can use parametric equations x = u, y = 3cosv, z = 3sinv with the parameter domain 0 < u < 5, B Sues. 


Alternatively, we can regard x and z as parameters. Then parametric equations are x = x, z = z, y = —V9 — z?, where 


O0<a<5and-3<2<3. 


The surface appears to be a portion of a sphere of radius 1 centered at the origin. In spherical coordinates, the sphere has 


equation p = 1, and imposing the restrictions 2 < 0 < 27, | X $ X 7 will give the portion of the sphere shown. Thus, to 
graph the surface on a CAS we can either use spherical coordinates with the stated restrictions, or we can use parametric 


equations: x = sin$ cos0, y = sin ọsin 0, z = cos, 3 <A < 2r, 1 ILLT. 


Using Equations 3, we have the parametrization x = x, 


cosÜ, z= sind, —2 <x <2, 0<0< 2r. 


Y= p Eg x? 


Letting 0 be the angle of rotation about the y-axis (adapting 
Equations 3), we have the parametrization x = (1/y) cos0, y= y, 


z —(1/y)sinü, y 21, 0€ 0 € 2m. 


(a) Replacing cos u by sin u and sin u by cos u gives parametric equations 
x = (2 + sin v) sinu, y = (2 + sin v) cosu, z = u + cos v. From the graph, it 
appears that the direction of the spiral is reversed. We can verify this observation by 
noting that the projection of the spiral grid curves onto the xy-plane, given by 
x = (2 + sin v) sinu, y = (2 + sin v) cosu, z = 0, draws a circle in the clockwise 
direction for each value of v. The original equations, on the other hand, give circular 


projections drawn in the counterclockwise direction. The equation for z is identical in 


both surfaces, so as z increases, these grid curves spiral up in opposite directions for 


the two surfaces. 
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(b) Replacing cos u by cos 2u and sin u by sin 2u gives parametric equations 
x = (2 + sin v) cos 2u, y = (2 + sin v) sin 2u, z = u + cos v. From the graph, it 


appears that the number of coils in the surface doubles within the same parametric 


NEP 


domain. We can verify this observation by noting that the projection of the spiral grid 


S 


E 


curves onto the xy-plane, given by x = (2+ sin v) cos 2u, y = (2 + sin v) sin 2u, 


^ 


> 


z = 0 (where v is constant), complete circular revolutions for 0 € u < m while the 


original surface requires 0 € u < 27 for a complete revolution. Thus, the new 


surface winds around twice as fast as the original surface, and since the equation for z 


is identical in both surfaces, we observe twice as many circular coils in the same 


z-interval. 


32. First we graph the surface as viewed from the front, then from two additional viewpoints. 


The surface appears as a twisted sheet, and is unusual because it has only one side. (The Móbius strip is discussed in more 


detail in Section 16.7.) 


33. r(u, v) = (u + v)i-- 32? j+ (u — v) k. 


r, =i+6ujt+kandr, —i— k, so r, xr, = —6ui + 2j — 6u k. Since the point (2,3, 0) corresponds to u = 1, v = 1,a 


normal vector to the surface at (2, 3, 0) is —6 i + 2j — 6k, and an equation of the tangent plane is —6x + 2y — 6z = —6 or 
3r —y+3z=3. 

34. r(u, v) = (u? +1)i+ (o? 4- 1) j + (u -- v) k. 
ru = 2ui+kandr, = 3v? j + k, so ru x ry = —3v? i — 2u j + 6uv? k. Since the point (5, 2, 3) corresponds to u = 2, 


v = 1, anormal vector to the surface at (5,2, 3) is -3i — 4j + 12 k, and an equation of the tangent plane is 


3(x — 5) — 4(y — 2) + 12(z — 3) =O or 3z + 4y — 12z = —13. 
35. r(u,v) = ucosvit+usinvuj+vk => r(12)— (3 a 3 
ry = cosvi-rsinvjandr, = —usinvi+ucosvj + k, so a normal vector to the surface at the point (5. £, F) is 


Tu (1, 3) X Ty (1, £) = (3 i+ £i) x (-4 i+ ij + k) = 3 i- ij + k. Thus an equation of the tangent plane at 


(538,8) is B(w- 4) - 8(v- 3) +1 - or Eo dy tes. 


36. r(u,v) = sinui + cosu sinvj+snvk > r(Z, 2) = (5.38.1). 


ry, = cos ui — sin u sin vj andr, = cos u cos j + cos v k, so a normal vector to the surface at the point (4. we i) is 
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ru(%, §) x ro($, 3) = (1-12) x ($54 Pk) - 81-39 Hx 


Thus an equation of the tangent plane at (4. Z, i) is V3 (a; i) (y xi) + ays (z i) =0 or 

V3z + 6y — 3/32 = 8 X or 2x + 4/3 y — 6z = 1. 
37. r(u,v) = u? i+2usinvj+ucosvk =  r(1,0) = (1,0,1). 

ru = 2ui + 2sinvj + cosv k andr, = 2ucosvj — usinvk, 2 

so a normal vector to the surface at the point (1, 0, 1) is , ESL 3 

r,(1,0) x r,(1,0) = (2i + k) x (2j) = —2i + 4k. | 

Thus an equation of the tangent plane at (1, 0, 1) is z4 

—2(x — 1) + 0(y — 0) + 4(z — 1) = 0 or — + 2z = 1. y0 E 

44 S 

38. r(u,v) = (1-4? —v”)i-vj—uk. A 

ru = —2ui — k and r, = —2v i — j. Since the point (—1, —1, — 1) PEE 

corresponds to u — 1, v — 1, a normal vector to the surface at -2 

Cd ed = Dag = 


r,(1, 1) x r.(1,1) = (-2i—k) x (-2i-j) = -i+ 2j 2k. 


Thus an equation of the tangent plane is — 1(x + 1) + 2(y 4- 1) - 2(z - 1) 2 0 or —z + 2y + 2z = —3. 


39. The surface S is given by z = f(x,y) = 6 — 3x — 2y which intersects the xy-plane in the line 3x + 2y = 6, so D is the 


triangular region given by d y) | 0€zx2,0xyx3-— ix]. By Formula 9, the surface area of S is 


= Sfp VI+ (C3? + (2? dA = VIA ff, dA = VI4 A(D) = VTA (52:3) = 3 VTA. 


40. r(u, v) = (u +v, 2 — 3u, 1 + u — v) ry = (1, —3, 1), ry = (1,0, —1), and r, x ry = (3, 2,3). Then by 


Definition 6, 


= ffp|tuxre|dA= ra ha | (3, 2,3) | dedu = V22 f; du fi, dv = V22 (2)(2) = 4/22 


41. Here we can write z = f(x,y) = 3 x iy and D is the disk x? + y? < 3, so by Formula 9 the area of the surface is 


"P y+(#) dA = Jf, v+ e ayaa = ff aa 


t3 
D =“. n(V3)° =V14n 


i 
3 


= AD) 
42. z = f(x,y) = Ja? + y? Tau um 9g = ——T _, * mL and 
: ðr 2 /32 + y? /g? 4 y? 


(2) +(5 jg PN 20g 
Ox 2? ty? tz 3 y? 2? +y? [continued] 
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Here D is given by tn y) | 0<z<1, 2? <y< x}, so by Formula 9, the surface area of S is 


(S) = ffo V24A = Jo [a V2 dy de = V2 f, (z — 2°) dz = V2 [34^ - $3]; = V2(5 - ) = 2 


43. z = f(x,y) in } y?/?) and D = {(a, y)|O<a<1,0<y< 1}. Then f, — ag, ty = y"? and 


= ffo y 1+ (Vey + (Va) dA = f; fo VIFT Fy dy de 


E EG +y+ j| a 2g m 29/2 — (æ+ y] dz 


y=0 


1 
A JECEDUE 2 (a i 19] 4 (35/2 95/2 25/2 4.1) = at aae 27/2 4+1) 


44. z = f(x,y) = 4—2a? +y and D ={(a,y)|0 < x < 1, 0 < y € x]. Thus, by Formula 9, 


= ff, VIF (74x)? + (0? 4A = fo f; Vix? 4 2dydz = fj x 162? 34-2 dz 


1 
=. 2(160? + aye = i (189/2 — 23/2) = 2 (64/2 — 2V2) = 


45. z = f(x,y) = zy with x? +y? < 1, s0 fe =y, fy =£ > 
r=1 
(S)= ff, VIF FdA = f; mp vr? + 1rdr dé = oT [gen dé 
r=0 
= fo" 1(24/2— 1) d = ?r (2/2 - 1) 


46. A parametric representation of the surface is x = 2? 4 yYY=y,z2z=zwithO<y<2,0<2<2. 


Hence ry x rz = (i +j) x (2zi + k) 2 i— j — 2z k. Then 


S) 2 ffo [£y x r| dA = fo fe V1-- 1+ Az? dydz = fo 2/24 42 dz 


or Formula 21 in the Table of Integrals 


= [2-3 (z V2 + 42 + In(2z + v2 + 422 ))] 2 | Use trigonometric substitution | 
2 0 


= 6/2 + In(4 + 3/2) — In v2 or 6V3 + In 293 — 6V3 + In (2V3+ 3) 


2 2 
Note: In general, if z = f(y, z) then ry x r; =i — f, E k and A (S) — Tr 1+ ZA RN OF. dA. 
Oy! Be D Oy 


47. A parametric representation of the surface is x = x, y = e+ 27,2 = z with 0 < x? +2? < 16. 


Hence rg x rz = (i + 2j) x (2zj +k) 2 2xi— j + 2z k. 


, ee BONN 7 Ofv (ORV 
Note: In general, ify = f(z, z) then re x rz = 53 i 1S ant a(s)= ff fa + (3 + az dA. 


Then 


A(S)= ff [IF +422 dA = fo" fo VT + Ar? v dr do 


0x z?--22 «16 


4 
2^d8 for VTE AP dr = 2n | any] = (65%? — 1) 
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48. r(u,v) = ucosvi+usinvj+uk,0<u<1O0<v<7 => 
ru = (cosv, sin v, 0), re = (—u sin v, u cos v, 1), and ru x ry = (sinv, — cos v, u). Then 
e V1+ u? dudv = [jj dv do V1 +u? du 
E EE 3 12:8 -v2)] 


49. £ = u?, y = w, z = 4v, 0<u< 1,0 <v<2 => ra= (2u,v,0), r, = (0, u,v), and ru x ry = (v?, -2uv, 2u?). 


Then 


= ffp Ir. x ro| dA = KR Vut + 4u?v? + Au* dv du = does vV/ (v? + 2u?)? dv du 


= fo fo (v? + 2?) du du = f? [409 + 2u?v]7 du = fo (8 + 4?) du = [u + $5]; = 4 


50. The cylinder encloses separate portions of the sphere in the upper and lower halves. The top half of the sphere is 


z= f(x,y) = yb? — r? — y? and D is given by Ts; y) | r? +y? < as By Formula 9, the surface area of the upper 


enclosed portion is 


a= ff, a mm) + (pete) - Ii o ER 
nca n 


= b[6]5" [-vb? —72]5 = 2nb(- 63 — a? + Vb? — 0) = 2nb(b — Vb? — a?) 


The lower portion of the sphere enclosed by the cylinder has identical shape, so the total area is 2A = Anb(b — Vb? — a? ). 


51. From Formula 9 with z = f(x,y), we have A(S) = ffp V1 + (fr)? + (fy)? dA. Since | f| < 1 and | fy| € 1, we know 
0 < (fa)? < LandO < (fy)? < 1,8301 < 14 (fe)? + (f)? <3 > 1< V14 (fe)? + (fy)? < V3. By 
Property 15.2.10, [fp 1dA < ffo VI+ Gz)? +F) dA < ffp V34A = A(D)< A(S)<V3A(D) > 
nR? < A(S) € V3TR?. 


52. z = f(x,y) = cos(x? + y?) witha? +y? < 1. 
9) = fp VIF Css 99 3 C (e? 4 99) dA 
= ffp V1 + 42? sin? (x? + y?) + 4y? sin?(z? + y?) dA = ffp V1 + A(a? + y?) sin?(z? + y?) dA 
= R Ie VI + 4r? sin?(r2) r dr d = iie do fr 1+ 4r? sin? (r2) dr 


— 2y h ry/1 + Ar? sin^(r?) dr ~ 4.1073 


53. z = f(x,y) = ln(x? +y? + 2) with z? +4? < 1. 


2r dá 2y : Az? + dy? 
S) = ES MEME oc. c dA- [pnl ce Lt 
b I (ari) JI, ey 
2x 2n VETERE. 
rdardd= | a ie — D Ud, esos] ^ AE EE 
F ao 


£ 3.5618 
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LET? 2x 


Let f(x,y) = . Then f; = ——c, 
f( y) ta? J 1+y? 


=(1422)|-_2¥__] LE) | 
fy = (1+ | a | (1032) UN e 


^! 
We use a CAS to estimate 


fea as Ü 1+ f2 + f2 dy dx ~ 2.6959. 


In order to graph only the part of the surface above the square, we 


H 
2 


use — (1 — |x|) € y € 1 — |v| as the y-range in our plot command. 


(tes 1 Óz — —2r dud Oz — —2y 
l+a?+y? Ox (1+a?+y?)? Oy (1+? +y?) 
Oz V? Oz Az? + Ay? 
[V+ *(&) ue [Ly + Tears ye "A 
Ag? + Ay? 


Using the Midpoint Rule with f(x,y) = 4,/1+ m = 3, n = 2 we have 


(1 + 42 +y) 


A(S) & x È FG gj) AA - AU.) + 40,3) + fC, 1) + (3,3) + f(5,1) + f(5,3)] © 24.2055 


2 
(b) Using a CAS, we have A(S er fy E e ee 2 dy dx ~ 24.2476. This agrees with the estimate in part (a) 
T y 


to the first decimal place. 


r(u,v) — (cos? u cos? v, sin? u cos? v, sin? v), sory, = (-3 cos? u sin u cos? v, 3sin? u cos u cos? v, 0), 


rj = (-3 cos? u cos? v sin v, —3 sin? u cos? v sin v, 3sin? v cos v), and 


5 


ra X ry = (9 cosu sin? u cos* v sin? v, 9 cos? u sin u cos^ v sin? v, 9 cos? u sin? u cos? v sin v). Then 


4 


2 


4 2 


|ru X ro| = 9 y cos? u sinf u cos® v sinf v + cost u sin? u cos’ v sinf v + cost u sinf u cos!? v sin? v 


2 


= 9 \/cos? u sin? u cos? v sin? v (sin? v + cos? u sin? u cos? v) 


= 9 cos? v |cos u sin u sin v| sin? v + cos? u sin? u cos? v 


Using a CAS, we have A(S) = f f, 9 cos* v |cos u sin u sin v| ysin? v + cos? u sin? 


u cos? v dv du ~ 4.4506. 


z = 1-4 2z + 3y + 4y’, so 


2 üz 2 4 pl 4 pl 
= «(s a-[[ VIFF BYP dyae = ff V 14 + 48y + 64y? dy dz. 
Oy 1 Jo 1 Jo 
Using a CAS, we have 


Se So 14 + 48y + 64y? dy de = 48 VTA + Ë In(11 V5 +3V14 V5) — S In(3 V5 + V4 V5) 


T4 + Hn LLL. 


r£ 
2 V5 + V70 
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58. (a) x = aucosv, y = businv, z = we0<u<20<v<27 > n= acosvi + bsinvj+ 2uk 
ry = —ausinvi + bucosvj + 0k, andr, x ry = —9bu? cosvi — 2au? sinoj abil: 
A(S) = fe" f? ru x rol dudv = f f? V/Ab?u* cos? v + 


4a2u* sin? v + a2b2u2 du dv 


(b) £? = a?u? cos? v, y? = bu? sin? v, z =u? => xa? +. y?/b? = u? = z which is an elliptic paraboloid. To find D, 


notice tht0 <u <2 > 0<z<4 5 0< x?/a? yw < 4. Therefore, using Formula 9, we have 


b4/A— V/A — (a2/a2) 
=|" f en V 1-4 (2x/a?)? + (2y/02)? dy da. 


b4/A— V/A - (22/22) 


: (d) We substitute a = 2, b = 3 in the integral in part (a) to get 
` i } = Es 2ux/9u? cos? v + Au? sin? v + 9 du dv. We use a CAS 
£2 : i to estimate the integral accurate to four decimal places. To speed up the 
calculation, we can set Digits:=7; (in Maple) or use the approximation 
= 0 peg 0. »i command N (in Mathematica). We find that A(S) ~ 115.6596. 
59. (a) x = asinucosv,y = bsin usin v, z = ccosu => (b) 
2 y x : " oe 5 21 
ax + ata~ = (sinu cos v)* + (sin usin v)* + (cos u) 
= sin? u + cos? u = 1 z 07 ! 
and since the ranges of u and v are sufficient to generate the entire graph, p 
the parametric equations represent an ellipsoid. 
wg ema 
(c) From the parametric equations (with a — 1, b — 2, and c — 3), 
we calculate r,, = cos u cos v i + 2 cos usin vj — 3sin u k and 
ry = — sin usin vi + 2sin u cos v j. So ru X ro = 6sin? ucosvi + 3sin? usinvj + 2sin u cos u k, and the surface 


area is given by A(S) = SER |ru x r,| du dv= na 36 sinf u cos? v + 9 sin* usin? v + 4 cos? usin? u du dv 


60. (a) x = acoshu cosv, y —bcoshusinv, z=csinhu => (b) 
54 
r? y z2 
+2 — = = cosh? u cos? v + cosh? u sin? v — sinh? u m 
a2 P æ = 
= cosh? u — sinh? u = 1 z 04 EE 

and the parametric equations represent a hyperboloid of H j 

one sheet. 54 " 
2: 0 2 0 x 

(c) ru = sinh u cosvi + 2sinh u sinv j + 3cosh u k and y 4 


ry = — cosh u sinvi+2coshu cosv j, so ru X ro = 6 cosh? u cosv i — 3 cosh? u sinvj + 2cosh u sinh uk. 


We integrate between u = sinh !(—1) = — In(1 + V2) and u = sinh !11— In(1 + v2), since then z varies between 
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—3 and 3, as desired. So the surface area is 


27 pin(1+ V2) 
A(S) Sj | |ru x ro| du dv 
0 —In(1+ v2) 


2T F v2) 
= I / /36 cosh^ u cos? v + 9cosh* u sin? v + 4 cosh? u sinh? u du dv 
-1 ( + v2) 


To find the region D: z = x? + y? implies z + z? = 4z or z? — 3z = 0. Thus z = 0 or z = 3 are the planes where the 


surfaces intersect. But x? + y? + z? = Az implies x? + y? + (z — 2)? = 4, so z = 3 intersects the upper hemisphere. 


Thus (z — 2)? = 4 — a? — y? or z = 24 /4 — x? — y?. Therefore D is the region inside the circle z? + y? + (3 — 2)? = 4, 


that is, D = {(x,y) | ? +y? € 3}. 


s - || HIED- 2 a P+ Coa aA 


2n 2m (V3 Qn r=V3 
=f L 4/1 5 r dr dé = Lg RAE [-24 - 7) dé 
V4— Vie! 0 r=0 


= fo" (—2 + 4) d0 = 20)?" = 4x 


We first find the area of the face of the surface that intersects the positive y-axis. A parametric representation of the surface is 


r=2, y=vV1-2?, z = z with z? + 2? < 1. Then r(z, z) = (z, V1 — 27, z) => rs = (1,0,0), 


2 


Z 1 
dope T pears 


1 by the symmetry 
y= ff | Tr X Tz | dA = T [gue e vI- 2 dz dz = af Des ee dz dz | of the surface 


z2--22«1 


rz = (0, —2/4/1— 22,1) and r, x rz = (0, 1, -z/V/1— 2?) [ro Xrz|= 


This integral is improper [when z — 1], so 


a(s) = tim af [77  qeee-aeaf Vd dm 4 fae = lim arca 
Since the complete surface consists of four congruent faces, the total surface area is 4(4) — 16. 
Alternate solution: The face of the surface that intersects the positive y-axis can also be parametrized as 
r(z,0) = (z,cos0,sin0) for -2 < 0 < Sanda? +2? <1 & z?+sin?0 <1 © 


—vy1 — sin? < x < y1-—sin?0 e  —cosÓ < x < cos0. Then r, = (1,0,0), re = (0, — sin 0, cos 0) and 


rz X re = (0, — cos6, — sin 6) [rz X ro | = 1, so 


=i. pe ? ldrd0— pu. 2cos0 dð = 2sin] pe — 4. Again, the area of the complete surface 


cos 0 


is 4(4) — 16. 
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63. Let A(51) be the surface area of that portion of the surface which lies above the plane z = 0. Then A(S) = 2A(S1). 


Following Example 10, a parametric representation of $1 is x = asin $ cos 0, y = asin ósin0, 

z = acos $ and |rg x re| = a° sing. Fr D,0 < à < $ and for each fixed ¢, (a — ta)’ +y? < (ia)? or 
[asin ó cos 6 — $a] ? + a? sin? sin? 0 < (a/2)? implies a? sin? ¢ — a? sin $cos0 < 0 or 

sin 9 (sing — cos0) < 0. But 0 < $ < 5, so cos0 > sin ¢ or sin(5 + 0) >sindord—F<0<F5-¢@. 
Hence D = {(¢,0) |0<¢< 4,6-3<0< 5 — à). Then 


A(81) = fo? ER a a? sin 6 dO do = a? f7/? (x — 26) sind do 


= a? [(—m cos $) — 2( $ cos $ +sing)|*/? = a?(x — 2) 


Thus A(S) = 2a? (x — 2). 


Alternate solution: Working on $1 we could parametrize the portion of the sphere by x = x, y = y, z = \/a? — x? — y?. 


a 
= and 


a? — x? — y? 


Then |r; x ry| = 


1/2 a cos 60 


a da= f a 
/a2 — r2? — y2 _n/2Jo a? — r2 


A(S1) = r dr d0 


0 < (z — (a/2))? + y? < (a/2)? 
r=acos@ 


= ae —a(a? S pu dé = (er a?[1 +5 (1 = cos? 9)*/?) d0 
r=0 


= uae a? (1 — |sin 0|) d0 = 2a? ra — sin 0) dé = 2a?(£ —1) 


Thus A(S) = 4a?($ — 1) = 2a?(x — 2). 


Notes: 


(1) Perhaps working in spherical coordinates is the most obvious approach here. However, you must be careful 


in setting up D. 


(2) In the alternate solution, you can avoid having to use |sin 0| by working in the first octant and then 


multiplying by 4. However, if you set up $1 as above and arrived at A(S1) = a?r, you now see your error. 


64. (a) Here z = asina, y = |AB|, and x = |OA|. But 


|OB| = |OC| + |CB| = b+ acoso and sin 0 = $5 so that 
y = |OB|sin6 = (b+ acoso) sin 0. Similarly cos 0 = a so 


x = (b + a cos q) cos0. Hence a parametric representation for the 


torus is x = bcos@ + a cosa cosÓ, y = bsin@ + acosa sin, 


z = asina, where 0 <a € 27,0< 0 < 2m. 
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(b) 


/7 4 / 
ANNA 


(c) x = bcos@ + acosa cos0, y = bsin0 + a cosa sind, z = asino, so ra = (—asina cos@,—asina sin0,a cosa), 
rg = (—(b + a cosa) sin 0, (b + a cos a) cos 8, 0) and 
ra X ro = (—abcosa cos 0 — a? cosa cos? 9) i+ (—absin a cos 0 — a? sina cos? 0) j 
+ (—ab cos? a sin 0 — a? cos? a sin 0 cos 0 — absin? a sin 0 — a? sin? a sin 0 cos 9) k 


= —a (b + acoso) [(cos0 cosa)i+ (sin cos o) j + (sina) k] 


Then |ra x re| = a(b + acoso) y cos? 0 cos? a + sin? Ó cos? a + sin? a = a(b + a cosa). 


Note: b > a, —1 € cosa € 1so |b+ acoso| = b + acosa. Hence 


A(S) = an A a(b + acoso) da dé = 27 [aba +a? sina] es 


_ 4,2 
- = 4r“ab. 


16.7 Surface Integrals 


1. The box is a cube where each face has surface area 4. The centers of the faces are (+1, 0, 0), (0, +1, 0), (0, 0, +1). For each 


face we take the point P5 to be the center of the face and f(x, y, z) = cos(x + 2y + 3z), so by Definition 1, 
fa f(x,y, 2) dS ~ [f(1, 0, 0)](4) + [f(—1,0,0)](4) + [/(0, 1, 0)](4) 
+ [f(0, —1,0)](4) + [Z (0, 0, 1)](4) + [Z (0, 0, —1)](4) 
= 4 [cos 1 + cos(—1) + cos 2 + cos(—2) + cos3 + cos(—3)] ~ —6.93 


2. Each quarter-cylinder has surface area 4[27(1)(2)] = 7, and the top and bottom disks have surface area (1)? = m. We can 


take (0, 0, 1) as a sample point in the top disk, (0, 0, — 1) in the bottom disk, and (+1,0,0), (0, £1, 0) in the four 
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quarter-cylinders. Then f. f. 3 f(x,y, z) dS can be approximated by the Riemann sum 


f(1, 0, 0) (2) + f(-1, 0, 0) (7) T f(0, 1,0) (7) + f(0, —1,0)(7) = f(0, 0, 1)(z) + f(0,0, -1)(7) 
= (2+2 +3+3+4+4)r = 18r = 56.5. 


3. We can use the xz- and yz-planes to divide H into four patches of equal size, each with surface area equal to i the surface 


area of a sphere with radius /50, so AS = £(4)r(V/50) ? = 255. Then (+3, +4, 5) are sample points in the four patches, 


and using a Riemann sum as in Definition 1, we have 
f fu f(x y, 2) 4S2 f(3,4,5) AS + f(3, 4,5) AS + f(—3, 4,5) AS + f(—3, 4,5) AS 
= (7+8 +9 4-12) (25x) = 9007 ~ 2827 
4. On the surface, f(x,y, z) = g( v? +y? + z) = g(2) = —5. So since the area of a sphere is 4x7?, 


ff f(v,y, 2) dS = ff, 9(2) dS = —5 ff, dS = —5[4n(2)?] = —807. 


5. r(u,v) = (u + v)i + (u—v)j+ (14+ 2ut+v)k,0<u< 2,0 € v € Land 


ru XT, = (it+j+2k) x (i-j+k) =3i+j-—2k [ru x r,| = 4/32 + 1? + (—2)2 = v14. Then by Formula 2, 


ffs(x - y 2)4dS — ffplu+v+u-—v+1+2u+v) |ru x rol dA = fy fa (4u 4- v - 1): V14dudv 


- 1A [f [2u? + uv +u] dv = vA fn (2v + 10) dv = V14 [v? + 100] 5 =11/14 


6. r(u,v) = ucosvi+ usinvj+uk,0<u<1,0<v0 € 7/2 and 


ry X ry = (cosvi+sinvj +k) x (—usinvi+ ucosvj) = —ucosvi— usinvj+ uk => 
ru X ro| = Vu? cos? v + u? sin? v + u? = V2u? = V2 u [since u > 0]. Then by Formula 2, 


ffs xuzdS = ff,(ucosv)(usinv)(u) |ru x ro dA= fi 7/2 (u? sinvcosv) - V2ududu 


= V2 fy u* du [7 sin v cosv dv = V2 [tu] [3 sin? vo] 7”? = /2. i . i = i2 


7. r(u,v) = (ucosv,usinv,v), 0 € u € 1, 0 € v € s and 


ru X ry = (cosv, sinv, 0) x (—usinv, ucosv, 1) = (sinv, —cosv,u) = 


ru X r,| = ysin? v + cos? v + u? = Vu? + 1. Then 
Sf yds = ffp(usinv) |ru x rol dA= {> Jo (usin v) - Vu? F 1 dv du = f; uvu? +1du Jo sinv dv 


- [e+] [-cosv]T = 4(23/2 — 1) -2 = 2(2/2 - 1) 


0 
8. r(u,v) = (2uv, u? —v^u + v^), u? + v? < 1 and 
ry X ry = (2v, 2u, 2u) x (2u, —2v, 2v) = (8uv, 4u? — Ay”, —4u? — 4v?), so 


[ru X Lvl = y (8uv)? + (4u? — 4v2)? + (—4u? — 4v2)? = J/64u?v? + 32u4 + 32v 


= \/32(u2 + v2)? = 4/2 (u? + v?) 


[continued] 
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Then 
Sfg(2? + ^) dS = ffo [(2uv? + (u? — v?)?] |ru x ro] dA = ff (Au^? + u* — 2u?v? + v*) - A2 (u? -- v?) dA 
= 4/2 ff, (u* + 2u^v? + v^) (uà? + 0?) dA = 4v2 [fy (? +v)’ dA = Av [27 Jo (ey r dr d0 
= 4/2 (2^ do for "dr = 4/2 [0 lo” ir] =4V2-20- 2 = V2m 


9. z = 1 + 2x + 3y, so a =2 and — x — 3. The surface is the graph of a function, so by Formula 4, 
z 


fo x?’yzdS = E x) (&) +1dA= fe C z?y(1-- 2a + 3y) VEF9F 1 dy dx 


= VIA CT + 2x3y + V) dy dz = va f [12?y? + a? y? + z?y dra ` dz 


= VTA f? (102? + 42?) dx = VTA [2203 + *)5 = 171 VTA 
10. The surface S is given by z = 4 — 2x — 2y, which intersects the zy-plane in the line 2x + 2y = 4, so 
D = {(x,y)| 0 < x < 2, 0 < y < 2 — x}. The surface is the graph of a function, so by Formula 4, 


Sfg vzdS = ffp «(4 — 2x — 2y) / (-2? + ( 2? -1dA-3[? ict (4x — 22? — 2xy) dy dx 


y-2-cz 


= =A [4ry — 22?y — £y xn o de= EX [4r(2 — x) — 22?(2 — x) — z(2 — x)?] dx 


= 3f ce — 4x? + 4x) da = 3 [i24 — $a? + 287] 3 (4 32 4 8) =4 
11. An equation of the plane through the points (1, 0, 0), (0, —2, 0), and (0,0, 4) is 4a — 2y + z = 4 (see Example 12.5.5), so 


S is the region in the plane z = 4 — 4r + 2y over D = ((z,y) |0< a € 1, 2x — 2 € y € 0}. Thus, by Formula 4, 


SIs rds = Sfp * v( 1dA= VII fy fin , 2dydz = 21 fj | zyļy= A 2 dx 
ne ae 244) = 


12. z = 2(z?/? + y?/?) and by Formula 4, 


SfsydS ffov We) + (Va) +1dA= fo fo uz y 1 dzdy 


z—l 
= fov|S(-ry- 097 dy= f; $y|(y - 2? — (y - 1)? | dy 
à Tm 0 3 
Substituting u = y + 2 in the first term and t = y + 1 in the second, we have 


3 2 
3 3/2 3/2 7/2 5/2 7/2 5/2 
ffs y 4S = 2 fy (u — 2)u8? du — 2G 1)t3/? dt = 2 [2u / = gu) - 2[ 247/ -gel 


= 2[20877 27/2) 4 (35/2 25/2) 2 (27/2 1) + 2 (25/2 1 


= $(35 V3 a 2 us) ios (9 V3 +4 V2 2) 


13. Using y and z as parameters, we have r(y, z) = (yY? +2°)i+yj+ zk, y? +2? <1. Then 


Ty X rz = (2yi +j) x (2zi +k) =i — 2yj — 2z k and |ry x r;| = y1 + Ay? + 42? = y1 + A(y? + 22). Thus, by 
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Formula 2, 


ff; 2485 = z /1 +42 + 2?) dA = UE (r sin 0)? VI + 4r? r dr dé 


"nma 
E o7 gin? 0d0 for 3 14 4r? dr [let u = 1+ 4r? => r? = E(u — 1) and r dr = idu] 


s 2n 5 5 
= [$0 — $ sin 26], J F(u- 1)yu: idu =r -$ f Uu u) du= gr E 5/2. Re] 


= "ROK = 20) = - s 2] = za (= v5 + is) = oT 7 (25v5 + 1) 


14. Using z and z as parameters, we have r(x, z) = xi + Va? 4-22j-- zk, £? +27 « 25. Then 


x z x zZ 
re Xr; = | i + —— j] x j+k i— jd k and 
( m) (E | ) vx? + 2? e vx? + 22 
2 2 2 z 
x z rf +z 
rextel= yo +14 PUT - (5 +1= v2. Thus, by Formula 2, 


SSgveds= ff (a? +27)2V2dA = V2 f?" fo r^ (rsin6)? r dr dO 


w2422<25 
= V2 [7" sin? 0 d0 [o r5 dr = V2 [10 — 1sin20]7" [ir ae 
= V2 (x)- 1(15625 — 0) = Bo 


15. Using x and z as parameters, we have r(x, z) = xi + (x? + 4z)j+2zk, OX 2 € LO € z € 1. Then 


ry, Xr; = (i+ 2zj) x (4j +k) = 22i— j - Ak and |r, x r;| = 4x? +14 16 = V/Az? + 17. Thus, by Formula 2, 


1 
Jf zdS = fo fo svAz? FTT dz de = f} VG? F TT da = |3- 2 (40? 17)? 
0 
= 4 (212? — 17/7) = $ (21V21 - 17V17) = 221- E 


16. The sphere intersects the cone in the circle x? + y? = i Z= ree so S is the portion of the sphere where z > NL 


Using spherical coordinates to parametrize the sphere we have r(¢, 0) = sing cos0i+ sing sin 0 j + cos ¢k, and 


[ro X re| = sin ¢ (as in Example 1). The portion where z > P corresponds to 0 < ¢ < 4,0 < 0 < 2m, so by Formula 2, 
Sfo Y? aS = qd HE (sin ¢sin 0)? (sin 9) dó d0 = pr sin? 0 d0 jo sin? ġ dó = ud sin? 0 d0 K 1 — cos? ¢) sin ó dó 
= [40 — 1sin26]^" [i cos ? $ — cosó] 7^ = n( - 2-241) - (8-88) 
17. Using spherical coordinates to parametrize the sphere (see Example 16.6.4), we have 


r(¢,0) = 2sin$ cos0i + 2sin ọsin j + 2cos dk and |rg x re| = 4sin $ (see Example 16.6.10). Here S is the portion of 


the sphere corresponding to 0 < $ < 7/2, so by Formula 2, 


Te 2z yz) dS = ff r? t+y’)zdS = T e (Asin? $)(2 cos p) (4 sin $) do d0 


— 32 doe do jos sin? $ cos 6 dd = 32 (2r) [F sin tg)? 167(1 — 0) = 167 
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S is given by r(u, v) = cosvi + uj + sinvk, 0 € u < 2, 0 € v € « (see Example 16.6.5). Then 


ru X ry =j x (—sinvi + cosvk) = cosvi + sinv k and |r, x r| = y cos? v + sin? v = 1, so 


ffs (z--y-2)48 = f Je (cos v +u + sinv)(1) dudv = fj [u(cosv + sinv) + len dv 


= fo (2cosv + 2sin v + 2) dv = [2sinv — 2cosv + 2v|; — 2-- 2n +2 = 4 + 2m 


Here S consists of three surfaces: 5, the lateral surface of the cylinder; S5, the front formed by the plane x + y = 5; 


and the back, S3, in the plane x = 0. 


On $1: the surface is given by r(u, v) = ui + 3cosvj + 3sinv k, 0 € v < 27 (see Example 16.6.5), and 


O0O<a<5-y => O0<u<5-—3cosv. Then r, x ry = —3cosvj — 3sinv k and 


Ir, x r,| = V 9 cos? v + 9sin? v = 3, so 


ffs, 2448 = ies eer u(3sin v)(3) du dv = 9 f?" [su apie siny du 


=o 0 7 (5 — 3cosv)?sinvdv = 2[$(5 — 3cosv)?]?" — 0. 


On S2: r(y, z) = (5— y)i +yj+ zkand |r, x r;| = [i 4- j| = V2, where y? + z? < 9 and 


fis: xzdS= ff (5 —y)zV2dA = V2 f?" f$ (5 — r cos0)(rsin0) r dr d0 


y?--22«9 


= VAIER (5r? — r? cos 0) (sin 0) dr d0 = V2 [3r? — ir^ cos6]"— sin 0 do 


= y2 f (45 -— & 1 cos) sind dd = V2 (£) - 1(45 — 8 Losf|" = 0 


0 


On $3: z —0so ff. zzdS — 0. Hence ff. xzdS — 04-0--0 — 0. 


Let Sı be the lateral surface, S2 the top disk, and $3 the bottom disk. 


On $1: r(0, z) = 3cos0i--3sin0j--zk, 0€ 0 € 21,0 < z < 2, |r x rz| = 3, 


dies Qus ty? z2)dS = ie T (9 + 22) 3dz d0 = 21(54 + 8) = 124m. 


On $3: r(0,r) =rcos@i+rsin0j+2k,0<r<3,0<0< 27, |ro x r.| =r, 


ety +27)dS = S? f?r? +4) rdrdo = 2n(84 +18 =i, 
SIs y o Jo 4 
On $3: r(0,r) 2 rcoséi+rsin0j,0<r<3,0<6< 2r, |r x r.| =r, 


ffs, G? + y? + 2?) dS = f2" [2 (r? 4 0) dr do = 2m ($4) = Sa. 


Hence ffs (x? +y’ + 27) dS = 124r + 1537 + Sir = 2417. 


From Exercise 5, r(u, v) = (u + v) i + (u — v)j + (1 + 2u + v)k,0 < u < 2,0 < v < 1, and ru xr, = 3i +j-— 2k. 
Then 
F(r(u, v)) = (1 + 2u + vje t=») 4 — 3(1 + 2u + v)e 0979? j + (u +v)(u — v) k 


= (1+ 2u t vje" -* i i— 3(14+ 2u + v)e* 70" j 4 (u? —v?)k 


[continued] 
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Because the z-component of ru x ry is negative we use — (ru x rẹ) in Formula 9 for the upward orientation: 
ff; F- 48 = ff, F-(-(r.xr.)) dA = JoJo. |- (1+2u+v)e"-” * E30 + 2u + v)e"? =? +2(u? — v) du dv 


SEND u? — 4? )dudv = 2 fo [145 — wv? ]*7 5 dv = 2 f; ($ — 2v?) dv 


-2[b- 309]! -2(8- 2) -4 


22. r(u,v) = (ucosv,usinv,v), 0 < u € 1,0 € v € v and 


ru X ry = (cosv,sinv,0) x (—usinv,ucosv, 1) = (sin v, — cosv, u). Since F(a, y, z) = zit+yj+ak, 


F(r(u,v)) = vi + usinvj-F ucos v k, and by Formula 9, 


Js F-dS= Sfo E (ru X Ty) dA = fm So ( vsinv — usinvcosv + u? cosv) dv du 


c" : =, EE! - 2 2. v-—mc 1 
=. [sin v — v cosv — $usin? v + u^ sinv] o du- f, rdu- vu]; =n 


23. F(x,y, z) = xyi +yzj+zzk, z = g(x,y) = 4 — x? — y?, and D is the square [0, 1] x [0, 1], so by Equation 10 


[fs E -aS = ffo [-xv(—22) — vz(-29) + zz] dA = f; f [2x^y + 2v? (4 — 2? — y?) + «(4 — 2? — y?) dy de 


= [2 ph? + Sy? -Bai — Eh + day — y — day] de 
= sh Bo — a? + $) de = [je - pote Ma]! = BB 


24. F(z,y,2) = —vi-yj+2°k, z = g(x,y) = V2? + y?, and D is the annular region (Gs y) l1xa?44?« 9). Since S 


has downward orientation, we have, by Equation 10, 


f[* - - f), E (ree) en) 
=- ff, Re (ev) 


V2? y? 
El 3" dO SÈ +r4) dr = - [0] [i79 + łr5]? 


bA s iy ll a 
= 2n (9 + 5 3 $) =- "s 7 


25. F(z,y,z) = xi + yj + z? k, and using spherical coordinates, S is given by x = sin $ cos 0, y = sin ọsin 0, z = cos $, 


0<0<27,0<¢<7. F(r(ó,0)) = (sin$cos0)i-- (sing sin0) j + (cos? ¢) k and, from Example 4, 
rg X rg = sin? ócos0 i + sin? ósin0 j + sin $ cos ¢ k. Thus, 
F(r(¢,0)) - (ro x ro) = sin? $ cos? 0 + sin? dsin? 0 + sin 9 cos? ¢ = sin? $ + sin 9 cos? à 
and 
SJs E- dS = ff, [F(r(0,0)) - (ro x ro)] dA = fe" J" (sin? $ + sin ¢ cos? $) db d0 
E od dé fa — cos? ¢ + cos? ¢) sin ¢ do = (27) [- cos $ + i cos? o — i cos? olo 
-ar(1-}-}+1-}+1)= fr 
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26. F(z,y,z) = yi xj 2zk, z = g(x,y) = /4-2? y? and D is the disk { (x,y) |a? + y? <4}. S has downward 


orientation, so by Equation 10, 


Jf; F-d8 =- ffol-y: 3(4 2 0? — 9) 7 (-22) - (22) 3(4 à? — y?) "^ (-2) + 2z] dA 


Ty 
E ria cuc 
= =F P) 
=— ffo 2v4- 2? — y dA = -2 fi ah s V4—r* r dr dð = —2 f" do f? r/A— r? dr 


2 
= —2(2n) | i : 2(4 FP = —4r [o+ OU = —4r. i = -32r 


27. F(x,y, z) = yj — zk. Let Sı be the paraboloid y = z? + z?, 0 < y < land S» the disk z? + z? < 1, y = 1. On Sı we 
have r(x, z) = xi + (x? + 2?) j + zk. Since S is a closed surface, we use the outward orientation. 
On S1: F(r(z,z)) = (a? + z?)j — zkand r, x rz = 2ri— j + 2z k (since the j-component must be negative on S1). 
Then by Formula 9, 


ffs, EdaS = ff [0— (£? + 27) — 22°] dA = — o7 fo (r? + 2r? sin? 0) r dr dO 


z2 +2z2<1 


z Kd is r? (1 + 2sin? 0) dr d = — «7 (1 4- 1— cos20) do fo rh dr 


— [20 — 4 sin 20]°" [i T(- —4m. i cm 


On S2: F(r(z,z)) =j—zkandr. xr; =j. Then ff, F.dS— ff (1)dA-m. 


z2 +z2<1 
Hence ff} F- dS = -r +r = 0. 
28. F(x,y, z) = yzi + zzj-d- zyk, z = g(x,y) = vsin y, and D is the rectangle [0, 2] x [0, 7], so by Equation 10 
SJs E -daS = ffp [-yz(siny) — zz(x cosy) + xy] dA = fy Jet (—aysin? y — z? sing cosy + zy) dx dy 
= jr [—427y sin? y— jat sin y cos y + ia^ y] Wes dy 
= fő (—2ysin? y — 4siny cosy + 2y) dy [integrate by parts in the first term] 
E [((-iy? + dy sin 2y + 1 cos 2y) = 2sin? y 4- y?]7 = -iv? + + +77 = i = iT) 
29. Here S consists of the six faces of the cube as labeled in the figure. On $1: 
F =i + 2yj + 3zk, ry x r- = iand ff, F- d8 = f}, f^, dydz = 4; 
So: F = xi +2j+3zk, rz x r, = jand ff, F- dS = f^, f^, 2dzdz = 8; 


Ss: F = zi + 2yj +3k, rs x ry = kand ff, F -dS = f}, f°, 3da dy = 12; 


Sa: F = ~i + 2yj + 3zk, r- x ry = —iand ff, F -dS = 4; 


Ss: F = xi — 2j + 3zk, ra xr, = —jand ff, F -dS = 8; 
Ss: F = zi 2yj — 3k, ry x re = —k and ff, F -dS = f}, f^, 3de dy = 12. 


6 
Hence ff; F -dS = »; ff, F- dS = 48. 
CES MEN 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1674 


30. 


31. 


32. 


CHAPTER 16 VECTOR CALCULUS 


F(z,y,z) = xi+yj+5k. Here S consists of three surfaces: S1, the lateral surface of the cylinder x? + z? = 1; 


So, the front formed by the plane x + y = 2; and the back, 55, in the plane y = 0. 
On S1: r(0,y) =sindi+yj+cos 0k. F(r(6,y)) =sindi+yj+5kandre x ry =sindi+cosOk => 
ffs, F- dS = J ELE (sin? 0 + 5 cos 0) dy d0 
719 sin? 0 + 10cos 0 — sin? 0 — 5sin@ cos0) d0 = 2 
On S2: r(z,z) = xi + (2— x)j+ zk. F(r(z,z) =vi+ (2-a2)j+5kandr, xr; =i+j. 


[fs F-d$— ff [e+ 2—2))dA = 2r 


z?-Lz22«1 


On $5: F(r(x,z)) = xi + 5k. The surface is oriented in the negative y-direction so that n = —j and by (8), 


Sfs, E -dS = ffs, F - ndS = 0. Hence, ff, F -dS = 4r. 


F(r,y,z)-— x? i 4- y? j 4- z? k. Here S consists of four surfaces: 51, the top surface (a portion of the circular cylinder 


y? +z? = 1); So, the bottom surface (a portion of the xy-plane); S3, the front half-disk in the plane x = 2, and S4, the back 
half-disk in the plane x = 0. 


On S1: The surface is z = 4/1 — y? for 0 < x < 2, —1 € y < 1 with upward orientation, so by Equation 10, 


hee LE ve PC) we EF (Gee ae 


—1 
= fé |- 245 ia - yy ey- iy] dz =f? 4dx=8 
yzi 


On $5: The surface is z = 0 for 0 < z < 2, —1 € y € 1 with downward orientation, so that n = —k and by (8), 


SJs, E- dS = ffs, F-ndS = fo f^, (722) dy dz = fj f^, (0) dy de = 0 


On $5: The surface is x = 2 for —1 < y < 1,0 < z € ,/1 — y?, oriented in the positive x-direction, so that n = i 
and by (8), 
SJs, F: d$ = ffo, F -ndS = f* aje "a? dz dy = [^, [Y 4dzdy = 4A (83) = 


On 54: The surface is x = 0 for —1 < y < 1,0 < z € 4/1 — y?, oriented in the negative x-direction, so that n = —i 
and by (8), 
Jf E> dS = SÍa, F. ndS = js. p^? 2?) dzdy = f^, det * (0) dzdy =0 


Thus, ff, F- dS = $ c0 2r -0— 2r 4 &. 


F(r,y,z) = yit+ (z — y) j + x k. Here S consists of four surfaces: S1, the triangular face with vertices (1, 0, 0), (0, 1, 0), 
and (0, 0, 1); S5, the face of the tetrahedron in the xy-plane; 55, the face in the zz-plane; and 54, the face in the yz-plane. 


On Sj: The face is the portion of the plane z = 1 — x — y forO < x < 1,0 < y < 1 — x with upward orientation, 
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so by Equation 10, 
[fs, F: d$— f; A y(-1) - (z-y) ( 1) x] dy dz = f; f; * (z - x) dy dz = fo f — y) dy dx 
=f v- islo de= h (1-2?) dx = 5 [e - 32°], = 5 

On S2: The surface is z = 0 for 0 < x < 1,0 < y < 1 — x with downward orientation, so that that n = —k and by (8), 
SIs, E -4S = ffs, F nds =j NE (72) dy dx = - fo z(1—z)dz = [$27 145) 5 = -i 

On $5: The surface is y = 0 for 0 < z < 1,0 < z € 1 — x, oriented in the negative y-direction, so that n = —j and by (8), 

n F.dS— Jos F-ndS= ys Hs — (z — y) dz dz = -f o 7 zdzdz = -f [ue dx 
z Jo 1-2? de = § [a7 2]; = -3 

On $4: The surface is x = 0 for 0 < y < 1,0 < z € 1 — y, oriented in the negative x-direction, so that n = —i and by (8), 
Js, F-d$ = ffe, F-ndS = fj fy " (-y) dzdy = - fo y (1 )dy = 

Thus, ff, F - dS i 

33. z = ze" =>  Oz/Oüx = e", Oz/Oy = xe", so by Formula 4, a CAS gives 
MACA +y? +2*)dS= SR z? +y? +0767) e + re + 1 da dy ~ 4.5822. 


— 
Nie 
e 
[VI 
wle 
e 
w 
LA 
o 
odo 


lH 
lH 
Ole 


34.z2=a7y? => Oz/0x = 2x4’, Oz/Oy = 2x" y, so by Formula 4, a CAS gives 


2 pl 
Sf, *yzdS = fj fo ryle’ y?) /(2xy2)? + (2x2y)? + 1 dz dy 
= Fi. ay? \/4a2y? + Ay*y? + 1 dx dy DI A v3n + Bin? BA n3 + Bv3tan 3 


35. We use Formula 4 with z = 3 — 2a? — y? Oz/Ox = —4x, 0z/Oy = —2y. The boundaries of the region 


3 — 22? — y? > Oare -,/3 E ES "E and —4/3 — 2x2 € y € V3 — 2x2, so we use a CAS (with precision reduced to 


seven or fewer digits; otherwise the calculation may take a long time) to calculate 


V/3 — 222 
2,2,2 2 2. 22 
ay z' dS = je z^y^ (3 — 2a? — y?) / 16x? + Ay? + 1 dy dx ~ 3.4895 
JI, —1/3 — 2x2 


36. The flux of F across S is given by ff. F -dS = ff; F- ndS. Now on S, z = g(a, y) = 2 y1 — y?, so 0g/0x = 0 and 


0g/0y = —2y(1 — y?)~'/?. Therefore, by Equation 10, 


12 
SfE- as = f?, f^^, (-2 y[-2ya 9) 7] + [2 /T= 9? | e*/* dyaz = § (16x + 80€2/° — s0e"*/") 


Ww | X 1 ^ 
2 NS Vi MA um 
NN di D N EA. 
NUN ul uy Gta M RAT VES 
SNS m" it! ! re 
wing (ertt NC Slt AEN z 
IUS d un F z lt 7 2 
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37. If S is given by y = h(a, z), then S is also the level surface f(x,y,z) = y — h(x, z) = 0. 


n= MWg) ES and —n is the unit normal that points to the left. Now we proceed as in the 


IVF (x,y, z)] VARZ +1+h2’ 


derivation of (10), using Formula 4 to evaluate 


Oh 


lps: [from [fcn EE M] o (Zt) «4 
Ox Oz 


where D is the projection of S onto the xz-plane. Therefore f fE -dS = / a G- = -Q+R x) dA. 


38. If S is given by x = k(y, z), then S is also the level surface f(x,y,z) = x — k(y,z) = 0. 


Vf(z,y,z i-kyjj—k;k f de nx : ; 
n= Nf yz) Membr Heu un and since the z-component is positive this is the unit normal that points forward. 


IVf(r.y,z)) fT FRE +R 
Now we proceed as in the derivation of (10), using Formula 4 for 
Ok, Ok 


i-—j-—k 2 2 
[[ esq [[ 9a ff Pito +r <A 1+ (2) + (2) dA 
5 s D a a Oy oe 
* (3) *(5:) 


where D is the projection of S onto the yz-plane. Therefore "n F-dS= "i (P- Q P" — ne) dA. 
S D Z 


39. m = ff, KdS = K - 4n (3a?) = 2ra? K; by symmetry Mzz = Myz = 0, and 
May = ff; 2K dS = Kf," eg (acos à) (a? sin $) dó dO = 2x Ka? [—4 cos 26] 7^ — rK’. 
Hence (7, y, Z) = (0,0, $a). 
2 2 
40. S is given by r(z,y) = zi yj y2? +y?k, |re x ry|=4/1+ - i = V2so 


m-ffü0-24$-[fo(io- vw *w)as- — J[ (10- vary) vda 


Ta? y? 216 


a7 f? V2 (10 — r) r dr dO = 2r V2 [br? — 11?]1 = 108 2m 
4. (a) IL; = fie 4- y?)p(z,y, z) dS (see 15.6.16). 


(b) I. = ffc? + y?) (10 vet x yr) dee. ff (2? + y) (10 — a? xy) V2dA 


1<a2+y?2<16 


ji laor — radi = 21s ( 89) = SET 


42. Using spherical coordinates to parametrize the sphere we have r(¢, 0) = 5sin$ cos0i-F 5sin dsin 0j + 5cos ó k, and 
[ra x re| = 25sin $ (see Example 16.6.10). S is the portion of the sphere where z > 4, so 0 < à < tan! (3/4) and 
0 € 0 € 2n. 


[continued] 
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(a) m= ffs o(a,y,2)dS = [2^ for" 18/8 (95 sin $) do d0 = 25k [rae pet 18/9 sin $ do 


= 25k(2m) [— cos is 5) +1] = 50k (-$ +1) = 10zk. 


Because S has constant density, T = y = 0 by symmetry, and 


z= d Jfa ley, 2)d8 = qr fa" Jy” 07 kB cos 6)(25sin 6) dea 


= gd (125k) f?" do pie" 9/9 sin $ cos dó = shy (125k) (27) [5 sin? g] 0/9 = 95.2 (3? = 8, 
so the center of mass is (T, y, Z) = (0, 0, 3) . 
(b) I; = ff(z? + y?)p(v, y, z) afe tw 18/9 k(25 sin? $) (25 sin ¢) d$ d0 


= 625k fo d6 rca 168/8 gin’ $ do = 625k(2x) |$ cos? ¢ — cos olo ND 


= 12507k[2 (4)? — 4-3 41] = 1250k (25) = 9n 


43. The rate of flow through the cylinder is the flux ff s0v:ndS = Sf. s PV : dS (see Formula 7). We use the parametric 


representation of the cylinder r(u, v) = 2cosui--2sinuj + vk for S, where 0 € u € 27, 0 € v < 1, so 


ru = —2sin ui + 2cosuj, re = k, and the outward orientation is given by ru x ry = 2cosui+ 2sin uj. Then 
ffov: dS = me do (vi + 4sin? uj + 4cos? uk) - (2cosui + 2sin uj) dv du 
=p 5 [S (2v cosu + 8sin? u) dv du = p fer (cosu + 8sin? u) du 
= p|sinu + 8(— $) (2 + sin 2u) cosu] g” = 0 kg/s 
44. A parametric representation for the hemisphere S is r(¢, 0) = 3sin ġ cos 0i + 3sing sin0j + 3cosó k, 0 < ó € 7/2, 
0 <0 < 2r. Then r = 3 cos 9 cosi + 3cos¢ sin 0j — 3sin¢k, rọ = —3 sin ọsin 6 i + 3 sin ¢cos 6 j, and the outward 
orientation is given by rg x rọ = 9 sin? ¢ cos i 4- 9sin? ¢ sin 0 j + 9sin¢ cos o k. The rate of flow through S is [by (7)] 
ffs pv: dS= oo P n 7 (3sin  sinQ i + 3sin ó cos0j) - (9sin? $ cosi + 9 sin? osin 0j + 9sin o cos à k) dé do 
= 2p f; 


uen $) cos d] 7^ [i sin Pol = 0 kg/s 


2/2 27 (sin? ¢ sin Ó cos 0 + sin? ¢ sinÓ cos 0) d0 do = 54p p sin? à dó id sin 0 cos 0 d0 


45. S consists of the hemisphere Sı given by z = Ja? — 2? —y? and the disk S2 given by 0 < £? + y? <a?,z=0. 
On Sı: As in Example 4, we use a parametric representation to get E = a sin ġ cos ĝi + asin $ sinf j + 2acos ¢k, 
Ts x Te =a’ sin? ¢ cosi + a? sin? ¢ sin0 j + a? sing cos o k. Thus 

Sfs, E: dS = q^ oa sin? ¢ + 2a? sin ó cos? à) de d0 
= aT ae sin à + a? sin ¢ cos? ¢) do d0 = (27)a? (1 + 4) = $a? 
On S2: E = xi + yj and ry x rs = —kso ff, E- dS = 0; 


Hence, by (11), the total charge is q = £o ff, E- dS = $a? £o. 
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46. Referring to the figure, on 
Sı: E=i+yj+ zk r, xr. 2 iand ff, E- dS = f^, f^, dydz = 4; 


S2: E —zitjctzkr,xr,-jaend ff, E-dS = f^, f^, dzdz = 4; 


Ss: E — zi yj kr; x r, = kand ff, E:dS = f}, f^, dedy = 4; 


S4: E=—-i+yjtzk,r- x ry = —iand ff, E- dS = 4. 


6 
Similarly, Sfs, E- dS = ffs, E- dS = 4. Hence, by (11), q = €0 ff; E- dS = £o > ffo, E- dS = 24e0. 
£ i=1 : 


47. The heat flow for K = 6.5 and u(x, y, z) = 2y? + 22? is - K Vu = —6.5(4yj + 4z k). As in Example 16.6.5, we can 
parametrize the cylindrical surface S: y? + 2? = 6,0 < x < 4asr(z,0) = xi + V6 cos0j + V6 sinük, 0 < x <4, 
0 < 0 < 2m. Since we want the inward heat flow, we use r, x re = — v6 cos 0j— V/6 sin k. Then the rate of heat flow 
inward is given by 
ffs (CK Vu) -dS = —K ff Vu- (rs x re) dA 
= —6.5 d d (4/6 cos 0 j 4 Av/6sin0 k) . (—V6 cos 0 j —V/6 sin 0 k) dx d0 


= —6.5 f?" f (—24 cos? 0 — 24sin? 0) dx dd = —6.5(—24)(4) (2m) = 1248r 


48. u(x, y, z) = c/ y x? + y? + z?, 


F=-KVu=-K = i x j d 


PRG MM ee SS Se SS 
(x? + y? + 223/72 7 (a? Fy? zy (a? + y? + 22)3/2 


= cK raai Lyk 
~ Grae eorr 


1 
and the outward unit normal is n = F (xi+yj+zk). 


K K 
Thus F - n = ae TAE (£? + y? + 2°), but on S, a? -- y? +2? =a? so F -n= T Hence the rate of heat flow 


across S is E dS = as = Sf dS = K (41a?) = 4n Kc. 


49. Let S be a sphere of radius a centered at the origin. Then |r| = a and F(r) = cr/ |r|? = (c/a?) (xi+yj+zk). A 


parametric representation for S is r(ġ, 0) = asinó cos ĝi + asin ġ sinf j +acos¢k,0<¢<7,0< 0 < 2r. Then 
rg = acos¢ cosdi+acos¢ sinl j — asino k, rọ = —asing sin 0 i + asin ¢ cos 0 j, and the outward orientation is given 
by ro x re = a? sin? ¢ cos 0 i +a’ sin? ¢ sin 0 j + a? sing cos dk. The flux of F across S is 
SfE- dS= fy ea z (asin $ cos0i-- asin à sin0 j + acoso k) 
. (a? sin? cos i + a? sin? ¢ sin j + a? sin à cos $k) dé do 
= C [7 [27 a? (sin? à + sing cos? ¢) dé do = c f7 f?" sin d0 do = 4vc 


Thus the flux does not depend on the radius a. 
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16.8 Stokes' Theorem 


1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve £? + y? = 4, 
z = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the hypotheses of Stokes’ 


Theorem, so by (3) we know ff, curl F - d$ = fo F -dr = ff, curl F - dS (where C is the boundary curve). 


?sinzi--y?j-- zyk. The paraboloid z = 1 — z? — y? intersects the xy-plane in the circle z? + y? = 1, 


.F(x,y,z)—c 
z = 0. This boundary curve C should be oriented in the counterclockwise direction when viewed from above, so a vector 
equation of C is r(t) = costi + sintj, 0 € t < 2r. Then r'(t) = — sinti + costj, 
F(r(t)) = (cost)? (sin 0) i + (sint)? j + (cost)(sint) k = sin? tj + sint cost k, 
and by Stokes' Theorem, 
ff; curl F -dS = f; F - dr = = F(r(t)) -r/(t) dt = «7 (sin? tj + sint cost k) - (— sinti + cost j) dt 


= o7 (0 + sin? t cost + 0) dt = [$ sin? q^ =0 


. F(z,y, z) = ze" i + x cosyj + zzsinyk. The boundary curve C is the circle x? + z* = 16, y = 0 where the hemisphere 
intersects the zz-plane. The curve should be oriented in the counterclockwise direction when viewed from the right 
(from the positive y-axis), so a vector equation of C is r(t) = 4cos(—t) i+ 4sin(—t) k = 4costi — 4sint k, 0 € t < 2s. 
Then r'(t) = —4sinti— 4cost k and 
F(r(t)) = (—4sint)e? i+ (4cost)(cos0) j + (4cost)(—4sint)(sin0) k = —4sinti+ 4cost j, 
and by Stokes' Theorem, 
ff; curl F -dS — f, F -dr = ar F(r(t)) - r'(t) dt = «7 (Asin ti + 4costj) - (-4sinti — 4cost k) dt 


= fo" (16sin? t + 0-- 0) dt = 16[4¢ — 1sin2t]^^ = 167 


. F(z,y, z) = tan ! (z2yz?)i + 279 j + a? 2? k.. The boundary curve C is the circle y? + z? = 4, x = 2 which should be 


oriented in the counterclockwise direction when viewed from the front, so a vector equation of C is 


r(t) = 2i+ 2costj + 2sintk, 0 < t € 2r. Then F(r(t)) = tan! (32costsin? t) i - 8costj + 16sin? tk, 
r'(t) = —2sintj + 2cost k, and F(r(t)) - r'(t) = —16sint cost + 32sin? t cost. Thus, 
ff; curl F -dS = f, F - dr = d F(r(t)) r'(t) dt = o7 (—16 sin t cost + 32sin? t cost) dt 
= [-8 sin? t + a sin? t] o. =0 
. F(x,y, z) = zyzi-- cyj+a?yzk. C is the square in the plane z = —1. Rather than evaluating a line integral around C we 
can use Equation 3: ff " curl - dS = fo F-dr= ff. " curl F - dS where S; is the original cube without the bottom and 55 


is the bottom face of the cube. curl F = z?zi + (zy — 2zyz) j + (y — zz) k. For S2, we choose n = k so that C has the 


same orientation for both surfaces. Then curl F - n = y — zz = x + y on S2, where z = —1. Thus, by (16.7.8), 


dia: curl F - dS = f^, f^ (z +y) dzdy = 0so ffi. curl F - dS = 0. 
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6. F(z,y,z) = e" i-- e**j 4- x?z k. The boundary curve C is the circle x? + 2? = 1, y = 0 which should be oriented in 
the counterclockwise direction when viewed from the right, so a vector equation of C is 
r(t) = cos(—t) i+ sin(—t)k = costi — sin tk, 0 < t < 2r. Then F(r(t)) = i-- e *95!92* 3 — cos? t sint k, 
r'(t) = — sinti — cost k, and F (r(t)) - r'(t) = — sint + cos? t sint. Thus, 


ff; curl F -dS = §,F-dr= o7 F(r(t))  r'(t) dt = «7 (— sint + cos? t sint) dt = [cost — $ cos f =0. 


7. F(z,y, z) = (x -y?)i + (y +2°)j + (z +2?) k and curl F = —2zi — 2z j — 2yk. We take the surface to be the planar 
region enclosed by C and D to be the projection of S onto the xy-plane, so S is the portion of the plane x + y + z = 1 over 


D = {(x,y)|0 <x < 1,0 < y < 1-2}. Since C is oriented counterclockwise, we orient S upward. Using 


Equation 16.7.10, we have z = g(x,y) = 1 — z — y, P = —2z, Q = —2z, R = —2y, and 


pu (-2:)(71) - (-22)(-1)  (-2y)] dA 


e 2) dy dz = aa x)dx = —1 


8. F(x,y, z) =i+ (z +yz)j+ (zy — vz) k and curl F = (x — y)i— yj + k. We take the surface 5 to be the planar region 
enclosed by C and D to be the projection of S onto the xy-plane, so S is the portion of the plane 3x + 2y + z = 1 over 


4(1 — 3x) }. We orient S upward and use Equation 16.7.10 with 


fo E- d= ff,curlF- dS = ff, [-(@ -— 9)(-3) - (-y)(-2) +1 EDAD (173/201 4 3x — 5y) dy dz 
1/3 =(1—32) /2 1/3 
= fo’? (+ 3a)y — $7] 0 7?" dg = (V? BA + 8x) (1 — 32) - $- 2 (1 — 32)?] dz 
= a $T + pa 5) de=[—Fa? + $a iz sb nc m te 


9. F(z,y,z) = yi + yzj-- zoek. curl F = —yi— zj — x k and we take S to be the part of the paraboloid z = 1 — x? — y? 
in the first octant. Since C is oriented counterclockwise (from above), we orient S upward. Then using Equation 16.7.10 with 


z = g(z,y) = 1 — z? — y? we have 


Jo E -dr = ff; curlF -dS = ff, [-(-y)(-22) — (-2)(-29) + (-2)] dA 


= ffol 2xy — 2y(1 — x? — y’) z| dA 


WE . fi l- 2(r cos 0) (r sin 0) — 2(r sin 9) (1 — r°) — r cos 6] r dr d0 
age fol- 2r? sin @ cos @ — 2(r? — r ^) sin — r? cos] dr d0 
= a [- ir sin 0 cos 0 — 2 (ir? — 1r5) sin — 1r? cos6] 7 do 
= fr? (-i sin 0 cos 0 — + sind — i cos 0) d0 = [—4 sin? 6 + ig cos 6 — 1 siné]7/ 
a: p 17 
4 15 3 20 
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10. F(x, y,z) = 2yi + zzj-- (a+ y) k. The curve of intersection is an ellipse in the plane z = y + 2. 


curl F = (1 — x) i — j + (z — 2) k and we take the surface S to be the planar region enclosed by C with upward orientation. 


From Equation 16.7.10 with z = g(x,y) = y + 2 we have 


f{oF-dr=ff,cmlF-dS= ff [-(—2)(0)- (-1)(1) + (y +2- 2) dA 


z?-py?«1 
= ; Ji (y4- 1)dA = dot ie (rsin0 +1) rdrd0 = In. [3r? sind + i do 
atty sS 
= ha (3 sind + i) d0 = [-$ cos 0 + 10]? = 


11. F(x,y, z) = (—-yz?, xy’, e*¥) and curl F = ze*" i — ye?" j + (x? + y?) k. C is the circle in the xy-plane centered at the 
origin with radius 2. Choose S to be the portion of the zy-plane enclosed by C. So S = D = ((z,y) | x? +y? < 4}. C is 
oriented counterclockwise, so we orient $ upward and the normal vector to S is n — k. By Stokes' Theorem (See Solution 2 
of Example 2), we get 

Jo E- dr = ff, curl F -dS = ff; curl F -ndS = f foxe i — ye" j + (a? - y?) k] - kd 


472 
esto +y*)dA=fP o7 r^ rdódr = Qn for’ dr = 25 = 8r 
0 


12. F(x,y, z) = ze” i+ (z—y*)jt (x — 2°) k and curl F = — i — (1— e”) j. C is the circle y? + 2? = 4, x = 3, and we 
choose the surface S to be the portion of the plane x = 3 enclosed by C. The projection of S onto the yz-plane is the disk 
D = {(y, z) | y) +2? < 4}. C is oriented clockwise, so we orient S to have normal vector n = i. By Stokes’ Theorem 
(see Solution 2 of Example 2), we get 


Jo E -dr — ff; cul F -dS = ff; cul F -ndS = ff;[-i— (1— e?)j] -ids 


= — ff, dA = —A(D) = -«(2?) = —47 


13. F(x,y, z) = z°yi + a? j +e? tan! zk and curl F = 22? k. Note that the curve C = (cost, sin t, sin t) is contained in the 
plane y = z because the j and k components of the curve are equal. We choose the surface S to be the portion of the plane 
y = z enclosed by C. The projection of C onto the xy-plane is the circle (cost, sin t, 0), and D is the disk in the xy-plane 


enclosed by C. We orient S upward and use Equation 16.7.10 with z = g(x,y) = y: 


fo E- dr 9 ff, cul F - dS = ff, [-(0)(0) — (0)(1) + 227] dA = fg” f$ 2(rcos0)? r dr d0 


2v T : 27 4 
_ gsm. sin 20 T 1 m- 
=f (1+ cos20) d0 | r ar=|0+ 2 I, [F| - ero 0)1 5 


14. F(x,y, z) = (x? — Z, £Y, y + 2 and curl F = i — j + yk. C is the curve of intersection of the paraboloid z = x? + y? 


and the plane z = x. Let S be the portion of the plane z = x enclosed by C. To find the projection of S onto the zy-plane, 


2 


note that x = x? + y?. Converting to polar coordinates, we get rcos@ =r? = r = cos. So D is the region in the 
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xy-plane enclosed by the circle r = cos 0; that is, D = ((r,0) | 0 < r € cos0,0 < 0 < m}. We orient S upward and use 


Equation 16.7.10 with z = g(x,y) = x: 


f= œ= |f omm as - [f t (D() - (-1)(0) + y] d4 = ff,(-1 + y) 4A 


cos 0 


T cos 0 T r? r3 
-f f (71 rsinó)rardo — f I- mel d 

"n 0 2 3 5 

T 2 3 T 3 

al cos* 0 N ê uno ao = f _ 1+ 0820 , cos P do 

Ü 2 3 0 4 3 
1 sin20 — cos*0]^ T 1 1 T 
= -0 = = = Siea 
| 4 8 12 i ( "pi. 5) (0 ? z) 4 


15. (a) F(x,y, z) = a?zi-- zy? j 4- z? k. The curve of intersection is an ellipse in the plane x + y + z = 1. The unit normal is 


n= Ta (i +j + k), curl F = z? j + 3? k, and curl F - n = ios + y?). Then, by Stokes’ Theorem, 


foF dr = ffo curl F - ndS = ff, (27 +y?) ds 
= ffo cuneo (0 +4’) de dy = a7 fe r? dr dO = 2n (82) = Sie 


(b) (c) One possible parametrization is x = 3cost, y = 3sint, 


z—1-—93cost —3sint, 0 < t € 2n. 


WANN 


16. (a) F(z,y, z) = z2yi- ia?j +ayk. S is the part of the surface z = y? — x? that lies above the unit disk D. 


curl F = zi— yj + (x? — x?) k = xi — yj. Using Equation 16.7.10 with z = g(a, y) = y? — x”, by Stokes’ Theorem 


we have 
Jo F- dr — ff; cul F -dS = ff [-x(—-2x) — (-y) 29)] dA = 2 ff (2? +y?) 4A 
= 2 fr is r?r dr d = 2(2m) [iri] =T7 
(b) (c) One possible set of parametric equations is x = cost, 


y = sint, z = sin? t cos? t, 0 «t «2m. 
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18. 


19. 


20. 
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F(z,y,z) = —yi-zj—2k. The boundary curve C is the circle z? + y? = 16, z = 4 oriented in the clockwise direction as 


viewed from above (since S is oriented downward). We can parametrize C by r(t) = 4costi — 4sintj + 4k, 


0 < t € 2n, and then r'(t) = —4sinti— 4costj. Thus F(r(t)) = 4sinti+ 4costj — 2k, 


F(r(t)) - r'(t) = —16sin? t — 16 cos? t = —16, and 


§ oF + dr = f?" F(r(t)) r'(t)dt = fo" (-16) dt = —16 (21) = —327 


Now curl F = 2k, and the projection D of S on the xy-plane is the disk x? + y? < 16, so by Equation 16.7.10 with 


z = g(x,y) = «x? + y? [and multiplying by —1 for the downward orientation] we have 


ff; curl F -dS = — ffp (—0 — 0 + 2) dA = —2 - A(D) = -2: (4) = —32n 


F(z,y,z) = —2yzi+yj+3ak. The paraboloid intersects the plane z = 1 when 1 = 5 — z? —y? & a? +y?=4,s0 
the boundary curve C is the circle x? + y? = 4, z = 1 oriented in the counterclockwise direction as viewed from above. We 
can parametrize C by r(t) = 2costi + 2sintj + k, 0 < t < 27, and then r'(t) = —2sinti + 2costj. Thus 
F(r(t)) = —4sinti + 2sintj + 6costk, F(r(t)) -r’(t) = 8sin? t + 4sin t cost, and 

foE -dr = «7 (8 sin? t + Asintcost) dt = 8(3t — 1 sin 2t) + 2sin? t] dd = 8m 


Now curl F = (—3 — 2y) j + 2z k, and the projection D of S on the xy-plane is the disk x? + y? < 4, so by Equation 16.7.10 


with z = g(z,y) = 5 — a? — y? we have 
ff; cul F -dS = ff [-0 — (-3 — 2y) -2y) + 22] dA = ff [-6y — 4y? + 2(5 — à? — y?)] dA 


= d Se [-6r sin — 4r? sin? 0 + 2(5 — r?) r dr d0 


= fo^ [-2r? sind — r*sin? 0 + 5r? — rt]? do = f" (—16sin6 — 16sin? 0 + 20 — 8) d0 


= 16cos0 — 16 (10 — 1sin20) + 126]7^ = 87 


F(z,y,z) = yi^ zj-- xk. The boundary curve C is the circle z? + 2? = 1, y = 0 oriented in the counterclockwise 
direction as viewed from the positive y-axis. Then C can be described by r(t) = costi — sint k, 0 € t < 27, and 
r'(t) = —sinti— costk. Thus F(r(t)) = — sintj + cost k, F(r(t)) - r' (t) = — cos? t, and 

fo F:dr— T(= cos? t) dt = — $t — 4 sin 2t] "i = —m. Now curl F = —i — j — k, and S can be parametrized 
(see Example 16.6.10) by r(¢, 0) = sing cos0i-- sing sin0j + cosók, 0 € 0 € 7,0 € $ € r. Then 

rg X re = sin? ọ cosb i + sin? à sin j + sin à cos  k and 


ff;culF.dS— ff curlF- (rg x 1re)dA= fy fy (— sin? ¢ cos 0 — sin? à sin 0 — sind cos ¢) dó do 
z2--22«1 


= Jo (—2sin? 9 — 7 sin ó cosġ) dó = [4 sin2¢ — ¢ — £ sin? elo = -rT 


Let S be the surface in the plane x + y + z = 1 with upward orientation enclosed by C. Then an upward unit normal vector 


for S is n = A (i +j 4- k). Orient C in the counterclockwise direction, as viewed from above. f, c £ da — 2x dy + 3y dz is 


equivalent to f, c F -dr for F(z, y, z) = zi — 22 j + 3y k, and the components of F are polynomials, which have continuous 
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partial derivatives throughout R3. We have curl F = 3i + j — 2k, so by Stokes’ Theorem, 


Jo zdz — 2x dy + 3ydz = fo F -dr = ff; cul F -ndS = ff, (3i+j—2k)- (i+ 3 K) dS 


= a ff,dS = a (surface area of S) 


Thus the value of f, c £ da — 2x dy + 3y dz is always a times the area of the region enclosed by C, regardless of its shape or 
location. [Notice that because n is normal to a plane, it is constant. But curl F is also constant, so the dot product curl F - nis 


constant and we could have simply argued that ff g curl F - n dS is a constant multple of ff g dS, the surface area of S.] 


21. F(x,y, z) = z2 i-- 2zy j + Ay? k. It is easier to use Stokes? Theorem than to compute the work directly. Let S be the planar 
region enclosed by the path of the particle, so S is the portion of the plane z = iy forO0 < x < 1,0 < y < 2, with upward 
orientation. curl F = 8y i + 22 j + 2y k and by Stokes’ Theorem and Equation 16.7.10, the work done is 

W = $F - dr = ff; curl F - dS = ffp [-8y (0) — 22 (3) + 2y] dA 


= Je je (2y — $y) dy dx = Js [5 $y dy dx = i» br dz = i 3dx —3 


22. [o (y + sina) dz + (z? + cosy) dy + a? dz = Jo E- dr, where F(x, y, z) = (y+sinx)i+ (22 +cosy)jt+a2k > 
curl F = —2zi — 32? j — k. Since sin 2t = 2sint cost, C lies on the surface z = 2xy. Let S be the part of this surface that 


is bounded by C. Then the projection of S onto the xy-plane is the unit disk D [x? + y? < 1]. C is traversed clockwise 


(when viewed from above) so S is oriented downward. Using Equation 16.7.10 with g(x, y) = 2xy, 


P = —2z = —2(2zy) = —4ry, Q = —32?, R = —1 and multiplying by —1 for the downward orientation, we have 


fo E- dr = - ff; curl F - dS = — ff, [-(—4xy)(2y) — (-32?)(22) — 1] dA 


= — ff (8zy? + 63? — 1)dA = — e fo (8r? cos 0 sin? 0 + 6r? cos? 0 — 1) r dr dO 
—— i (3 cos sin? 0 + Ê cos? 0 i) dO [& sin? 0 2 (sind 4 sin? 9) — TI =T 


23. Assume S is a sphere centered at the origin with radius a and let Hı and H2 be the upper and lower hemispheres, respectively, 


of S. Then he curl F - dS = Ta curl F . dS + Sits curl F - dS = fo, F -dr + fo, F - dr by Stokes’ Theorem. But C is 
the circle z? + y? = a? oriented in the counterclockwise direction while C^ is the same circle oriented in the clockwise 
direction. Hence fo F dr = — fo, F - dr so ff, curl F - dS = 0 as desired. 
24. (a) By Exercise 16.5.28, curl(f Vg) = fcurl(Vg) + Vf x Vg = Vf x Vg since curl(Vg) = 0. Hence by Stokes’ 
Theorem fo(fVg): dr = ff;(Vf x Vg) - dS. 
(b) As in (a), curl(f V f) = Vf x V f = 0, so by Stokes’ Theorem, f, (fV f) -dr = ff, [curl(f V f)] - dS = 0. 


(c) As in part (a), 
curl( / Vg + gV f) = curl(f Vg) + curl(gV f) [by Exercise 16.5.26] 


—(VfxVg)-(VgxVf)20 [since u x v = —(v x u)] 


Hence by Stokes’ Theorem, f; (f Vg + gV f) : dr = ff; curl(f Vg + gV f) - dS = 0. 
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16.9 The Divergence Theorem 


1. F(r,y,z) = 3zi + zyj+2rzk => divF=342+4 2r = 3 + 3x, so 
SÍS div Fav = fo fo fo (Bx + 3) dx dy dz = 2 (notice the triple integral is 
three times the volume of the cube plus three times z). 
To compute ff. F - dS, on 
Si: @=1,F =38i+yj+2zk,n=iLand ff, F-dS = ff, F-idS = ff, 3d5 =3; 
So: y=1, F = 3ri + xj + 2zzk, n = j, and ff, F -dS = ff, F-jdS = ff; d$ = 5; 
S3: z = 1, F = 3ri + zyj 4 2rk,n = k, and ff. F -dS = ff, F-kdS = ff; 2zdS = 1; 
Sa: z =0,F =0,n=-~i, ff, F-dS = 0; 
Ss: y = 0, F = 3ri + 2ezk,n = —j, and ff, F -dS = ff, F-(—j) dS = ff, 0dS = 0; 
$6: z = 0, F = 3rvi+a2yj,n= k, and ff... F- dS = ffo, F-(-k)dS = ff, 04S = 0. 


Thus, ff; F-d$ =3+4+1+0+0+0= 8. 


2. F(z,y,z) = y) it Qyzj+42?7k => divF —04-2z - 8z — 102, 
so, using cylindrical coordinates, 
SIS divFdV = fff, 10zdV = fP" f? fi (102) r dz dr do 
E iu Ars [5rz?] m dr dü = he de (405r — 5r?) dr d0 


= do Jo (405r —5r°) dr = [0]. [S2r? — žre] 


= 27 (398 1715) = 24307 


On Sı: The surface is z = £? + v^, xe + y? < 9, with downward orientation. Then, by Equation 16.7.10, 


Sfo, F -dS = - ffp l-02) (22) — Quz) Qu) + (42”)] dA 


eT [2z:y? (x? +y’)? + Ay? (a? + y?) — 4(2? + y?y] dA 


= E Jo (2r? cos 0 sin? 0 - rê + 4r? sin? 0 . r? — 4r) r dr d0 


= hs (2r? sin? 0 cos 0 + Ar? sin? 0 — Ar?) dr d0 


— (27 [2 4,1142 2,644,29. 24,0]773 
= fo [Er sin 0cos0 + $T sin* 0 $15] d0 


= fq" (3542% sin? 6 cos 0 + 486sin? 0 — 486) dé 


= [254294 . 1 gin? Ø + 486 (10 — 1 sin 20) — 4860]7^ 


11 


= 0 + 486(a — 0) — 486(27) = —4867 
On S2: The surface is z = 9, x? + y? < 9, with upward orientation and n = k, so 


SSs, E dS = ffs, F: ndS = ff, 422 dS = fio, 29 4(9)? dA 


= 324(area of circle) = 324 - 1(3)? = 29167 


Thus ff, F- dS = ff, F- dS + ff, F+ dS = —486n + 2916r = 24307. 
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3. F(r,y,z)—(z,y,2) => divF =0+1+0=1,50 fff, divFdV = fff; 14V 2V(E) = $1.4? = 2365. Sis 
a sphere of radius 4 centered at the origin which can be parametrized by r(¢, 0) = (Asin $ cos 0, Asin ġ sin 0,4 cos ¢), 
0<¢<7,0< 06 < 2m (similar to Example 16.6.10). Then 

rg X re = (4cos $ cos0,4cos sind, —Asin $) x (—4sin $ sin 0, 4sin $ cos 0, 0) 
= (16 sin? $ cos 0, 16 sin? $ sin 0, 16 cos ġ sin $) 
and F(r($,0)) = (4cos $, 4sin $ sin 0, Asin $ cos 0). Thus, 
F - (rg x ro) = 64cos o sin? ¢ cos 0 + 64sin? o sin? 0 + 64cos o sin? 6 cos0 
= 128 cos ġ sin? o cos 0 + 64 sin? $ sin? 0 


and 
ff; F:-4S = ff5 F- (ro x ro) dA = fr Jo. (128 cos o sin? ¢ cos 0 + 64 sin? ¢ sin? 0) do d0 


= 2 [48 sin? ø cos 6 + 64 (3 cos? $ — cos 4) sin POET d 


4. F(x,y,z)— (x?, —y, z) => divF = 2x — 1 +1 = 2z, so 
2 
JII divF dV = "n n 20 de] dA= I 4dA = 4(area of circle) = 4(7 - 3?) = 367 
T y2+22<9 : y2+22<9 
Let 5, be the front of the cylinder (in the plane x = 2), S2 the back (in the yz-plane), and S3 the lateral surface of the cylinder. 
S; is the disk z = 2, y? + z? < 9. A unit normal vector is n = (1,0, 0) and F = (4, —y, z) on S1, so 
Ss, E -4S = ffs, F -ndS = ff, 4dS = 4(surface area of $1) = 4(m - 3°) = 36m. S» is the disk x = 0, y^ + z? < 9. 
Here n = (—1,0,0) and F = (0, —y, z}, so fs, F-ds - ffs, F -ndS = fs, 0dS — 0. 
S3 can be parametrized by r(z,0) = (x,3cos0,3sin0), 0 € x < 2,0 € 0 < 2m. Then 
rz X re = (1,0,0) x (0, —3sin0,3cos0) = (0, —3 cos 0, —3 sin 0). For the outward (positive) orientation we use 
—(rz x re) and F(r(z,0)) = (x?, —3cos 0, 3sin 0), so 
fs, F -dS = Sfo E — (rz X rọ)) dA = teas (0 — 9 cos? 0 + 9 sin? 0) d dx 
=-9 UR dx aA cos 20 d0 = —9 (2) [3 sin 20]^" Z 
Thus ff; F -dS = 367 + 0 + 0 = 367. 
5. F(x,y, z) = ry i + zy) zj— yek > 
div F = 2 (xye*) + & (wy?2?) + 2(-ye*) = ye” + 2ayz* — ye? = 2xyz?, so by the Divergence Theorem, 
SJs F-dS — fff p divF dV = [È f? fp 2zyz? dzdyda — 2 f xde f; ydy f, 2 dz 


=2[527] [57], [325 2200 0 (4) = 8 
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6. F(r,y,z) = a?yzi- zy?zj- zyz? k = 
divF — Z (xyz) + & (zy^z) + & (xyz?) = 2xyz + 2xyz + 2xyz = 6xyz, so by the Divergence Theorem, 
SfgF-dS= fff, divF dV = fz R fa 6xyzdzdydz = 6 fó zdx f; ydy fy zdz 
= 6 [327] [arlo [427] = 6 (07) ($9) GA) = da^ 


7. F(x,y, z) = 3ry i+ ze j - 23k div F = 3y? + 0 + 32°, so using cylindrical coordinates with y = r cos, 


z = rsin, x = x we have, by the Divergence Theorem, 
ff; F-aS— fff ,(3y? + 327) dV = Ta qd Test (3r? cos? 0 + 3r? sin? 0) r dx dr dO 


=3fo" a0 fyr? dr f°, de =3 [0] [i]; [2], 300) = F 


8. F(x,y, z) = (zx? -39)i-- (y? +2°)j - (3 +r?)k = divF = 32? + 3y? + 322, so by the Divergence Theorem, 


SIE- dS 9 fff ,3(z? - y?  z2) aV =f fo^ fa 3p? - p^ sinódpd0 do —3 [7 sinodo Jo" d0 f? p* dp 


= 3 [- cos ó]o [215 [105] = 3(2) (2n) (2) = 48a 


9. F(x,y, z) = ze i+ (z— e")j]— ryk => divF = e" + (—e”) +0 = 0, so by the Divergence Theorem, 


SfE- dS —fff , 0dV — 0. 


10. F(z,y,z) = e" tanzi--a?yj--e"cosyk = divF = z?, so by the Divergence Theorem, 


1 pl p2-z—3? 1 pl 
nz JH divPav = f f f è dzdzdy= | / z^ (2 — x — y?) dz dy 
S E —14-—1^40 —14-—1 
y ix (22? — 3? — ay )dray= f pe (22? — xy?) dz dy [z is odd | 
2 3 x? my Tra 2 E 4 is even. 
= —— d dy = 2 d 3 : 
f. E g” a a= A 3 un : I a8 y^ is odd 


1. F(x,y, z) = (222 +y%)i+(y2+2)j+3y%zk = div F = 62? + 3y? + 3y? = 6a? + 6y?, so 
SJE -aS = fff, 6(a? +y?)dV = f2" [2 (17 6? -rdzdrdo = f? f 6r*(1 — r?) dr do 


= Fg dO Jo (6r? — 6r°) dr = [e]; ier E 


= 2r (3 1) =7 
12. F(a, y, z) = (wy + 2x2) i + (a? - y?) j + (xy — z2) k.. Fora? +y? < 4 the plane z = y — 2 is below the xy-plane, so the 
solid E bounded by S is E = { (x,y, z) | r? +y <4, y—-2<z< 0}. Here div F = y + 2z + 2y — 2z = 3y, so 
ff; E -dS = fff, 3y dV = qo fe i hee ca (3r sin 0) r dz dr d0 
= n (3r? sin 0) (0 — r sin + 2) dr d0 = a fe (—3r? sin? 0 + 6r? sin 0) dr d0 
= 2s [- ir^ sin? 0 + 2r? sin 0] ie d0 = 27 (-12 sin? 0 + 16 sin 0) d0 
= [-12 (40 — 1sin 20) — 16 cos 0] 77 = —12r — 16 + 16 = —12r 
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13. F(z,y,z) -a?zi--22?j-- yln(z--1)k = divF = 2zz, so by the Divergence Theorem, 


[fees [ner [m e fe 


? dy dx 
4 
-f n (4x — 2x? + iz?) dyde - 3 f (4a — 2x? + 12?) dz 
o Jo 0 
= 3[20? — 22? + $a] = 3(32 — 128 + 16) = 16 
14. F(x,y, z) = (ry —2)i--a?Vzj--(ry--z?)k => divF = y + 22, so by the Divergence Theorem, 
1 pl pl- 
[fees [ff div Pay = f ? / (y + 22) dz dz dy 
E E -1Jy2 Jo 
Lu (1—2) 4- (1— z)? Jara = f f y — yz -- 1— 2x + x”) dz dy 
2 3]12—1 6 5 
T 2, T y 4 3 2,97,1 
= m Z dy = m ee "m Ji ljg¢ 
1 6 7 5 3 1 
y à. 52 Y sg ey. cg 32 
=2 d 2 + 
T are TE id -5+5 3 3], 105 
15. The tetrahedron has vertices (0, 0, 0), (a, 0, 0), (0, b, 0), (0, 0, c) and is described by 
E = {(z,y,z)|0<2<a0<y<b(1-2),0<z<c(1—-2-#)} 
Here we have F (x,y,z) = zityj+zrk => divF=04+1+2=2+1,s80 
e pG-2) pe(t-E-#) 
ff; F dS — fff (x -- 1) dV 9 foy fo Jo (x + 1) dz dy dx 
a eU 
=f pt ) (s. 1) [c (1— 2 — £)] dy dz 
a x =b(1-4 
=e fe(e+l)[Q—2)y— dy") as 
=c ff (w +1) [(1— £) 6-2) -h P (A 2) | dz = Bde f; (w+ 1) (1 8)? de 


16. r=xi+yj+zk => |r|=yr? +y +z: > 


F(x,y, 2) = |r? r = z(a? 


= j;abc(a + 4) 


+y’ zug ty +27)jteet+y+2)k = 


div F = x - 2g + (a? +y? + 


2?) t y-2y + (a? +y? 22) +z 22 (£? +y? +2) =5(2? +y? + 2’). Then 


T 2T R 
][ F5 = f[[ 5e «o «av - f / f 5p? - p? sind dp d0 do 
S E 0 0 0 


=5 fo 


sin odo [77 d f," p^ dp = 5 [- cos Jf [0]2" [159]? = 5 (2) (27) (£9) = 4x RP 
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17. r=xi+yj+zk le] 2 yr? +y? +z => 


18. 


19. 


20. 


F(x,y, z) = |r| r = ryz? +y? + z2i + yy r? +y? +zj+zyr? +y +2z2k = 
div F = z- t(x? +y? E 22) V? (2x) +(e? +y? +27)? 
ty BG? y? o 2) P Qu) 4 (a ty? ch)? 


tz. L(x? ES y? ape 22)-? (22) ER (x? ES y? cm 22)? 


= (a? +y? 4 22)7172 [a? + (2? + y? + 2?) +y? + (a? +y +27) +27 + (2? + y? + 27) 


7/2 p2m pl 
Then [[ 75 = ||| 4v 2v - | ji T Av/p? - p? sind dp dO do 
S E 0 o Jo 


= fo" sin bdo Jo" d0 J, 4p? dp = [- cos], 10187 [^], = (1) 2x) (1) = 27 


By the Divergence Theorem, the flux of F across the surface of the cube is 


ff; E- daS = A ne que [cos cos? y + 3sin? y cos y cost z + 5sin* z cosz cos? a] dz dy dz = An 


For Sı we have n = —k, so F. n = F- (—k) = —2?z — y? = —4? (since z = 0 on $1). So if D is the unit disk, we get 
ffs, F- 4$ = ffs, F- nds = ff, 2?) dA = nm s r? (sin? 0) r dr dd = — 47. Now since S» is closed, we can use 


the Divergence Theorem. Since div F — x (22a) + = (iy? + tan“! z) + & (£?z +y?) = 2? +y? +27, we use 
spherical coordinates to get ffs, F -dS = fff „div F dV = jt PUER A p? : p? sind dp dó dO = 2. Finally, 


Jf; F-4S = ffs, F- dS — ff, F- dS = £n ( iz) = iim. 


As in the hint to Exercise 19, we create a closed surface S2 = S U S1, where S is the part of the paraboloid x? + y? + z = 2 
that lies above the plane z = 1, and S; is the disk x? + y? = 1 on the plane z = 1 oriented downward, and we then apply the 


Divergence Theorem. Since the disk Sj is oriented downward, its unit normal vector is n = —kand F- (Ck) = —z = —1 


on S1. So ff, F- dS = ff, F-ndS = ff, (-1)dS = —A(S1) = —7. Let E be the region bounded by 55. Then 
SSos, F:dS = fff; divFav = fff ,1aV = fp fo” 2-7 rdzdé dr = ff?" (r — r?) dO dr = (2)3 = Z. Thus the 


flux of F across S is ff. F -dS = ff, F-dS— ff, F-d$—$ —-(-7) = 37. 
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21. The vectors that end near P^ are longer than the vectors that start near P^, so the net flow is inward near P; and div F(P1) is 
negative. The vectors that end near P are shorter than the vectors that start near P5, so the net flow is outward near P> and 
div F(P2) is positive. 

22. (a) The vectors that end near P, are shorter than the vectors that start near Pi, so the net flow is outward and P is a source. 

The vectors that end near P> are longer than the vectors that start near P2, so the net flow is inward and P; is a sink. 
(b) F(z,y) — (x, y.) => divF = V. F = 1 + 2y. The y-value at P, is positive, so div F = 1 + 2y is positive, thus P; 


isa source. At Po, y < —1,so div F = 1 + 2y is negative, and P5 is a sink. 


23. From the graph it appears that for points above the x-axis, vectors starting near a 
particular point are longer than vectors ending there, so divergence is positive. 


The opposite is true at points below the x-axis, where divergence is negative. 


F (x,y) = (zy,z y?) => divF= 5 (xy) 4 È (x | y) =y + 2y = 3y. 


Thus div F > 0 for y > 0, and div F < 0 for y < 0. 


24. From the graph it appears that for points above the line y = —z, vectors starting 


near a particular point are longer than vectors ending there, so divergence is 


positive. The opposite is true at points below the line y = —z, where divergence 


is negative. 


F(zy)-(z,) > divF-Z(x)-t3 (y)-2z-2y. Then 


div F > 0 for 2x +2y >0 => y> —z,anddivF < 0for y < —z. 


; 3 o E 2) 9,2 
ci+yj+zk ð ( z ) _@ ty +z) -3r with similar expressions 


x 
= d 
Ix|? (a? + y? + 22)3/2 2n Ox (a? + y? + 22)3/2 (a? + y? + 22)5/? 


for B y and 2 = we have 
Oy V (a2 + y? + 22)972 Oz V (a? + y? + 22)9/2 J^ 


a) du rum 
|x|" 


= 0, except at (0, 0, 0) where it is undefined. 
(a? + y? + 22)°/? ( ) 


26. We first need to find F so that ff, F -ndS = ff; (2x + 2y + z*) dS, so F - n = 2x + 2y + z?. But for S, 


_ wit+tyjt+zk 
/ x? + y? + 2? 


If B = ((z,y, z) | a? +y? +2? € 1), then, by the Divergence Theorem, 


=ci+yj+zk. Thus F = 2i + 2j + zk and div F = 1. 


ff; (2x + 2y + 27) dS = fff , dV =V(B) = $m(1)° = $n 


27. Jf,a-ndsS = fff; divadV = 0 since diva = 0. 
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28. 1 [J. F- d$ = ifff , divFdV = 1 fff ,3dV = V(E) 

29. ff, curl F -dS = fff, div(curl F) dV = 0 by Theorem 16.5.11. 

30. ff. Da f dS = ff; (Vf -n)dS = fff ; div(Vf)aV = fff, V?f aV 
31. ff. (fVg):ndS — fff, divf Vg)dV — [by (1) with F = f Vg] 


= fff plf div(Vg) + Vg: Vf]aV [by Exercise 16.5.27] 


= fff pf V?g - Vf - Vg) dV 


32. [f,(fVg — gVf): ndS = fff, ((f V?g- Vf - Vg) - (gV?f 4- Vg: Vf)| dV [by Exercise 31]. 


But Vg: Vf = Vf - Vg, so that ff.(f Vg — gVf):ndS = fff, (f V?g — gV? f) aV. 


33. If c = c1 i+ c2j + c3 k is an arbitrary constant vector, we define F = fe = fci i+ fea j + fc3k. Then 


divF = div fe = Fe, (ao + hos = V f - c and the Divergence Theorem says ff, F -dS = fff „div F dV > 


ff; F:ndS = fff, Vf -cdV. In particular, if = i then ff; fi-ndS = fff, Vf-idV => 


"n fmas= [ff IÍ iy (uere n S n bed ns k: Similarly, ife = j we have | f fnas= [ff 9 av, 
S g Ox S g OY 
of 
and c = k gives fna dS = — dV. Then 
S E Oz 


Js fads = (ffs fni dS) i (ffs fnad5)3 + (ffs fnsdS)k 


SMe eL a SCIL see ee, CERE pego 


= fff ; Vf dV as desired. 


34. By Exercise 33, f/f; pndS = [ff , VpdV, so 


F — - ffs pndS = — fff ; VpdV = — fff V(ogz) dV = -JSS (oak) dV = -p9( fff pdV) k = -p9V (E) k 


But the weight of the displaced liquid is volume x density x g = pgV (E), thus F = —Wk as desired. 


16 Review 
TRUE-FALSE QUIZ 
1. False. div F is a scalar field. 
2. True. See Definition 16.5.1. 
3. True. Use Theorem 16.5.3 and the fact that div O = 0. 


4. True. See Theorem 16.3.2. 
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. False. See Exercise 16.3.41. (But the assertion is true if D is simply-connected; see Theorem 16.3.6.) 
. False. See the discussion accompanying Figure 8 in Section 16.2. 
. False. For example, div(yi) = 0 = div(z j) but yi Z xj. 


. True. Line integrals of conservative vector fields are independent of path, and by Theorem 16.3.3, work = f. c EF: dr = 0 for 


any closed path C. 


. True. See Exercise 16.5.26. 


. False. F - G is a scalar field, so curl(F - G) has no meaning. 


. True. Apply the Divergence Theorem and use the fact that div F = 0 since F is a constant vector field. 


False. See Theorem 16.5.11. If the statement were true, then div curl F would equal 1 + 1 + 1 = 3 £ 0. 


False. By Formulas 16.4.5, the area is given by -fo ydx or fo x dy. 


EXERCISES 


. (a) Vectors starting on C point in roughly the direction opposite to C, so the tangential component F - T is negative. 


Thus f, F dr = f, F - T ds is negative. 


(b) The vectors that end near P are shorter than the vectors that start near P, so the net flow is outward near P and 


div F( P) is positive. 


. We can parametrize C by x = 2, y = a, 0€ r«1so 


fozds- fox 1+ (22)? dz = 45(1- 42? gar = (5 v5 - 1). 


. fo uz cose ds = fý (3cost) (3sint) cost \/(1)? + (—3sint)? + (3cost)? dt = fY (9cos? t sin t)v10 dt 
= 9/10 (- $ cos? t)]? = —3 v10 (—2) = 6 V10 
. £z =3cost => dz = —3sintdt, y —2sint = dy —2costdt, 0 € t € 2m, so 


fo y dz + (x y?)dy— br [(2sin t) (—3sin t) + (3cost + Asin? die dt 
= 5 7 (—6 sin? t + 6cos? t + 8sin? t cost) dt = «7 [6(cos? t — sin? t) + 8sin?t cos t] dt 


4 (6 cos 2t + 8 sin? t cost) dt = 3sin 2t + $ sin xd =0 


Or: Notice that È (y) = 1 = az (a + y^), so F (x,y) = (y, £ + y^) is a conservative vector field. Since C is a closed 


curve, fo F - dr = fo y da + (x+y?) dy = 0. 
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. foy? dz +a? dy = f^, [y (729) + (1 — 99] dy = f1 (-y* — 2? + 1) dy 


. Jo Vay dz + e” dy + az dz = fy (VER AP ee -2t +° C 309) dt = fo (4° + 2t" + 30) at 


_ | 447 t? 3,10]! _ 9 
-[& +e + dot =e 


.C: z-1-42t dx = 2dt, y = 4t dy = Adt, z 14+ 3t dz=3dt,0<t<1. 
Jo zu dz + y? dy + yz dz = fg [(1 + 21) (402) + (4)* (4) + (40) 71 + 30) (3)] dt 
= fy (116t? — 4t) dt = [H613 — 2?]} = H — 2 = 10 

. F(x,y) = zyi to? jand r(t) =sintit (1+8)j0<t< a > F(r(£)) = (sint)(1 ti (sin? t)j, 


r'(t) = costi + j and 
fo E- dr = fo (1+ t) sintcost + sin? t) dt = fF ($(1 + t) sin 2t + sin? t) dt 


= [8 (1+ ¢)(—} cos2t) + į sin2t) + $t — $sin20 = $ 


. F(z,y,z) =e itazjt+t(et+y)k and r(t)=tťi+tj-tk,0<t<1 > 
y J y J 


F(r(t)) =e *i4- (—0)j -- (P -- 8) k, r'(t) = 2ti+ 31? j — k and 


Jo F- de = fo (te — 85 — (P +49) dt = [72te* 2e * - 15 - 10 - 1] 2 1 — 4. 


(a) F(z,y,z) = zit+tajtyk and C: x= 3- 3t, y = 5t, z = 3t, 0 < t € 1. Then 


W = fo F- dr = f; [3ti+ (3-303 + Ztk] -[-3i+ 2 j - 3k] dt = fo [79t + 3z] dt = 4(37 — 9). 


(b) W = f, F - dr = a"! Gsinti + 3costj +tk) - (—3sinti +j + 3costk) dt 


— pr? 
~ JO 


1/2 


(—9 sin? t + 3cost + 3t cost) dt = [-9 (3t — ; sin 2t) + 3sint + 3(tsint + cost)]? 


On | 3v 3v 
7 +3+ 5-3 2 


1693 


F(x,y) = (14- zyje” i+ (e" + a7%e%)j > Z [(1 + zy)e**] = 2ze** + z?ye*9 = x [e" + z?e*"] and the domain 


of F is R?, so F is conservative. Thus there exists a function f such that F = V f. Then f, (x, y) = e” + z?e*" implies 


f(x,y) = e" + ze** + g(x) and then fz(z, y) = xye** + e** + g'(x) = (1 + xy)e** + g'(x). But 


falx, y) = (1+ zy)e"",sog'(x) 20 = g(x) = K. Thus f(x, y) = e" + ze"" + K isa potential function for F. 


F(z,y,z) = sinyi + xcosyj — sin z k is defined on all of R?, its components have continuous partial derivatives, and 


curl F = (0 — 0)i — (0 — 0)j + (cosy — cosy) k = 0, so F is conservative by Theorem 16.5.4. Thus there exists a 


function f such that V f = F. Then f(x,y,z) = sin y implies f(x,y,z) = xsiny + g(y, z) and then 
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fy(@,y, 2) = x cosy + gy(y, z). But fy(@, y, z) = x cosy, so gy(y,z)=0 = g(y,2) = h(z). Then 
f(x,y, 2) = rsiny + h(z) implies f(x,y,z) = h'(z). But fz(z,y, z) = — sin z, so h(z) = cos z + K. Thus a potential 


function for F is f(x,y,z) = xsiny+cosz+ K. 


F(x,y) = (4a°y? — 2ay®)i+ (22%y — 3a^y? + 4y*?)j = 


a (4° y? — 2ay) = 80° y — 6zy? = A (2z^y — 3a7y? + 4y*) and the domain of F is R?, so F is conservative. 


Furthermore, f(x,y) = zty? — x?y? + y^ is a potential function for F. t = 0 corresponds to the point (0,1) and t = 1 


corresponds to (1,1), so fẹ F- dr = f(1,1) — f(0,1) =1-1=0. 


F(x,y, z) = i+ (ze +e?) jtye*k = curlF = (e? — e?)i— (0— 0)j +(e” — e") k = 0. The domain of F is IR? 


and the components of F have continuous partial derivatives, so F is conservative. Furthermore, we can show that 


f(x,y, z) = xe” + ye is a potential function for F. Then f, F - dr = f(4,0,3) — f(0,2,0) 24—2—2. 


Ci: r(t) =ti+ ?j,-1<t<1; yA 
Co: r(t) 2 —ti+j,-1<t<1. (71,1) : (1.1) 
Then C, 

fa zy? dz — z?y dy = Jaera) — t?(t?)(2t)| dt 0 it 


+ SAHA) - C9*0)(0) at 
= f (t) dt - f*, tdt 
=0 [—t? and t are odd] 


Using Green's Theorem, we have 


1 pl 
T xy? dx — a?ydy = I E (—ay) 2 (^) dA = "n (—2xy — 212y) dA -f Í —Ary dy dx 
[e D y D —1 Jz2 


a [224°] T da = f! (225 — 2z)dr =0 [2x — 2a is odd] 


Jo VIF # de + 22y dy = ffo |X Qo) - & (VTF 2)] dA = fo Jo” Qu — 0) dyde = fy 92? de = [327]; — 3 


2T f2 
Sov yde — zy? dy = ff [ (zp) - £ Gy) dA= [f (-y?-2?)dA=- o o r^ dr dó = —8r 
z2? +y2? <4 z2? +y? <4 
F(z,y,z) = e” sinyi +e "sinzjcte ^sinzk > 


curl F = (0 — e™” cos z) i — (e ^ cosx — 0) j + (0 — e *cosy)k = —e "coszi— e ^coszj— e "cosy k, and 


div F = —e `” siny — e” sin z — e7 sin x. 


If we assume there is such a vector field G, then div(curl G) = div(2x i + 3yzj — xz? k) = 2 + 3z — 2az. Since 


div(curl F) = 0 for all vector fields F [by (16.5.11)], such a G cannot exist. 
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20. Lt F = Pı i + Qij+ Ri kand G = P2 i + Qo j + Ro k be vector fields whose first partials exist and are continuous. Then 


FávG-Gdvr- [n( 72. 922 4 2) ito (008. 28 e) jy s (28 Qs ake) 


Br ay 35 nz Op BE Se 0 Oz 


OP, , 0Qi , Of Y, ,. OP, Qı | Of, 
Be H Oy T x a(S T Oy Y x) 


«(2 4 oQ $ x) x| 


Ox Oy Oz 
and 
Gv- e v)a- (n5 +a +m Bit (mB +o 723 s 2221 
+ (PGB o Ten 
IG 2n £Q Or Rs eG om: -Q a + Ri 22); 
' G on + Qi T ER 2) x] 
Hence 
F divG — GdivF + (G- V)F - (F - V)G 
-[(n8 e22) - (nti) 
(r: ôR ER 2) + (P; 052 Rs x) 
«(o on) (a a R) 
-(n «oe 0) (n +a 2); 
«(n Rem B)- (nen) 


= E (PiQ2 — Qi) — 2 (P2Ri — nm) i 


+ [È Qim- Q2R) — È (P.Q: - 90i 


+ E (P2Ri — Pi R2) — 5; (Qi R5 — Qum.) k 


= curl (F x G) 


21. For any piecewise-smooth simple closed plane curve C bounding a region D, we can apply Green's Theorem to 


F(x,y) = f(x) i + g(y) Jj to get fo f(x) dx + gly) dy = ff, E gy) - 3; (2) dA = ffp 0dA — 0. 
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22. V*(fg) Ox? Oy? ^ 
= 2 Ea E (Lots) + 2 (Zot) [Product Rule] 
= Feet a Bee + au 
+f Os + eur +2 — of 0g + 558 [Product Rule] 


Oz Oz 


_ [29 , 9g | 9g Of Pf Pf of Of Of Og Og Og 
= 1 (53+ 59+ 38) (S3 4 +55) (H, Oy’ P (34, Oy’ rn 


= fV?g  gV? f - 2Vf - Vg 
Another method: Using the rules in Exercises 14.6.43(b), 16.5.25, and 16.5.27 [with div F = V - F], we have 
V*(fg) — V. V(fg) =V: (f Va-9Vf) - fV?g- Vg- Vf - 9V? f - Vf Vg 
—fV?gcgV?f -2Vf- Vg 


23. V? f — 0 means that a + 2 - 0. Now if F = fy i— f;jand C is any closed path in D, then applying Green's 


Theorem, we get 


fo dr fo fyde- fe dy = ffo |& Ct) - & (9)| dA 
=- ffp(fas + fyy) dA =- ff, 04A — 0 
Therefore the line integral is independent of path, by Theorem 16.3.3. 
24. (a) £? + y? = cos? t + sin? t = 1, so C lies on the circular cylinder z? + y? = 1. 
But also y = z, so C lies on the plane y = z. Thus C is contained in the 


intersection of the plane y = z and the cylinder £? + y? = 1; with 0 < t < 2x we 


get the entire intersection (an ellipse). 


(b) Apply Stokes’ Theorem, f, F - dr = ff; curl F - dS: 


i j k 
curl F = | 0/0x 0/0y 0/0z = (—2y esc? z — (— 2y csc” z), 0, Axe?" — 4re?¥) =0 


2re?! 24?&?" L2ycotz —y? csc? z 
Therefore f, F - dr = ff,0-dS = 0. 
25. z = f (x,y) = a? + 2y with 0 < z < 1,0 € y < 2x. Thus 


= ffp VIF 432 X 4dA = fi fE V5 F dydz = J) 2x V5 Ax? dz = 1(5-- 4c? yn = i27 — 5 v5). 
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26. (a r(u, v) = v’ i — wwj +u?’ k, 0 <u <3,—-3<v<3 > (b) 


r, = —vj+2uk,r, —2vi— uj and 


ru X ry = 2u? i + 4uvj + 2v? k. Since the point (4, —2, 1) 


corresponds to u = 1, v = 2 (or u 1, v 2 but ru X ry 


is the same for both), a normal vector to the surface at (4, —2, 1) 


is 2i + 8j + 8k and an equation of the tangent plane is 


2x + 8y + 8% = 0 or x + Ay + Az = 0. 
(c) By Definition 16.6.6, the area of S is given by 


A(S) = ffp |tu x r.|dA— Ts v/(2u2)? + (4uv)? + (2:2)? dv du = AIDS vut + 4u?v? + v4 dv du. 


2 2 2 
= ES i+ j+ m k. By Equation 16.7.9, the surface integral is 


(d) F(z, y, 2) ear. 
II. F- dS = II, F (ru X rv )dA = Wa ( i c nb s) : (2u”, 4uv, 2v?) dv du 


3 3 6 5 2 4 
Sr d ( 2u* du | uy ) dudu ~ 1524.0190 
0 —3 


l-c-v*5 1-4cu?? 1+u4 


27. z = g(z, y) = a? + y? with 0 < £? + y? < 4. By Formula 16.7.4, 


Sf,zdS= Jf (a? + y?) VOT) + (29? F1dA = f?" 7 r^ V1 + 4r? r dr dO 


z2 +y2<4 
2 f(2* f17 (u—1 1 u 14 4r?, EN! 2,,5/2 23/2, I 
= f2" fi? (5:3) Va (2 du) dð p | = do) [pui u] 


-S- £ [Gu - Sua] = 455 [782 V17 + 2] = d5«(391 V17 + 1) 


28. z = g(x,y) = 4+ £ + y with 0 < a? +y? < 4. By Formula 16.7.4, 


Sfoezty2ds= ff (@&t+y)44+2e+y)VP+P41dA 


r2 4+y2<4 


= d. Si V3 r?° (4+ rcosð + rsin 0) dé dr = To 8r V3 r? dr = 327 V3 
29. F(x,y, z) = zzi — 2yj + 3x k. Since the sphere bounds a simple solid region, the Divergence Theorem applies and 
Sf,F-dS= fff; divE aV = fff ;(z—2)aV — fffg zaV —2fff , aV 


=0 pos | -2.V(E) = -2.$a(2? = Sir 


and E is symmetric 


Alternate solution: F(r(¢,0)) = 4sin@ cos@ cos ġi — 4sing sinf j + 6sin¢g cos 0 k, 
rg X rọ = 4sin? ¢ cos0i + Asin? à sinf j + 4sin@ cos ¢k, and 
F - (rg x ro) = 16sin? ¢ cos? 0 cos ¢ — 16 sin? ¢ sin? 0 + 24sin? ¢ cos œ cos0. Then 
Jf; E -daS = Se" fo 6 sin? ¢ cos ¢ cos? 0 — 16sin? ¢ sin? 0 + 24sin? ¢ cos à cos@) dẹ dO 


= [2" $(—16sin? 6) d0 = — Sn 
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30. F(z,y,z) = z?’ i + zyj + zk, z = f(x,y) = £? +y,r(a,y) = ri +yj+ (r? +y’)k, rs x ry 2 27i - 2yj - k 


(because of upward orientation) and F (r(x, y)) - (ta x ry) = —2a? — 2ay? + x? + y”. Then, by Formula 16.7.9, 


SfsF-dS= ff (-2a® -2ay? + x° +y?)dA 


z2 +y? <1 


= n a7 (—2r8 cos? 0 — 2r? cos sin? 0 + r?) r dr d8 = Jo r3 (2x) dr = 5 


31. F(z,y, z) = a^i- y? jd z^ k. Since curl F = 0, ff. (curl F) - dS = 0. We parametrize 


C: r(t) = costi+sintj, 0 € t € 2r. Then r'(t) = — sinti + costj and 


foF.dr— a F(r(t))-r’(t) dt = T(= cos? t sint + sin? t cost) dt = [4 cos? t + $ sin? t] a =0. 


32. By Stokes’ Theorem, ff, curl F - dS = $F - dr, where C is r(t) = 2costi+ 2sintj +k, 0 < t € 2r. 
So r'(t) = —2sinti+ 2costj, F(r(t)) = 8 cos” t sinti + 2sintj + e* 5*9? * k, and 
F(r(t)) - r'(t) = —16 cos? t sin? t + 4sint cost. Thus, 


fo F- dr = fe" (-16 cos? t sin? t + Asint cost) dt 
= [-16(-i sint cos? t + a sin 2t + zt) + 2sin? t] E = —4r 


33. F(x,y, z) = xyi + yzj+zak. The surface is givenbyx+y+z2=lorz=1—a-y,0<2<1, 


O<y<1l-«a. r(v,y) =vi+yj+(-—2-y)kandr, x ry = i+ j+ k. Then, by Formula 16.7.9, 


foF - dr = ff; cud F - dS = ff,(-yi-zj—ak)-(it+j+k)dA 
= ffp(—1) dA = —(area of D) = —1. 


34. By the Divergence Theorem, 


ff; E- dS = fff ,3(2? +y? +22) aV = fo" fo Jo (3r? + 322) rdzdr dO = 2m J) (67? + 8r) dr = 11m. 


35. [ffp divFdV = JIT 3dV = 3(volume of sphere) = 47. Then 


z?-py?-p22 «1 


F(r(ó,0)) - (rg x re) = sin? ¢ cos? 0 + sin? à sin? 0 + sin ¢ cos? ¢ = sin $ and 
SJs E- dS = f; f7 sing dd dO = (21)(2) = 4. 
36. Here we must use Equation 16.9.7 since F is not defined at the origin. Let 54 be the sphere of radius 1 with center at the origin 


and outer unit normal n; = r/ |r|. Let S5 be the surface of the ellipsoid with outer unit normal n» and let E be the solid 


region between Sı and S». Then the outward flux of F through the ellipsoid is given by 
[f5, E- 024S = — ffs, F- (7n1)48 + fff, divF dV. But F = r/ |r|? with r = xi +yj+ zk andr = |r|, so 


divF = V. (Ir| ? r)- Ir ?(V-r) 4 r- (V |r|~*) = |r|? (3) 4 r- (-3|r| ^) (r|r| 7) =0 


r 


[Exercises 16.5.32 and 16.5.33]. And F - ni = |r|? = 10n Sı. 


r 
rl? dri 


Thus ss F-nodS= SÍa dS + fff ,0dV = (surface area of the unit sphere) = 47 (1)? = 4. 
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37. Because curl F = 0, F is conservative, so there exists a function f such that V f = F. Then f(x,y,z) = 3a? yz — 3y 
implies f(x,y,z) = a°yz—3ey+g(y,z) = fylz, y, 2) = 232 — 3x + gy(y, z). But fy(z,y, z) = a?z — 32, so 
gly, z) = h(z) and f(x,y,z) = x? yz — 3xy + A(z). Then f. (x,y,z) = a?y + h' (z) but f. (z,y, z) = wy + 2z, 
so h(z) = z? + K and a potential function for F is f(x,y, z) = x®yz — 3xy + z?. Hence 
Jo E: dr = f, Vf -dr = f(0,3,0) — f(0,0,2) = 0 — 4 = —4. 

38. Let C” be the circle with center at the origin and radius a as in the figure. 


Let D be the region bounded by C and C”. Then D’s positively oriented 


boundary is C U (—C"). Hence by Green's Theorem 
[Peas f Pear = ff (F a) aA =0, 
C -C' p \ 0x Oy 

so 


fo F:dr-—-f oE- dr = f, F-dr= o7 F(r(t)) - r'(t)dt [r(t) 2 acosti+ asint j] 


= F k cos? t + 2a? cost sin? t — 2a sint 2a? sin? t + 2a? cos? t sint + 2acost 
0 


(—asint) + (a cost) | dt 


a? 


39. By the Divergence Theorem, ff. F -ndS = fff „div F dV = 3(volumeof E) = 3(8 — 1) = 21. 


40. The stated conditions allow us to use the Divergence Theorem. Hence ff, curl F - dS = fff „div(curl F) aV = 0 


since div(curl F) — 0. 


41. Let F = a x r = (a1, 02,43) X (x,y,z) = (a22 — aay, aa — a1z,a1y — a2). Then curl F = (2a1, 2a2, 2a3) = 2a, 


and f/f; 2a- d$ = ff; curl F - dS = fo F dr = f, (a x r) - dr by Stokes’ Theorem. 
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1. Let Sı be the portion of Q(S) between S(a) and S, and let OS, be its boundary. Also let Sz be the lateral surface of 54 [that 


is, the surface of Sı except S and S(a)]. Applying the Divergence Theorem we have f ]. 5 Ve 
884 Sı 
my vi bu(F 2 8V. z T z 
Tr? \ Ox’ Oy’ Oz (x2 + y? + 22)9/?? (a2 + y? + 22)? (22 + y2 + 22/7? 


(a? +y? +2? — 3r?) +(x? +y? + 2? — 3y?) + (2? +y? + 2? — 327) 


(a2 + y? + 22)5/2 zi 


=> f i rds = f / T OdV = 0. On the other hand, notice that for the surfaces of 0.5; other than S(a) and S, 
OS, $1 


Eras ff c : Pass ff t — n = fend ards = 
S(a) T SL s(a) T 


ren l r 
— E z d$. Notice that on S (a), r = a n and r- r =r? = a?, so 
S(a T r a 


r-n=0 > 
zn 

881 
E 

2 

that "n -mas- |f “tas |f ig aff ag BEES) GS) 

S(a) T S(a) € S(a) € a S(a) a 
Therefore |O($)| = "n = = ds 

s Tr 


2. By Green’s Theorem 


no y) dx 2a, = ff E da= ff a- 6 haa 


Notice that for 6x? + 3y? > 1, the integrand is negative. The integral has maximum value if it is evaluated only in the region 


where the integrand is positive, which is within the ellipse 6a? + 3y? = 1. So the simple closed curve that gives a maximum 


value for the line integral is the ellipse 6x? + 3y? = 1. 


3. The given line integral 3 fo (b — cy) dx + (ca — az) dy + (ay — ba) dz can be expressed as f F - dr if we define the vector 


field F by F(r, y, z) = Pit+ Qj+ Rk = i(bz — cy)i $(ex — az) j + 4 (ay — bx) k. Then define S to be the planar 


interior of C, so S is an oriented, smooth surface. Stokes’ Theorem says f, F - dr = ff; curl F - dS = ff; curl F - nds. 


Now 


.(9R 99, (OP 28RY. (2Q _ƏP 
eue = (7 me i+ (Fe a.u (Fe om) 


= ($a ġa) i+ ($b+ $b) j - ($c $c) k=ait+bj+ck=n 
so curl F - n =n-n = |n|? = 1, hence ff; curl F -ndS = ff; dS which is simply the surface area of S. Thus, 


oF a= i fo (bz — cy) da + (ca — az) dy + (ay — ba) dz is the plane area enclosed by C. 
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4. The surface given by x = sin u, y = sinv, z = sin (u + v) is difficult to visualize, so we first graph the surface from three 


different points of view. 


EM 


N 


NAY 


Zz 


The trace in the horizontal plane z = 0 is given by z = sin(u+v) =0 = u+v= kr [kan integer]. Then 


we can write v = kr — u, and the trace is given by the parametric equations x = sin u, 


y = sinv = sin(kr — u) = sin kr cosu — cos kr sin u = - sin u, and since sin u = z, the trace consists of the two lines 


y = +r. 

Ifz=l1,z=sinfutv)=1 => u+v=  +2kr. Sov = (3 +2kr) — u and the trace in z = 1 is given by the 
parametric equations x = sin u, y = sin v = sin((Z + 2k) E u) = sin(Z + 2k) cosu — cos(# + 2k) sinu = cos u. 
This curve is equivalent to x? + y? = 1, z = 1, a circle of radius 1. Similarly, in z = —1 we have z = sin(u + v) = —1 > 
utv= 3x +2kr > v= (= + 2k) — u, so the trace is given by the parametric equations x = sin u, 


y =sinv = sin ((# + 2kr) — u) = sin (37 + 2k) cosu — cos(37 + 2kr) sinu = — cos u, which again is a circle, 


Ifz = į, z —sin(ucv)— d => utv=a+ 2kn where a = £ or &. Then v = (a + 2kz) — u and the trace in 


z= i is given by the parametric equations x — sin u, 


y = sinv = sin[(a + 2kz) — u] = sin(a + 2kz) cosu — cos(a + 2kr) sinu = 3 cosu + 3 sin u. In rectangular 


coordinates, x = sin u so y = i cos u + Ly > yc Ly = 4 cosu => 2y + Vr = cosu. But then 


a? + (2y + 3z)' = sin? u +cos?u = 1 — £? +4y +4V/3ry+3r=1 => 4r? +4 V3ay4 4y? = 1, which 


may be recognized as a conic section. In particular, each equation is an ellipse rotated +45° from the standard orientation (see 


the following graph). The trace in z = -i is similar: z — sin(u 4- v) — -i => utv= (4+ 2kz where 8 = T or =. 
Then v = (8 + 2kx) — wand the trace is given by the parametric equations x = sin u, 
y = sinv = sin[(@ + 2kz) — u] = sin(8 + 2k) cosu — cos(B + 2kr) sinu = —4 cosu + 3 sin u. If we convert to 


rectangular coordinates, we arrive at the same pair of equations, 4x? + 4/3 xy + Ay? = 1, so the trace is identical to the trace 
in z = i. 


Graphing each of these, we have the following 5 traces. 
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Visualizing these traces on the surface reveals that horizontal cross sections are pairs of intersecting ellipses whose major axes 


are perpendicular to each other. At the bottom of the surface, z — — 1, the ellipses coincide as circles of radius 1. As we move 


up the surface, the ellipses become narrower until at z = 0 they collapse into line segments, after which the process is 


reversed, and the ellipses widen to again coincide as circles at z — 1. 


o Ó 
5. (F-V)G= (AZ+az cm 


( 


OP, 
Pi Ox 


Oz 


P 
Qi 
Oy 


) (P2i + Q» j+Re2k) 


ji (5 


OP, 


Oz 


0Q» 


Ox +Q 


= (F- VP))i + (F- VQ3)j + (F - VR2)k. 


Similarly, (G - V) F = (G - V Pi) i + (G- VQi) j + (G- VRi) k. Then 


F x curl G 


i 


Pı 


j 
Qı 


OR2/dy — 3Q2/ðz OP2/0z = OR3/0x 0Q»3/0x — OP3/0y 


(e: 


OQ» 
Ox 


OP» 


CAE m 


OP» 
"Oz + Ri 


OR» 


Óx 


J 


OQ» OQ2\. 
Vy + Ry 22) J 
OR2 OR» OR» 
+ (n ET +05 +B) k 
k 
Ri 
OR2  ,0Q» | 9Q» OP2 ; 
Riy Ry Oz Pi Ox +P, xi 
OP, OR» OR» OQ» 
j (n Oz Pi Ox Qi Oy +Q Oz 


)k 


[continued] 
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and 
2 0Q1 OP, OP, ORi\, OR, OQ1 OQ1 OPI, 
G x curl F (o2 Q2 By Re dz X Ry Dx =) i+ (r By Ro 8 P; 8 + Po By i 
OP, OR, OR, 0Q1 
(AZ Pas Qe Dy + Q» i 
Then 
(F-V)G+F x curlG = BEPE Lo. P9 + Ry Bha y ee ji ee pg e j 
Ox Ox Oy Oy Oy 
OP; 0Q» OR» 
«(n Oz +Q T2 emt 
and 
a OP, OQ: , OR, OP, oQ OR, 
(G-V)F+G x culF (r: ET tQ: - Ro a)i (mS + Qe By + Ha ji 


«(022 US +Q + Ro ek 


Hence 


(F-V)G+FxcurlG +(G-V)F+G x curlF 


= e ip oe ) (a + Qs ze + — + Ro t)i 


Ox Ox 0. Ox 
P, — ôP» TP 2P) Y Qi == a + Q2— a Ri—— D + Re ORs j 
Oy Oy Oy Oy 
OP, OP, OQ» , OQiY , OR» OR, 
«[(n De + P Dz ) (o2 + Qo 8z ) (m Əz + R2 Oz J* 


= V(PiP2 + Q1Q2+ Rı R2) = V(F - G). 


6. (a) First we place the piston on coordinate axes so the top of the cylinder is at the origin and x(t) > 0 is the distance from the 
top of the cylinder to the piston at time t. Let C1 be the curve traced out by the piston during one four-stroke cycle, so C; 
is given by r(t) = z(t)i, a € t < b. (Thus, the curve lies on the positive x-axis and reverses direction several times.) The 
force on the piston is A P(t) i, where A is the area of the top of the piston and P(t) is the pressure in the cylinder at time t. 
As in Section 16.2, the work done on the piston is fo, F - dr = J? AP(t)i-a'(t)idt = f? AP(t) z'(t) dt. Here, the 
volume of the cylinder at time t is V(t) = Az(t) =>  V'(t) 2 Az'(t) => n AP(t) x'(t) dt = A P(t) V'(t) dt. 
Since the curve C in the PV-plane corresponds to the values of P and V at time t, a < t < b, we have 

W = f? AP(t)z'(t) dt = f? P(t) V'(t) dt = fo Pav 
Another method: If we divide the time interval [a, b] into n subintervals of equal length At, the amount of work done on 


the piston in the ith time interval is approximately AP(t;)[x(t;) — x(t; .1)]. Thus we estimate the total work done during 
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one cycle to be 35 AP(t;)[x(t;) — x(ti_1)]. If we allow n — oo, we have 
i-a 


(b) Let Cz be the lower loop of the curve C and Cy the upper loop. Then C = CT, U Cy. Cr is positively oriented, so from 


Formula 16.4.5 we know the area of the lower loop in the PV -plane is given by — fo, P dV. Cy is negatively oriented, so 
the area of the upper loop is given by — (- Sou P dv) — CU P dV. From part (a), 
W = fẹ PdV = Sop ucy PdV = fo, PWV + foy P dV 
= fo, PV - (- fc, Pav), 

the difference of the areas enclosed by the two loops of C. 

7. (a) For each value of u = uo, X (uo, v) = r(uo) + q cos v N(uo) + q sin v B(uo) is a circle of radius q that is perpendicular 
to the tangent vector, r'(uo). Thus, the union of all circles, a < u < b gives a Tube(C, q) around the curve C. 

(b) X(u,v) = r(u) + qcosu N(u) + qsinvB(u),a < u X 5,0 € v € 27. 

First, we find X, (u, v) and X, (u, v). Note that, as r(u) is parametrized with respect to arc length, |r'(u)| = 1 and thus, 
r'(u) = T (u). With the Frenet-Serret Formulas, this gives 


X, (u, v) = r'(u) + qcosv N'(u) + qsinv B'(u) 


= T(u) + qcosv (—&T(u) + TB(u)) + qsinv (—7N(u)) 
= T(u) — qr cosv T(u) + qr cosv B(u) — qr sin v N(u) 


= (1— qk cosv)T (u) + qr cos v B(u) — qr sin v N(u) 


X, (u,v) = 0 — qsinv N(u) + qcosv B(u) 
= —qsinv N(u) + qcosv B(u) 
Then 
X, (u,v) x Xs (u, v) = [(1 — qkcosv)T(u) + qr cosv B(u) — qr sin v N(u)] 
x [-qsinv N(u) + qcosv B(u)] 
= (1 — qkcosv)(—qsinv)T(u) x N(u) + (1 — qkcosv)(qcosv)T(u) x B(u) 
— q^r cosvsinv B(u) x N(u) + d?r cos? v B(u) x B(u) 


+ d?r sin? v N(u) x N(u) — q?rsinvcosv N(u) x B(u) 


The last four terms drop out since N(u) x N(u) = B(u) x B(u) = 0 and N(u) x B(u) = —(B(u) x N(u)), so 


X, (u,v) x X,(u,v) = q(1— qr cos v)[— sin v B(u) — cosv N(u)] [B-TxN,N--TxBJ] 


[continued] 
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Next, 
|Xu(u,v) x X»(u,v)|? = |g(1 — q&cosv)[- sin v B(u) — cos v N(u)]|? 


= q*(1 — qs cos v)? [(— sin v)? [B(u)P + (— cos v)? [N(w)|"] 
[by the Pythagorean Theorem for vectors] 


= q'(1— qkcosv)? [sin? v (1) + cos? v (1)] = q* (1 — qr cos v)? 
Thus, |Xu(u,v) x Xa (u, v)| = q(1— qr cos v). Therefore, the surface area of Tube(C, q) is 


M 64 [X4 (u, v) x X,(u, v)| dv du = f? qe q(1 — qr cos v) dv du 


jer Mc Ed OM a) —2mqL [lasb— a= L] 


(c) Volume V of Tube(C, r) = fj S(q) dq = Jj 21qL dq = [x Ll) —mr?L 

(d) First find the length L of the helix: r(t) = (cost,sint,t) = r'(t) 2 (—sint,cost,1) = jr'(t))-v2 > 
T f? |r’ (t)| dt = hal V2 dt = 4v/2. Then by part (c), with r = 0.2 and L = 4V/27, we have 
V=arL= (0.2)? (4/27) = g Vn. 


(e) We create the torus by forming a tube of radius r around the circle of radius R. The length of the curve is L = 27r R and by 


part (c), V = mr? L = mr? (Qn R)= 2n?r? R. 
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